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Exercices of Chapter 1

Ex. 1.1 A neutral conductor is contained in a slab domain D consisting of
two infinite parallel planes separated by L. An external uniform electrostatic
field perpendicular to the planes is assumed to be instantaneously applied at
time t = 0. Estimate within a simple Drude model the characteristic time for
reaching the equilibrium configuration of the free charges.

The conductor is assumed to be made of classical mobile electrons (charge
q = —e, mass m) and ions fixed at the sites of a lattice, which can be viewed as
a rigid background with smeared uniform charge density cg = epp (namely the
OCP model). Within the slab geometry, all relevant quantities depend on time
t and on the xz-component of the position along an axis perpendicular to the
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planes located at * = £L/2. At t = 0, the electrons are at rest with an average
velocity v(z,0) = 0 along the z-axis and an uniform density p(z,0) = pp. Under
the action of the external uniform electric field Fqyy with z-component Ey, the
electrons start to move and they acquire the average velocity v(x,t) and their
density becomes p(z,t) = pg + n(x,t). Assuming FEy is sufficiently weak, all
equations will be linearized with respect to v and n. At the local level, the
Drude model provides

Ov q

(x,t) = —E(x,t) — V(@)

o m ; (1)

with a microscopic relaxation time 7 ((1) is the linearized version of the Euler
equation for the electron fluid with the additional volume friction force —pv/7).
The local electric field E(x,t), sum of Ey and of the internal field created
by gn(x,t), satisfies the Maxwell-Gauss equation OE/0x = 4wgn. The local
electrical current j(z,t) is the sum of the conduction current jeona = gppv and
of the diffusion current jqig = —qDIn/dz with the diffusion constant D. Tt
obeys the charge conservation law, On/dt + 9j/0x = 0.

A straightforward combination of the three independent equations for n,v,E
yields a Poisson-Boltzmann equation for the time-Laplace transform
Az, s) = [;°dt e*tn(z,t), ie.

0x?

with k2(s) = k2(0)(1 + s7)~! + s/D and x%(0) = 4nppq?7/(mD). Taking
into account the boundary conditions which fix 72(0,s) = 0 and A(+L/2,s)
(j(£L/2,s) = 0 because the electrons cannot escape from the slab), one finds
that, for a macroscopic slab with kL > 1, fi(x,s) is exponentially localized
near the walls at * = +L/2 over the length [r(s)]~! which carry a surface
charge 0%+ (s). The inverse Laplace transform of o’ (s) is readily calculated
by using its poles in the complex plane at z = 0,—1/(27) + Q2 with Q =
=1 /k2(0) DT — 1/4,

— K3 (8)h =0, (2)

Ey k*(0)D [* ,
or(t) = i4—; l g): /0 dt’ e ¥/ gin(Qt') . (3)

The above derivation is heuristic since it relies on both the phenomenological
friction force and the application of Fick’s diffusion law at a microscopic scale.
A more satisfactory approach (but much more difficult) requires the description
of electrons motion via a suitable kinetic theory which also accounts for their
quantum nature as well as the ions degrees of freedom. Nevertheless this simple
Drude model does predict that the equilibrium charge density gn(xz,00) =
qlimy_,o[sn(z,s)] is exponentially localized near the walls and perfectly screens
the external field in the bulk far from the walls. In fact, this charge density
is identical to expression (1.39) if one identifies x2(0) = 47ppq?7/(mD) and
k? = 4nppBq?, i.e. 7/(mD) and B. The corresponding  then reduces to

Q = wpy/1 —1/(4wir?) with the plasma frequency w;, = (4mppq®/m)'/?. For
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ordinary metals at room temperature, 7 is of order 1074 s while wy, lies between
10' s~! and 10'6 s~!. Hence the relaxation towards equilibrium is fast within
a time scale of order 107* s and it involves many oscillations at a frequency
close to wy, since wpT > 1.

Ex. 1.2 A conductor carrying a net charge () is contained in a spherical domain
D with radius R, and submitted to an uniform external field Eq(r) = Ep.
Determine the corresponding surface charge density o(r).

Within macroscopic electrostatics, in the absence of external field, @ is uniformly
distributed on the surface of the sphere with a surface charge density Q/(47R?).
In the presence of Eqy(r) = Eq, at equilibrium the charges are still distributed
on this surface, with a surface charge density o(r) such that the total electric
field vanishes inside D, or equivalently such that the total electrostatic potential
—Ej - r + ¢(r) with ¢(r) created by o(r), is constant for r < R. Hence,
in spherical coordinates with the origin at the center of the sphere and Oz
along Eg, for r < R ¢ (r,0) = cst + Egrcosf. For r > R, ©°"(r,0) is
an harmonic function (Ag°"*(r) = 0) so it can be decomposed a sum over
Legendre polynomials P;(cosf) (I > 0) with coefficients ¢"(r) = ¢oo + Ao/7,
et (r) = A;/r'*t1 (n > 1). The matching conditions at 7 = R, ¢™(R,0) =
@ (R, 0) and d(™(r,0) — @°(r,0))0r|,—r = 47c(0), yield A; =0 for [ > 1
and o(0) = Q/(47R?) + 3Eq cos 0/ (4).

Ex. 1.3 Show that the normalization constant Csphere involved in formula (1.28)
reduces to the expression (1.29).

In spherical coordinates the total Chargg carried by ¢dp(r) reduces to 4mqCsphere
times the one-dimensional integral fo dr rsinh(kr). An integration by parts
combined with the standard identities relating hyperbolic functions and their
derivatives, provides formula (1.29) for Csphere-

Ex. 1.4 Solve the non-linear PB equation (1.46). In the limit L — oo, derive
formula (1.49) for the charge distribution.

Multiplying both sides of equation (1.46) by dy/dz and integrating from 0 to
z, lead to
Ao\ 2

(di) = E%(0) + 32nCkpT sinh*(Bqp(z)/2) , (4)
where E(0) = —dg/dz(0) is the total electrostatic field at = 0. This implies
that d¢/dz cannot vanish and it keeps a constant sign, which is negative
according to the boundary condition (1.47). Then, a straightforward integration
of the first-order differential equation (4) by the method of separation of variables
yields (¢(0) = 0) the implicit equation relating ¢(z) to x

Bag()/2 1 ba
N 2
0 [E2(0) + 327CkgT sinh”(u)]'/? 2

The potential at the left wall p(—L/2) = pw (¢(L/2) = —pw) is eliminated
in favor of C' and E(0) by applying (4) at = —L/2 and using (1.47). The
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constants C' and F(0) are then determined by applying (5) at z = —L/2 and
using the normalization constraint (1.44).

In the limit of a macroscopic slab, namely L — oo while the other parameters
are kept fixed, C' is close to p while 8gp(z) remains bounded according to (4)
and (1.47). For ¢ = —L/2 the r.h.s. of (5) diverges when L — oco: this implies
that its 1.h.s. must also diverge, so E(0) vanishes in this limit. Equation (4)
at ¢ = —L/2 then gives sinh(Bqpw/2) = BqEy/(2k) with k = (878¢%p)*/>.
Applying (5) at a finite distance zw from the left wall (x = —L/2 4+ 2w ), one

obtains

/ﬁqso(xw)/2 1 ©)

du—— = —Kkaw . 6
Baow /2 sinh(u)

The successive variable changes v = sinhu, w = 1/v, and w = sinh z, yield
2w — 2(rw) = —KTw (7)

with sinh zw = 1/ sinh(8qpw/2) and sinh z(zw) = 1/ sinh(Bgp(zw)/2). Using
the inversion formula, z = In(y + (1 +y?)'/?) for y = sinh 2z, Equation (7) can be
recast as the expression (1.49) for ¢(z) = —4pgqsinh(Bqp(x)/2) cosh(Bgp(x)/2)
with R(Ey) given by (1.50).

Ex. 1.5 Compute the charge density induced by a test point charge ey pinned
at a point rq different from the center of the spherical box, within the linearized
Poisson-Boltzmann equation (1.56).

The electrostatic potential ¢(r) within the linearized Poisson-Boltzmann ap-
proach is solution of

Ap(r) — wp(r) = —4md(r — ro) (®)

for r < R. Hence ¢(r) is the sum of the particular solution pg(r) =
epe *r=rol /lr — rq| and a general solution of the homogeneous equation (1.56)
in the whole sphere (r < R), namely (in spherical coordinates with Oz along

I‘o)

in e Zl+1/2(i1€7’)
(r) = ps(r) + E C————=—=P(cosb) (9)
P ¥s - l Jr l

where Z; 1 /9(ikr) is a Bessel function of the pure imaginary argument ixr of
order (I 4 1/2) which vanishes at r = 0, Zy j3(irr) = sinh(kr)//r, Z35(ikr) =
[sinh(kr) /(K1) — cosh(kr)]/+/T,... Outside the sphere, ©°"*(r) is an harmonic
function which remains bounded, i.e.

= A
(1) = poo + Z rlTllpl(COS 0) . (10)
1=0

The screened potential ¢g(r) can be decomposed as a sum over Legendre

polynomials
o0

ps(r) => B} (rre)P(cos) . (11)
=0
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with B (r,rg) = fil d(cos 0) P, (cos 0)ps(r,ro, cos §). Since the functions B} (r,ro)
are given, the a priori unknown coefficients C; and A; are determined by the
matching conditions of p(r) and dp(r)/dr at r = R. The amplitude Ay in (11)
is nothing but the total charge ey inside the sphere by virtue of Gauss theorem.
The first two matching conditions for the components [ = 0 and [ = 1 of the
respective Legendre polynomials decompositions yield

Co= - [eo+R28§ (R, roﬂ [Recosh(xR) — sinh(sR)] " (12)

and
BS BIS(Ra TO)

Ci=R [aarl(R, ro) + 2 7 } [ksinh(kR)] ™" . (13)

while similar expressions for C; (I > 2) can be derived.

For a macroscopic sample, kR > 1 implies cosh(kR) ~ sinh(kR) ~ e~%/2.
For ro = &R, when R — oo at fixed &, (0 < & < 1), the Legendre components
Bls (r,1r9) for r large close to R can be calculated by the method of steepest
descent around the maximum of @g(r) reached at § = 0. The corresponding
expansions of Cy and C read at leading orders

e~ KR efnR(27£0)
= -2 2 — 4 .. 14
CO €o “R + 60\[ KR&O + ( )
and o
e Fhilem
Chy=— 6 — + ... 15
1 eoV6 RE + (15)

A similar calculation for any [ > 2 shows that all coefficients C; decay exponen-
tially fast as e *1'(2=¢) (except for some multiplicative powers of R). Hence
all terms (I > 0) in the Legendre decomposition (9) decay exponentially fast
in the bulk, at distances from the spherical boundary large compared to the
screening length x£~!: this agrees with the general analysis of Section 1.4.3 and
the resulting limit charge density —x2pg(r)/(47) is indeed given by formula
(1.89) specified to the present case. Near the boundary, i.e. for r = R — =z
with z fixed, pg(r) vanishes exponential fast and the leading contribution
to ¢m(r) arises from the term [ = 0 in (9). The resulting charge density
ew(z) = egre™"® /(4w R?) is localized near the spherical wall and it is purely
isotropic (anisotropic corrections decay exponentially faster), consistently with
the general formula (1.95) and macroscopic electrostatics prediction for the
induced surface charge density o = eo/(47R?) = [ dzew(z).

Ex. 1.6 Calculate the inverse Fourier transform of expression (1.74) for the
potential ¢(k).
The inverse Fourier transform of (1.74) reads

e 4 2
/ dke 7 TZ == / dk sin(kr) 75— . (16)
D

1
p(r) = @)
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Take into account the parity of the integrand, [;° dk... = (1/2) [*_dk..., while
sin(kr) = (e’*" — e="7) /(24). The analytic functions fi(z) = ze®*% /(22 + k2)
have simple poles at z; = ikp and z3 = —ikp = —z;. Since fi(z) (f-(2))
decay sufficiently fast when |z| — oo in the upper (lower) complex plane, the
integral of fi(z) (f-(z)) on the real axis can be calculated via the theorem of
residues by considering a closed contour including an upper (lower) half circle
with infinite radius, namely

—izaT
e 2

/ dk fo(2) = 2im 2L and / dk f_(2) = —2in 22— (17)

21 — 22 Z2 — 21

Inserting (17) into (16) yields ¢(r) = (2eq/7r)(1/47)(2im)2(e~"P" /2) = ege™"P" /r.

Ex. 1.7 Show that kTp ~ kp when either T — oo at fixed p, or p — 0 at fixed
T.

(i) The limit p — 0 at fixed T can be attained within the Fermi-Dirac
expression (1.79) by letting ;1 — —oo. The denominator in (1.79) can then be
replaced by e?(¢)~=1) yielding, after a straightforward integration of the result-
ing Gaussian integral over k, p ~ 2¢%#/(2r\2)3/? with the de Broglie thermal
wavelength A, = (8%2/me)"/2. Hence p indeed vanishes, and dpgp/Op ~ Bp, so
expression (1.81) of k2 indeed reduces to x3.

(ii) The limit T — oo at fixed p can be reached from (1.79) by scaling the
chemical potential as p ~ kg7 In[C(27A\2)%/2/2] and letting T — oo with a
constant C. Since Bu — —oo, the denominator in (1.79) can be again replaced
by A0 =1) and ppp ~ 2% /(2m\2)3/? indeed goes to the constant C. Thus
prp(0B,1) takes the same form as in limit (i) implying kg ~ kp. Since the
degeneracy parameter p\2 vanishes in both limits (i) and (ii), the system
becomes classical and the asymptotic forms of ppp(B,u) are identical as it
should be.

Ex. 1.8 Determine the charge density induced by a test charge in the quantum
OCP at zero temperature by using the Thomas-Fermi density functional theory.

As explained in Section 1.3, in the framework of density functional theory,
the quantum OCP can be seen as an electron gas submitted to the external
potential created by the rigid background with uniform charge density epp.
Within Thomas-Fermi theory applied to this electron gas, one starts from the
variational equation (18.85) where G is replaced by the zero-temperature ideal
Thomas-Fermi functional Eif, given by (1.27). Here the external electrostatic
potential ¢y (r) seen by the electrons is the sum of the potential eq/r created
by the test charge ey pinned at the origin plus the potential epp [ dr'|r’ — r|~!
created by the background. This leads to

2 2/37172 2/3 _
(37%) e [p(r)] p+ ep(r) (18)

where ¢(r) is the total electrostatic potential created by eg plus the induced
charge density c(r) = —e[p(r) — pp]. At large distances p(r) goes to the uniform
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density p = pp while ¢(r) vanishes. For an infinitesimal ey the deviation
(p(r) — p) is small compared to p, hence the Lh.s. of (18) can be linearized
yielding
31/3me2pl/3
o) =~ o). (19)

One recovers the closure equation (1.80) with x%n = (mee?/h?)(192p/m)'/3

which is equal to (4me?)dprp /O (equation (1.81)) calculated at zero tempera-
ture (8 = o) with prp (0o,p) = (2mep/h?)?/? /(3w2). Thus, at zero temperature,
Thomas-Fermi density functional theory exactly provides, as expected, the same
induced charge density as that derived in Section 1.3.2.3.

Ex. 1.9 Show that the typical size of quantum position fluctuations are small
compared to the screening length for either nearly classical or strongly degenerate
conditions.

The typical size of quantum position fluctuations can be estimated as & =
[dr r2DM(0,r)/ [ dr DM (0,r) where D)(0,r) is the off-diagonal part of
the equilibrium one-body density matrix. In terms of the Fourier transform
DW(k), & is proportional to the ratio of the coefficient of the k2-term in the
small k expansion of D) (k) divided by D) (0). The degeneracy effects are
controlled by the parameter § = \,/a. The nearly classical regime, with § < 1
can be obtained at fixed T' by letting p — 0. In this regime the screening length
Ag is close to the Debye length Ap > a. The strongly degenerate regime, with
0 > 1, can be attained at fixed T by letting p — oco: Ag then is close to the
Thomas-Fermi screening length Ay o< (aag)'/? (Ex. 1.8). It turns out that in
both regimes, # < 1 or # > 1, D1 (0, ) is close to its ideal counterpart because
interaction effects are small, i.e. e?/a < kpT or €?/a < h*k3/(2m,.) with the
Fermi wave number kp = (372p)'/3 o« 1/a. Hence D) (k) can be approximated
by twice (because of spin contribution) the Fermi-Dirac distribution yielding

e~ Bu

=3\
& ¢ le=Br 41]

(20)

(i) @ < 1: the limit p — 0 at fixed T corresponds to y — —oo (see Ex. 1.7).
Hence expression (20) provides & ~ 3A2, and one indeed finds /& < Ap. Note

that in real space D(1id) (0, r) is proportional to the Gaussian e~/ (222,

(ii) & > 1: the limit p — oo at fixed T corresponds to p — oo yielding
€ ~ 3A\Ze™PH. Since p is close to the Fermi energy h2k2 /(2me), /&2 /a vanishes
exponentially fast as \/g()\e/a)e_(9”/4)2/30‘5/“)2/2. Using Arr/a o (ap/a)'/? >
1, this implies /€, < Arp. There is no simple expression in real space for
DM (0,r) but its large-r behavior can be determined via a straightforward
application of the theorem residues, similarly to the calculation of Ex. 1.6,
namely DD (0,r) ~ —kp /(72r2) cos(kpr)e~"/ Aekr) when r — 0o. The Friedel
oscillations with spatial period 27 /kp, which emerge in the zero-temperature

expression D(Tl;ig)(O,r) = [sin(kgr)/r — kp cos(kpr)]/(7%r?), are exponentially

damped on the very large scale length A\2kg > a.
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Exercices of Chapter 2

Ex. 2.1 Derive of the second moment condition (2.18).

The first expression follows from (2.12). Expanding (2.14) to second order gives
(the linear term does not contribute because of space inversion invariance of

S5(r))

v

S(k) ~ —% /dr(k -1)28(r) = —% 2 (k?/dr T?S(I‘))

i=1
_ |k|2/ 29(r) |k|2/ 2
== dr r;S(r) = 5 dr|r|*S(r) (21)

since averages of cross terms r;7;, ¢ # j vanish, and those of the diagonal terms
r? have the same value because of spherical symmetry.

Ex. 2.2 Extract the contributions of coincident points in {p(vy1r1)p(v2r2)p(y3r3)).
Derive the general rule.

With the abbreviated notation v;r; =14
(P(1)p(2)p(3)) = p(1,2,3) + d12p(1,3) + d13p(2, 3) + S23p(12) + d12023p(1).

In general, consider all partitions of 1,2,...,n.

Ex. 2.3 (i) Calculate the two point correlation, the structure function and
the electrical susceptibility in the mean field approximation. Show that the
particle-charge structure function obeys the charge sum rule and that the
Stillinger-Lovett condition is verified in this approximation. (ii) Calculate the
mean field electrostatic pressure.

(i) Consider the conditional particle distribution %’v’r’) around a specified

charge of the system, say e, located at r',r # r'. wOnc can identify this
distribution to the screening cloud surrounding an external charge eg, setting
eo = e in the mean field results (1.76). This yields the mean field expression
(2.38) of the two particle distribution for r # r’. Introducing this expression in
the structure function (2.31) leads to

n_ Kb | o errlr :
S(I‘*I‘):m —anwLMr—r) (22)

and finally to (2.39) after Fourier transform. The small k expansion gives
immediately (2.17) and (2.20).

(ii) Substitute the mean-field correlation (2.38) in (2.41) and calculate the
integral.
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Ex. 2.4 Show that, within linear response theory, p(ra)hyr(r1,r2) is the change
in density at ro when a particle is added at ry.

An additional charge e at point r; in the OCP causes the additional potential
energy (2.4) with ey replaced by e and the induced charge in (2.7) is to be

ep(ri|ra)
r

identified with the conditional distribution of charges around it . Then

(2.66) follows from the linear response formula, and the definition of h(rq,r2).
Note that the results of Section 2.1.1 are exact in the limit ey — 0 whereas
(2.66) remains an approximation (equivalent to mean field) since the system’s
charge e is not infinitesimal.

Ex. 2.5 Calculate the OCP pair-correlation in the vicinity of a non-polarizable
wall at x = 0 in the mean field approximation, assuming that the density is
a step function p(x) = p,z > 0,p(z) = 0,z < 0. Show that the screening
cloud satisfies the perfect screening sum rule and has a dipole moment equal to
—(e/kp)ep%,

HINT: First transform the integral equation (2.66) into Poisson-Boltzmann
differential equations in the regions z1,z2 > 0 and 7 > 0, 2 < 0. Solve them
in the two-dimensional Fourier representation iz(xl, Z9,k) with the condition
that h(zy,z2,k) and %B(!L‘l,ftg,k) are continuous on the plane zo = 0 (k
a two-dimensional wave vector on the plane of the wall), see calculations in
Section 3 of [2].

Ex. 2.6 Assuming fast-decay properties of the bulk structure function S(r),
establish formulae (2.93) and (2.113).

Using space inversion invariance x — 2’ — 2’ —x, S®(x,y) = S®(—z,y), the Lh.s
of (2.93) can as well be written, after integration by part, as

/ dz’ / dxm/dySb (z,y) / dx/dnySb (z,y) (23)
= 1/2/ dx/dyx2Sb(x,y).

Ex. 2.7 Derive the formula (2.121) and find the depolarization tensor of a
spherical domain.

The proof of (2.113) is similar.

It is convenient to define a susceptibility x g as the response of the polarization
density to the total field £ : P = xgE. Since D = ¢eEl = E + 47P, one has
€ =1+ 4nrxg. From (2.119) and (2.120), E = (1 — 4nxpTp)Ey. Thus P =
xpEo = xe(l —4nxpTp)Ey implying x5 = 1747’5% and hence the formula

sphere — 6iijphere Thus Z? 1 T” =
1 drA(L) =

sphere
Ir Jsphere dré(r) = 1 leading to Tphere ==

(2.121) for e. Because of isotropy, 7"

f sphere

Ex. 2.8 Show that Poisson’s equation (2.168) with a polarization charge density
c(r,w) = c(y,w)d(x) concentrated on the plane x = 0 (r = x,y) admits solutions
with an electric field localized near the interface.
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It is easily verified that
27 jiay g ale]
Pq4(z,y) = ?e'q Vel (24)

is an elementary solution of V2®(x,y) = —47d(x) (¢ = |q/, q a two dimensional
wave vector in the interface). Hence the solution of (2.168) is the superposition

B(z,y,w) = / Lqe(q,w)q(z, y) (25)

with ¢(q,w) the two dimensional Fourier transform of the surface charge density.
Since ®q(x,y) decays aways from the surface, so do the potential and the
electric field.

Ex. 2.9 Derive the non-retarded surface plasmon condition € (w) + e2(w) = 0.
Adopting the bulk plasmon resonance formula for the response of metallic media
(the Drude formula), recover the surface plasmon oscillations (2.154), (2.159)
and (2.162).

In the model (2.169),

D(iL’,y,W) = 61(W)E(l',y,w), x>0
= GQ(W)E(x7Yaw)a z <0

Since D(z,y,w) is divergence free, its normal component is continuous across
the interface

a(WE(z=0"y,2=0"w)=eW)E,(z=0,y,w)

On the other hand it follows from (24) and (25) that E,(x,y,w) = —%Cb(m, y,w)
changes its sign, F,(r = 07, y,w) = —E,(z = 07, y,w). This gives the surface
plasmon condition

€1(w) + e2(w) =0 (26)

Using the relation e(w) = between the dielectric function and the

1
1+x(w)
susceptibility, the resonance frequencies solutions of (26) are given by (2.159)

2
for a metal-insulator interface (Xl(w) = 2l €= Ew) and by (2.162) for a

: _ (W) o (wy)?
metal-metal interface ( x1(w) 2k X2(w) = .

T w2 (wyh w2—(wp )?

Exercices of Chapter 3

Ex. 3.1 Show that the region (b) in (3.16) does not contribute to the charge
fluctuation.
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Using spherical coordinates for 72...r" with u = /(r2)2 +--- + (r¥)2 and
setting 71 = — Lz (c, results of the angular integration)

—L 2 o]

/ drl/dr2~-~dr”\G(r)\ :cVL/ dx/ du u”7?|G(\/(Lx)? + u?)|

—2L 1 0
2 L 2 e’}

:cl,L/ dx/ du w2 G(/(Ta? +12)| —&-CVL/ dac/ du w2\ (/L) + 1),
1 0 1 L

(27)

Assuming exponential decay of G(r) ~ exp(—k+/(Lz)? + u?), one can set
|G(v/(Lz)? + u?)| < cexp(—kLx) in the first integral of the second line of (27)

and |G(\/(Lz)? + u?)| < ¢’ exp(—ku) in the second one. We then see that both
terms decay as exp(—~kL) times powers of L.

Ex. 3.2 Use a linear response argument to find the behavior of the potential
fluctuations (¢ (r)|¢(r'))p in a finite volume system when |r — r'| is large
compared to the screening length, but small with respect to the system size.

In presence of an external charge eg at 1/, the average potential in the perturbed
fluid is related to the unperturbed potential fluctuations by (see (A.4))

(), = {dm), =-8{wIa)),

Here 1&(1’) is the potential due to the particles in the fluid, not including that
of eg. This external charge is surrounded by a screening cloud of charge —ey,
whereas, for an insulated conductor, a charge eg spreads on the walls. This
surface charge creates a constant potential eg/C, where C is the capacitance.
Thus, for r larger than the screening length, but not close to the boundary,
(h(r))Aeo — ((r))a ~ —eo/|r—1'| +€0/C. For a grounded conductor no surface
charge appears. If the system become infinitely large 1/C goes to 0 and on
retrieves (3.28).

Ex. 3.3 Show that the electrostatic pressure calculated from the electric field
fluctuations (3.34) is the same as that found from the virial formula (2.40).

As a consequence of isotropy, the averages of the products of coordinates
%, YiYj, zi%; involved in the formula (3.34) have the same value, so that, using
also translation invariance (setting r; —ro =r)

S
1 r-(rq—r
Pelec - 7/d1‘ |:/d1‘11(1):| Z 671672p(717r|7270> (28>

247 [r1[3]ry — )3
71,72=1

The r; integral is equal to

1 1 1 1 4
/dr1V1 ) ov (—— :—/drlvf )= 2 ()
|ry] vy —r lri] ) [er —x| ||

which yields (2.41).
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Ex. 3.4 Establish the properties (i), (ii) and (iii) of E,(0,r).

Write explicitly the arguments of the potential in (3.45):

Vst (1,1") = vo(V]y — ¥ 2+ (2 — 2)2)) —ve(V/]y — ¥'[2 + (z + 2/)2))

+Zvc(\/|y—y’\2+(x+2nl;—x Z VIy = y'|2 + (z — 2nL + 2/)?)
n=1 n=1

+Z(vc(\/|y—y’|2 (x —2nL — 2')?) Z (ve(\/]y = ¥'|? + (x4 2nL + 2/)2?)
n=1 n=1

=A-B+I—IT+III -1V (30)

(i) Boundary conditions : For x = L, the arguments in the terms I to IV become
respectively /|y —y'|2 + ((2n +1)L \/\y v 2+ ((2n— 1)L + 2')?,
VIy =y PP+ ((2n-1)L \/|y y|2 2n—|—1)L+y) . With the iden-
tity >0, f(2n— 1)=f(Q1 )—I—Z:n:1 f(2n+1) one finds ITT -1 = v.(r —1')|p=L,
IV — IT = v.(r* — r’)|z=r. This compensates the terms A and B. Finally the
term A is the only one that contributes to Apvgap(r — ') = —47wd(r — r’) for
0 < z,2’ < L, all the other terms are not singular in 0 < z,2’ < L and their
Laplacian vanishes. Under the exchange of r and r’, the terms A, B, I, IV are
invariant, and I transforms into I71.

(ii) A computation yields

x
FalOx) = =granloDlno = 2y oy
i 2nL + x _ 2nL —x (31)
(Iyl?+ @nL+2)?)7/2 (lyP? + (2nL — 2)?)+/2
Then use the expansion
a+z 1 +(17V)x+((u2—y)x2—b2u)+ .
— e a o0
(b2 + (a + x)2)¥/2  qv1 a? 2qv+1 ’
(32)
(iii) Use
il 2 2 o 1
(Z/ dyLyS:LaZQ’]T, a/ dyﬁ:Zi:E, a>0
0 (a2 + y2)? |al oo @ +Yy 2al 2
(33)

and 2nL +y >0,n>1,0<y < L.

Ex. 3.5 Calculate the electrostatic contribution to the pressure for a Coulomb
system in a half space limited by a metallic wall.
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This contribution is given by the electrostatic pressure term in (3.51). According
to (3.46) and using translation invariance in the y direction
< (EA’:,g(O))2 >=

) o T ! . A
4/0 da:/o dg;'/d2y [/ d2yl(|y VR AR (Y (é(y, z)é(0,2))
(34)

The square bracket is calculated with the help of the convolution of Fourier
transforms. With oo = = [ d?ke’® Ye~kI= one finds the form of the
electrostatic pressure

- L (B0 / da / da’ / Py ‘”;jx))w (ey, )e(0,2"))
:—Zei/o dxp(;x’;
—ZZGVGV/ dx/ da’ /d2 mzfx))3/2p(%y,w,v’,0,w’)

(Iy[*+

(35)

To avoid divergences at x = 2’ = 0, one must take into account the short range
repulsion, e.g. replace point charges by hard spheres. The first term in the
r.h.s. of (35) is the pressure due to a particle with its image at the wall, and
the second term represents the pressure due to the interaction of charges with
different images.

If the plate at = 0 carries a surface charge o, one must add in (3.42) the
corresponding external field Eoy = 47o. Equation (3.48) becomes (E,(0)) =
47o and this gives rise to the additional term 2wo? in (35).

Exercices of Chapter 5

Ex. 5.1 Calculate the self energy of a ball of radius R.

HINT : One recalls the potential of a uniformly charged sphere of radius R and

volume |Br| = 4”53 located at the origin with total charge ¢
or(x) = 1 x> R on(x) = 5 3 <f x| <R (36)
X)) = — X X) = — —_——_— X
" x|’ = " 2R R? )’ =

Calculate the integral

2 2

self q q T 6(]
= dx— |3 — = | = — 37
! | BR /x<R XQR< RQ) SR (87)



14 Statistical Mechanics of Coulomb Systems

Ex. 5.2 Calculate the potential energy of a ball of radius R in the uniform
charge density background.

According to (36), the interaction of a sphere of radius R at origin with the
background charge density cp spread in A is

1 1 |x|?
c dxor(x) =c q/ dx— +c¢ q/ dx<3—> 38
B/A r(x) = c5 azr X Jow<n 2R R? (38)

If the sphere is inside A, the second integral is equal to 27 R? — QW%Z. Thus the
difference (5.12) for x; = 0 equals
1 R? R?
ch/ dx— —cpq (27TR2 - 271') = —|cpq|2r— (39)
x|<r X 5 5

If the overlap of the ball with the background is not complete, (39) is a lower
bound.

Ex. 5.3 Potential energy of charged balls.

HINT : For i) set the z-axis along the centers of the spheres and use bipolar
coordinates

N e a CE P N e A R e
and ¢ the angle around the z-axis, dppdpdz = %dg@drldm (40)
According to (36), the energy of the ball By of charge density cg = % in the

potential ¢r(x) due to By can be written in bipolar coordinates (the system is
invariant under rotations around the z-axis) as :

Usa(r) = e /B dxr(x)

3q? / 1 ( r? ) /
— dridrerireo— (3 — =5 | + dridrs r 41
. 1dramragy R 52/, 1dra ra | (41)

T RS
The ranges of the variables r1, 7o are

inBiABy: r—R<rm <R, r—rm<rn<R
inBy/By: R<ri<r, r—rm<r<Randr<r;<r+R,rm—-r<r<R

(42)
leading to the integrals
Usalr) = 2 o) + Fia/ ()] 43)
12 o |3 L BinB: B2/Bi

R 1 ’I"%
fBl/\B2(r) :/T d’l“17‘1ﬁ ( - R2> . Rdrs ro

—R

r R r+R R
fBz/Bl(T) :/ dT1/ dry T2+/ drl/ dry 79

R r—ry r ri—r
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The integrals are elementary. Regrouping terms gives

4R? R, 14 1 ” 1
Joinga(r) = =5=r =51 = G gR" ~ Saoms”
R 1
fBayB) = 57“2 - ETB (44)

and When this is inserted in (43) one obtains (5.14). One verifies that Uy (r = 0)

= 5R, the self energy of the sphere, and Uqa(r = 2R) = —2 as it should be.

i) This follows if P(z) < 1, 0 < z < 2 with P(0) = 0, P(2) = 1. One has
Pl(z) =% — 322 + 323 — 22° with P'(0) = &, P/(2) = 0. One notes that
P'(z) = —x (3 - %x + %x?’ﬁ < 0 in the interval 0 < z < 2, implying P’(x) > 0.
Thus P(z) increases from 0 to 1 in this interval and attains its maximum
Plz=2)=1.

Ex. 5.4 Give a heuristic derivation of the lower bound (5.25), assuming that
electrons obey Bose statistics.

The ground state energy of a quantum particle in a cubic box of side L is of the

order thus the kinetic energy of N, bosons occupying that same state is

L2’
o~ Xe and (5.22) is replaced by
h? N, N3
Hy.x >k ﬁ - k222/362T (45)

€

Minimization of (45) gives L ~
(5.25)

W which leads to the non extensive bound

Ex. 5.5 Prove the subdomain inequality (5.51) for a system of classical particles.

One reduces the integration in the total partition function

1 - X X
Z(T,A,N) = W/Adxl"'/AdXNe BV (x1,...x)

to two sub domains A; and As. Since the integrand is positive and taking
into account that we can have M, M =0,1,..., N, particles in A; and N — M
particles in Ay, this gives the inequality

1 NI
(TAN)_/\SNN' - M)/dxl.../AldxM

/ dxpryq - / dee—B(V(xl»---va)+V(xM+17~~-VXN)e—BW(X1,--~7XN) (46)
A2 A2

The binomial factor corresponds to the number of ways one can chose M
particles among N and W (xy,...,xy) is the inter domain interaction. Keeping
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only one term M = Ny, N — M = N in the sum still strengthens the inequality

1
- —B(V (X1, XNy )
Z(T,A,N) > NN /1\1 dxy N dxpn, e 1 Ny

1
—BV(x ey X —BW (X1,...,X
7)\3]\’2 2' A dXN1+1"' A dXN1+Nge ( Ni+1 N1+Nz)e (x1 N1+N2)
No! 2 2

(47)

After normalization by the product of the sub domain partition functions, (47)
takes the form

Z(T, A, N)

> —BW > _6<W>12
T M MZT A Ny = ¢ 22 e (48)

where (---)12 is the canonical statistical average corresponding to the two
uncorrelated sub domains A; and As. The last inequality in (48) follows from
the convexity of the exponential function (Jensen’s inequality).

Ex.5.6 Show (i) that the interaction (5.57) is stable and (ii) that the the sequence
of free energies densities (5.62) is bounded below.

(i) Around a particle at x;, because of hard cores, there can be only a finite
number 73 /d? of other particles in its interaction range (a sphere of radius 79).
The total interaction potential of this particle is bounded below by Z;\Ll Vix;—
x;) > —kvorg/d® (k a constant) giving the stability estimate

N 3
,
> Vixi—x;) > —kvod—g N = —-BN (49)
i<j=1

(ii) From the stability (49), one deduces Trye #H < efBNTy e 2m Zlilpf?
(m the mass of the molecules) and

kT
lim fa(T,p) = — lim >~ InTrae " > lim fo (T, p)~Bp = fo(T,p)~Bp
A—oo A—oo |A| A—oo ™’

(50)
where fo A(T,p) is the free energy density of a non interacting gas, which is
known to have a thermodynamic limit fo(T, p) by explicit calculation.

Exercices of Chapter 6

Ex. 6.1 Show that in the TL, the average potential (¢(r|0,x3,...,xx))* reduces
to the expression (6.7).
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The average of the electric potential due to the charges in (6.3) is

(Smsn) -

e N -2 ,
/d /|r ] [ZX/AN 3dx4~~~deeXp(fBUN_l(O,r,x4,...,xN))
(51)

Comparing the bracket with the definition (6.1) of the two-point correlation
pn—1(0,1") in a system of N —1 particles, one sees that it differs from py_1(0,r’)
by the factor

1 [y~vo1 dxodxs - dxy exp(—BUn—1(x2,X3,...,Xn))
N-1 [iyvodxs- -dxyexp(—SUn—1(0,Xs,...,Xn))

(52)

In view of the translational invariance of Uy _1 (X2, X3, ..., Xx) the ratio of these
two configurational integrals behaves as |A[, |A| = oo, so that the factor (52)
tends to 1/p. Hence

N *
e 1 e
lim — ) == / dr’ 0,r 53
N—00,N/|Al=p <§ Ixj—r|> p Ir/—rlp( ) 59

Ex. 6.2 Show that in the TL, the normalization factor Ay s defined by (6.9)
goes to p2.

For A large, the denominator of Ay o, with the decomposition (6.2) and the
approximation (6.6), behaves like

|A| dxs---dxpy {/ dre_ﬁ¢(r01x37'”7xN):| e BUN-1(0x3,....xN)
A

AN-2

= |A|Zj§/dr(exp(fﬂecp(rm,x?,,...,XN)>}‘\N |A|Z} /dre*Mr) (54)
A A

The volume factor |A| stems from the translational invariance of U (X1, X2, ..., X)),
and [, dre” Be(r) ~ |Al, since p(r) (6.7) vanishes as |r| — co. Hence Ay ~
N(N-1)

A2 — p .

Ex. 6.3 Extend the heuristic derivation of Debye theory for the OCP to a TCP
made of charged hard spheres of diameter o. Show that the validity of this
theory requires the double condition 8e?/a < 1 and po® < 1.

One considers a symmetric TCP of charged hard spheres (RPM) defined in
Section 4.2.1.1. The canonical expressions of two-body particle distributions
PR (0,r) and p§}  (0,r) reduce to (4.46) and (4.47) respectively with Ny =
Ny = N, where the ‘electrostatic part of the total interaction potential is given by
(4.10) with r; = 0, ry — r, x; = y! and y; — y7. This electrostatic part can
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be decomposed as in Eq. (6.2) for the OCP, replacing the charge e by +¢ for the
hard sphere fixed at r which carries a charge +¢q. The successive transformations,
analogs to those used in the OCP case, yield Poisson-Boltzmann expressions
for p44(0,r) and p;_(0,r) in the TL, which are identical to (6.10) with +¢ in
place of e. As in the OCP case, the validity of the derivations requires that
the fluctuations of particle positions of order a slightly modify the involved
Boltzmann factors. One recovers the condition 8¢%/a < 1 for the electrostatic
part of the interactions, and d < a for the hard sphere part since the Boltzmann
factor vanishes and strongly varies when one relative distance between two
charged spheres becomes smaller than d. As shown in Section 7.2.2, in the
low-density limit at fixed temperature which fulfills both conditions, Debye
theory is indeed exactly recovered at leading order.

Ex. 6.4 Determine the symmetry factors of the diagrams Figures 6.1 and 6.2.
Analyse the figures 6.1 and 6.2.

Ex. 6.5 Derive formula (6.44) by starting from (6.43).

The Fourier transform of Hy (a, ap, X)

f{N(O‘a’ Qp, k) = Z palgc(aa’ Qag, k)pazz)C(alv a2, k) o pOtNBC(O‘Na Qp, k)
1. N

(55)

is the product of N + 1 bonds l;c(oaq;, a;, k) = —BGTI{%,

- drBea, (—B\" 4
A (0, o, ) = — =5 (1@) S TI47Bracca | €ar  (56)

ay..an i=1

which yields (6.44) and (6.45).

Ex. 6.6 Derive the expression (6.48) for the Abe-Meeron bond.
Set ﬁij = Be% ew,
exp(—pij(ép —vc)) — 1+ Bij(¢p — ve)
+ [exp(=BVar — Bijvc) — 1+ Bijuc))] exp(—Bij(¢p — vc))
— Bijvc [exp(—Bij(ép —ve)) — 1]
= exp [—BV — Bij¢p] — 1 + Bijép = bam (57)

Exercices of Chapter 7

Ex. 7.1 Apply the theorem of residues for calculating the long-distance behavior
of the integral over q in the T'3/2-term of expansion (7.12).
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The integral over k in (7.12) involves the dressing factor k*/(k? + x%)? obtained
by summing the contributions of the four graphs in the dressed family of the
Abe-Meeron graph (see Figure 7.2). The contribution of the Abe-Meeron graph
itself is given by replacing this dressing factor by 1. Hence, discarding this
contribution which decays as e 2" /72 when r — oo, the leading long-distance
behavior of interest is provided by the factor (—2x3) times the integral

> (2K + kD) . 1
/0 dkm sin(kr) arctan(k/(2kp)) = a [m dz[f+(z) — f=(2)], (58)

with the analytic functions

(222 + /12D) i

fe(z) = (XT3 e arctan(z/(2kp)) (59)
and )
222 + K2 ;
f-(z) = 222_;;1232) e " arctan(z/(26p)) - (60)

Both functions are analytical in the strip —2xkp < $(z) < 2kp, with double
poles at z = +ikp. For the integral of fi(z) on the real axis, it is useful
to consider a closed rectangular contour with (i) z = k', —R < k/ < R (ii)
z=xR+ik", 0 < k" <3kp/2 (ill) z = k' + 3ikp/2, —R < k' < R. Applying
the theorem of residues for this closed contour and taking the limit R — oo, one
finds that ffooo dk' {1 (K') reduces to the residue of the double pole at z = ixp
minus the integral [*° dk f, (k' + 3ikp/2) over the axis (iii) parallel to the
real axis (the integrals over the vertical branches (ii) vanish). The integral over
the axis (iii) is bounded by a constant times e~3*P"/2. The considered residue
behaves as (¢1 + cor)e™"P" where ¢; and ¢ are two constants, and so does the
integral of f4(z) on the real axis. A similar method using a rectangular contour
in the lower half-plane shows that the integral of f_(z) decays in the same way,
and so does the integral (58). This yields formula (7.13) where the various
constants follow by a straightforward calculation of the involved residues using
arctan(i/2) = iln+/3.

Ex. 7.2 Derive the leading behavior (7.24) in the zero-density limit of the
constant (7.23).

The low-density behavior of the first integral in (7.23) follows by expanding its
integrand in powers of z, e~% sinhz = 2+ 0(2?). The second integral in (7.23) is
transformed by an integration by parts using 1/2? = —(d/dx) 2! which leads to
a combination of the exponential-integral (Ei) functions of the arguments —2xpd
and —4xpd. Using the standard small-§ expansion Ei(—¢) = v+ In(§) + O(¢)
for £ > 0, one finds the leading low-density behavior (7.24).

Ex. 7.3 Show that Vi Aconv(ry) and Vi, B(ry) are finite and vanish at rp, = 0
by using (i) the behavior (7.27) in Acony(rp) (ii) a suitable reorganization of the
screened Mayer series for B(ry,) in terms of the full bond (bp + bam)-
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The gradient of Acony reads
Vb Acony (tp) = —/dx C(x) Vh(x —r1p) . (61)

At rp, = 0, the integral in the r.h.s. of (61) does converge since integrability is
ensured at (i) the origin according to the exponentially fast decay of Vh(x) =
Vyg(x) when x — 0 implied by (7.27) (ii) at infinity because h(x) decays
exponentially fast when © — oo. Moreover the integrand C(x) Vh(x) is an
antisymmetric function of x yielding V Acony(0) = 0.

In each diagram of the Abe-Meeron series (6.92) representing the bridge
function B(rp), the black points are either (i) at least triply connected or (ii)
intermediate points in a convolution which links a triply (or more) connected
black point to another triply (or more) connected black point or a root point.
By the same reasoning as that presented in Complement 17.1, we can sum the
contributions of all the diagrams with the same topological structure which only
differ by the bond, bp or bam connecting directly two triply (or more) black
points, or one triply (or more) black point and a root point. This amounts to
replace the corresponding set of diagrams by a single diagram where the triply
(or more) black points are directly connected together (or to a root point) by the
bond by = bp + bam = e—B4°¢p _ 1. This bond, as well as its gradient, remain
finite at zero separation and they decay exponentially fast at large distances.
Hence each diagram in (6.92) remains finite at r, = 0, and its gradient vanishes
at r, = 0 because it reduces to an integral of a function which is antisymmetric
with respect to the positions of the field points. Assuming convergence of the
series (6.92) (expected at sufficiently low density), this implies that Vi, B(rp)
also vanishes at ry, = 0.

Ex. 7.4 Derive (7.50) and 7.51) for the RPM.

For the RPM, since p; = p_ = pwhile hy (k) = h__ (k) and C; 4 (k) = C__(k),
the linear inhomogeneous equations (2.68) can be recast as

Iyt (k) = Cry () + plhyy (K)Cy 4 (k) + hy—(k)Cy (k)] (62)

and

hy— (k) = Co (k) + plhy— (K)Cpy (k) + hyy (K)Cr— (k)] (63)
Linear combinations of (62) and (63) yield

Cir(k)+Cy (k)

hay (k) + oy (k) = 1— p[Cit (k) + Cs— (k)]

; (64)

and - -
- - Cii(k)—Cy_(k
By () —hy (i) = — S0 G ()
1= p[Cis (k) = Co— (k)]
Replacing the direct correlation functions by their short-range parts defined by
(7.49), in the corresponding expressions of S(k) = 2e2p[1+ p(hy 4 (k) — hy—(k))]

(65)
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and N (k) = 2p[1 + p(hy (k) + hy_(k))] provides the final expressions (7.50)
and (7.51).

Ex.7.5 Solve (7.63) perturbatively at low densities and recover the lowest-order
correction to {p given by (7.16).

At low densities, after replacing ¥anm(g,€) by (¢/2) arctan(g/2) (note that there
is a mistake in (7.66) which involves a wrong multiplicative factor ¢), Equa-
tion (7.64) becomes

@ +1- % arctan(q/2) =0 . (66)

Setting ¢ = +i(1 + §), and using arctan(4i/2) = (£i/2)1n3 one finds § =
(¢/8)In3 at lowest order in e. The corresponding screening length f¢g then
exactly reduces to (7.16) by noting that e = /3T%/2.

Ex. 7.6 Solve (7.64) numerically at finite values of e.

The solution to this exercise will be completed as soon as possible.

Ex. 7.7 Derive formula (7.68).

Starting from the OZ equations (2.68), the Debye approximation is readily
obtained by setting C (k) = —Cy_ (k) = —4m8e?/k?, or equivalently C3% (k) =
0= Ciskpj (k). Indeed the iterative solution of the resulting equations is an infinite
series of convolutions of the Coulomb potential whose sum is the Debye potential.
Keeping now the low-density expressions of the short rang part of the direct
correlation functions, namely CS% (k) = baw, 1+ (k) and C3R (k) = ban 4+ (k),
generates a series of convolutions of the Coulomb potential and of the Abe-
Meeron bonds. Summing the chains of Coulomb convolutions provides the
Debye potential. Hence the whole sums for Ay (k) and hy_ (k) are identical to
the sums of all chain graphs made of bonds bp and ban, which necessarily lead
to the expression (7.50) for S(k) with the replacements (f’ili (k) = banr, 1+ (k)
and CS® (k) = baw,+— (k), namely formula (7.68).

Ex. 7.8 Calculate the inverse Fourier transform of (7.73). Determine the
constant in (7.74) for kpd < 1/2, and derive the corresponding expression of
¢ps(r) for kpd = 1/2 and kpd > 1/2.

The rational fraction 47 /(z*d? + 2% + k%)) is analytic in the complex plane with
poles such that z4d? + 22 + HQD = 0. For kpd < 1/2 there are four simple poles
which lie on the imaginary axis,

214 = £i(dV2) 71— (/1 — 4k} d? | 200 = £i(dV2) "I 1+ /1 — 4k} d? .

(67)
The inverse Fourier transform of (7.73) is calculated within the theorem of
residues as in Exercise 1.6. One finds the linear combination (7.74) of the
exponentially decreasing functions e™"/% /r and e™"/!2 /r with I} = |z; 4|7}
and ly = |22 +|7!, i.e. expressions (7.75). The involved constant is equal to
(2/m)(1/43)(2im)2/(2+/1 — 4K3d?) = 1/+/1 — 4K3 d2.
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For kpd = 1/2, there are two double poles at zi = 4i(dv/2)~!. The inverse
Fourier transform of (7.73) then reduces to a constant times e™*PV2". For
kpd > 1/2 there are four complex conjugate poles, z« y, 2> 4, 2<,— = 2% 4y
zs,— = 2% ,, which squares are equal to (2d)~'(—1 % i\/4k}d? — 1). The real
and imaginary parts of these poles lead to damped oscillations in the inverse
Fourier transform of (7.73). For kpd > 1/2, the corresponding spatial period
of oscillations reduces to py/2, as well as the screening length controlling the
exponential decay of the amplitudes.

Exercices of Chapter 8

Ex. 8.1 Show that the Sine-Gordon action (8.10) converges to its Debye-Hiickel
form (8.17) as B — 0.

Introducing k., = (87fe?2)/2, a limited Taylor expansion in (8.10) leads to

K2 K28
27 =2 z 2
? Z+8wd+o<d2>’

1
/ dx cos /Bed(x) = |A] — §ﬁ62/ dx¢?(x) + O(B?) (68)
A A
Since k. remains finite in the limit 8 — 0, the terms % ~ BY/3=% and % ~
[3%/3725 vanish if s < £, see (8.4). Thus the difference

2

2
22/{\dxcos VBep(x) — (22’ + 8?:d> |A| — g—;/{\dX(bQ(x) (69)

vanishes as 8 — 0.

Ex. 8.2 Derive the pressure from the Debye-Hiickel action (8.17).
Setting Ziqea1 = exp(2|A|2), the contribution of the ideal TCP gas, one has

- 2 2

SpHaA _ Ne—Spu{s()} _ _&/ 2 >> ( “z)
= [ dx e PDH ={e dxo”(x e A .

ot o, <xp( o [ax)) e (1055

(70)

The Gaussian average can be calculated with the help of the formula (C.6) with

A=vland B= ﬁI namel
= ==l y

(o (£ ) ~[on (-]

— exp {;m In <1 + iv)] — exp l; S n(1 + ﬁv(kn))] L)

kn
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In order to obtain the second line, we have used the metallic walls boundary
conditions for a box A of volume L? and written v in diagonal form. The sum
runs on all the eigenmodes k,, = {k, = "} of the box A and (see Appendix E,
Section 3.2)

3

3
> (k) ~ (QLT):), /dkf}(k) = L30(0) = % (72)
kn

As L — oo, (70) becomes with (71) and (72)

—

—DH

Sy e | ok [ (1 00) - 0]

La/dkl P N 1355 d—0 (73)
R N CISE n{ttz) — ) TP g )

In the second line we remove the short distance cut-off d — 0 , and the last
equality follows from an direct calculation of the k-integral using

1 3 1 2 2
/dxachn (1 —|— )= 5; In ( + :ﬂ) + Ex - garctgx.

This gives the grand canonical Debye-Hiickel pressure

3
K3
Ppg = lim In= 74
P A e |A| DHA = 127 (74)
Ex. 8.3 The dipole correlations decay as r~3.
In the Sine-Gordon representation, the two point dipole distribution is
p(ry,p1;T2,P2) = 32 <ei\/ﬁp1~V1¢(r1)ei\//7pz~vz¢(rz)> (75)

where the average is defined with the Sine-Gordon action (8.40). In the Gaus-
sian approximation, the average (ei‘/apl'V1¢(r1)ei\/BP2'V1¢(r2)>mf can easily be
calculated from the basic formula (C.10) and it takes the form

eff
Pt (Y1, P1; T2, P2) = Pt (T1, P1)pmt (2, pa))e APV (P2 V)i cir(ri=r2) - (76)

It follows from (8.45) that (p1 - V1)(p2 - Vo)uill g(r1 —r2) = (p1- V1)(p2
Vo)

o3
a|r1 ] decays as |ry — ra|”

Ex. 8.4 The correlations of a mixture of dipole and charges decay exponentially
fast.

The microscopic density of ions is Zf\il (éa; +Pa; - Vi)d(x —x;) with correspond-

ing action S{(-)} = 3(6v"0) — X0_; [ dxza(x) expliv/(ea + Pa - V)O(x)]
The contribution of the charges to the quadratic term is the same as in the Debye-
Hiickel action (8.17). Thus, the effective potential in the Gaussian approximation,
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which is found to be 47 [(1+ & > za|pal?)k? + k2 4 87 Y, ZaPa - k]fl, is
screened.

Ex. 8.5 Establish the YBG Equation (8.49).
Substitute the first BGY equation (8.46)

579p() = ¢, B + [ dCF(E)[plr'r) ~ plt)p(e)
in the r.h.s of (F.9)

571vp(r7 Fi,..., rn) - Bilvp(r)p(rla .. '7rn)'

From the definition of the excess charge density one finds :

p(r)esEox(rlri, ... 1)

= [ APER) o b1 t) = Dol 1)

+ P r)p(np(r, 1),

Introducing the expression (B.12) of the truncated function p(r'|r|ri, ... r,)
shows the equivalence of (8.49) and (8.46).

Ex. 8.6 Recover the Stillinger-Lovett sum rule from (8.68).

With s = 1,b=1,T(1) = 1, T(1/2) = /7, one has 5 (k) + p = 125/k|*, k| —
0, which is the Stillinger-Lovet rule for the jellium (with e = 1), see (2.16).

Ex. 8.7 Show that the correlations of a two dimensional Coulomb fluid with
potential 1/r (see Section 4.1.4) decay like 1/73.

This two dimensional fluid in the plane {r r2} has the long range potential

= r = 4/(r")?2+ (r?)2. In two dimensions the formula (8.69) is modified to

s _T((2—s)/2
(2)( ) ~ Bes i4 57«4%, = 22~ W%. For s = 1, with I'(-1/2) =

-2/, [(3/2) = f ,b=1, one finds p(r) ~ W This is in agreement
with the decay of the correlatlons in a slab Section 2.4.1.1
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Ex. 8.8 Derive the following properties:
(i) A uniform and isotropic state obeying (F.9) with cext(r) = 0, behaves
necessarily as a conductor at the macroscopic level.
(ii) If the sample is subjected to a homogeneous external electric field Eqyy,
the charge density is concentrated inside boundary layers.

(i) In a translation and rotation invariant state, the densities p., and the electric
field E are uniform so that the first equation (F.9) becomes

0=cypy B+ Y [AFErlprr) ~ gy (77)

and one can set r; = 0. The two point correlation p(r,0) depends only on the
distance |r| whereas the force F(r,0) is an odd function of r, thus the integral
vanishes. One concludes that an homogeneous isotropic state satisfying the
condition (F.10) cannot sustain a non vanishing electric field in its bulk and thus
corresponds to a perfect conductor in the sense of macroscopic electrostatics.
As a consequence, the charge density ¢ = }__ e,p, vanishes in the bulk .

(ii) Coming back to the finite volume expression (F.7) of the total electric field,
we conclude that at any point r in the bulk

Ex(r) = —Vr/ dr’ v(r — r’)csys(r') + Eext = 0 (78)
A

Because of the local neutrality csys(r) = 0 when r is in the bulk, we see that
any nonvanishing part of charge density in the finite volume system has to be
concentrated near the boundary of A. According to (78), these boundary layers
generate an electric field that exactly compensates the external field in the
interior of the sample.

Exercices of Chapter 9

Ex. 9.1 Derive the total potential energy relation (9.3) and determine the
constants ¢(0) and C.

The total potential energy is

N N
Xi—Xj € —
Ui ox) == o B2 ey ona) = 7 [ dxon, v = I
i=1 r

i<j <R
(79)
where ¢p(x) is solution of the radial Poisson equation in two dimensions
10 6@]3
S (r ) = —on(— <
o (r o ) m(—ep), "< R (80)
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The two last terms in the r.h.s of (79) are the energy of the particles in the
background and the self energy of the background. The solution of (80) is equal
to (9.2) with

1
wB(O):ep/ d’rIn(%) = Ne (lnR—lnL—)7 N = prR?
r<R 2

and the background energy is

ep 9 NZ2¢?  Ne
_r d = = .
2 )0 ree (r) 5 5 #8(0)

Collecting all the terms independent of the particle coordinates leads to

2 2 2
CzNe (lnR—3>—NelnL

2 4 2

Ex. 9.2 Check that the pair correlation (9.13) satisfies the Stillinger-Lovett
second moment condition.

In the OCP the structure function is given by (2.32). Thus [d?rS(r) =
—e2p? fdge_“p""‘z—l—er =0and (1/4) [ d®|r|>S(r) = (e?p?/4) fd2|r|ze_’”’|”‘2 =
e?/4r.

Ex. 9.3 Derive the Cauchy double alternant formula.

Establish the formula (9.15) for N = 2, a general proof can be found in [1],
p.142.

Ex. 9.4 Establish the determinant formula (9.20)

Note that the terms in the series (9.19) can be expressed as determinants of
antihermitian matrices, i.e.

2 0 A L
| det A|* = det ( TR Apg = — (81)
where A* is the hermitian conjugate of A, A} = Agp- Then expand the
determinant
Iy J+Am
det ( TR (82)

in powers of fi f_.

Ex. 9.5 Derive the expressions (9.30) and (9.31) for the density and the
correlations.

Use the formula Indet A = Trln A in (9.28)

In==Tr[InB —In(0,0, +0,0y)], B = (0,0, +0,0y+ f+(r)Ps + f_(r)P-)
(83)
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Then one has

0ln= 0B
=Tt | B —— 84
e = P 57 .
and when calculating the trace by means of a complete set of vectors
lr,s) ([dr)_, |r,s)(r,s| = I), the projector
0B
— — =4§(r1 —r)P; 85
5F o) (85)

selects the values ry and sp, hence the result (9.30). In the same way for the
two point truncated function

= _Tr[( 5B~ ) 5B ]
5f52(r2)5f81 (rl) B 5f52 (1‘2) 5f81 (rl)

- [B_l <5fi?1‘2)> B_15fi?r1)} (86)

Using (85) and evaluating the trace with the set of vectors |r, s) leads to (9.31).

Ex. 9.6 Consider the expression (7.50) for the charge correlations of the 2D
version of the RPM, and determine its poles in the complex plane by keeping only
the first Abe-Meeron diagram for the short-range parts of the direct correlation
functions. Show that the corresponding inverse screening length fg ! behaves, in
the low-density limit, like the expression (9.39) for m, except for multiplicative
constants.

The solution to this exercise will be completed as soon as possible.
Ex. 9.7 Derive expansion (9.52) by applying the method introduced in Sec-
tion 7.4.1 for the 3D case: determine the poles of the expression (7.50) in the

complex plane where the short-range parts of the direct correlations are replaced
by their first Abe-Meeron diagrams.

The solution to this exercise will be completed as soon as possible.

Ex. 9.8 Within the mean-field approximation, calculate zp(fv) (r) solution of
(9.57) and (9.58).

The solution to this exercise will be completed as soon as possible.

Ex. 9.9 Derive the STLS integral equation in Fourier space for the static

structure factor S(k) of the 3D OCP. Show that in 2D, this equation becomes
purely local.

The solution to this exercise will be completed as soon as possible.
Ex. 9.10 Within the GDH approximation applied to the RPM, show that S (k)
and N (k) reduce to simple expressions in terms of elementary functions.

The solution to this exercise will be completed as soon as possible.
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Exercices of Chapter 10
Ex. 10.1 Derive expression (10.28) treating the surrounding plasma in the
Debye-Hiickel approximation.

The solution to this exercise will be completed as soon as possible.

Ex. 10.2 Establish the asymptotic formula (10.32).

Working out (W (F,, Fp))? from (10.11) at lowest order in A gives (with sum-
mation on repeated cartesian indices u, v, €, 1)

(W (FaF))?
6265)\2A2/ dsl/ dSQ 51—32 —1 / dul/ d’LL2 U1 —Ug)—l)
€4 (51)85 (s2)&5 (w1)&y (u2) [0, 07, v(ra — 13)][07, 07, v(ra — 13)lpapy (56)

Since the prefactor A2\? is already of order h*, one has replaced D(€) by D(£),
dropping the & dependance in (10.26). The Gaussian averages on the filaments
&, and &, is calculated with the help of the covariance (G.7) with the result

1 1 1 1
6N€5V77/0 dsl/o d82/0 du1/0 du2((5(81 —82) — 1)((5(U1 —UQ) — 1)

. . 1
X (min(syju1) — syuq)(min(squs) — saug) = 7205,“51,7, (87)
and
6
0c0un[08 OF v(ra —13)][0r O] v(re —1p)] ~ TR [rq —rp] = 00 (88)

Inserting (87), (88) in (56) and (10.30) leads to (10.32).

Ex. 10.3 Derive the h?-correction (10.60) for the OCP considered as the limit
of a TCP described above.

The solution to this exercise will be completed as soon as possible.

Ex. 10.4 Show that the neutrality for a multi-component system is preserved at
order h?.

One use translation invariance to write in the first term of the r.h.s of (10.61) ,
spelling out the particle indices,

pcl(arm '71','7/1‘/) = pd(avra - I'/, 2 rlﬂ/ao)
pcl(7r77/r1> = pcl(’)/vr - I‘/,’}/,O) ArV(I‘,I‘I) = Arv(r - rl) (89)

Shift the r integral into r + r’ and then shfft the r, integral into r, 4+ r’. After
summation on charges e,, the r.h.s of (10.61) becomes

- % Z Z A2 / drA,V(r) Z o /dra [pa(ara, vr,y',0) — par(yr,y0)]
T

ZZV [ arav e, +evlpatra’o) 90)
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where we have applied the charge sum rule (2.50). Using again translation
invariance, the second term of the r.h.s of (10.61) reads, after summation on
the charges e, and setting a =+’

- % ZZ)‘W'Y’ /drArV(r) (v'r,70) = — ZZ '€yt /dI'ArV(I‘)p(’y'r,’yO)
- % 22 e /dmrv(r)p(”r’ 70 - & Z > Mes / drAV(r)p(yr,7'0)
vy po—

(91)

In the first term we use the symmetries p(v'r,70) = p(70,7'r) = p(v,—r,4'0) =
p(vyr,~7'0) and interchange the indices 7,4’ in the second term. This cancels the
expression (90).

Ex. 10.5 Show that the h?-correction for the pair correlations of a multi-
component system vanishes exponentially fast at large distances.

The solution to this exercise will be completed as soon as possible.

Exercices of Chapter 11

Ex.11.1 Determine the number of permutations of N = 6 particle positions
which lead to three loops made with respectively one, two and three particles
(Figure 11.2)

The solution to this exercise will be completed as soon as possible.
Ex. 11.2 Check that the first terms of = up to three particles are entirely and

exactly provided by the contributions of the magic formula (11.6) involving at
most three loops.

The solution to this exercise will be completed as soon as possible.

Ex. 11.3 Retrieve from formula (11.6) the pressure of ideal Bose or Fermi gases.

If there are no interactions, 25 = ela D(L)z(L)
normalized to 1, one has with (H.19) and (H.18)

_ SN () 2\A|
/AD(L)Z(L)_2|A|; T BT

Since the D(X) measure is

e Bale(k)—u]

(92)

with e(k) = h;—jff The g series sum up to In (1 — pe=#le®)=#)) " When this is

inserted in (92) one finds

kT 2kgT
Py(p) = lim ilnEA = TB/dkln (177]6 Ble(k)— “]) (93)
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which is the standard expression of the pressure of a Bose (n = 1) or Fermi
n=—1) gas.

Ex. 11.4 Show that the loop-density is independent of the choice of the loop
parametrization.

Replace £, by £ in the definition (11.22). Due to the invariance (H.10) the
integrated loops £; can be changed into EEu]. But the energy and the activities
are invariant under the change L'Eu] — L;.

Ex. 11.5 Express the number density (11.28) within the loop formalism.
One uses the invariance of the loop density (11.24) to fix the origin of the loop

in pA Loop Occurring in (11.28) on the I*h particle

pA,Loop(r - /\aX(l - 1)7 «, q, X) = pA,Loop(rv a, g, X — X(l - 1)) (94)
The result follows from the invariance (H.10) of D, (X) under the shift X —
X-X(1-1).

Ex. 11.6 By using (11.28), recover the standard expressions of the density
in terms of the fugacity " for ideal gases obeying either Bose-Einstein or
Fermi-Dirac statistics .

For a free gas, one deduces from (11.22) and (11.10) that p(£) = 2(£) =

(2s + 1)#;1(272[;%. Hence with [ Dy(X) =1 and (11.28):
>0 na=l  ePra 25+ 1 e 1 Bale(l)—p]
p=(s+1) Y a [ D) S 2 [y ytepaleton
g g (2mgA\?)*2  (2m) =
25 +1 1
=y / Ak Breto— — (95)

which is the density of ideal Bose (7 = 1) or Fermi (n = —1) gases.

Ex. 11.7 (i) Derive formula (11.31) for the exchange term. (ii) Show that, for a
non-interacting electron gas, it reduces to the standard expression

2
1 ) 1
ex __9f - ike(ra—rp) -
PR = =2 ((27r)3 / diee 1+eﬂ[€<k>*”> 0

which involves the square of the off-diagonal element of the one-body density
matrix.

(i) The product p(rq)p(rp) involves a sum on loops £;, £;. The sum on distinct
loops Zi# leads to (11.32), whereas the diagonal part of the sum Zi:j gives

qi
6aao¢b Z(saiaa < Z 5(Xi,l - ra)é(xiJ’ - I'b)>

1£U'=1

Loop

Savuo, Y /D(Xa) Z S[ra — 1 + A (Kol = 1) = X, (1 - 1))]

da=2 1241 =1
X pA,Loop(ra - )\aXa(l - 1)7 Qg Qa7Xa) (97)
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Due to the invariance (H.10), pA Loop(Fa—AaXa(l—1), &, Gas X o) = PA Loop(Ta, ¥as Gas Xa—

AaX (I — 1)) and then use (H.9) to obtain (11.31).
(ii) The solution to this exercise will be completed as soon as possible.
Ex. 11.8 Show that the multipole part (11.17) W(L,L') of the pair loop

interactions provides vanishing boundary contributions in the TL (11.35) to
each Mayer graph.

The solution to this exercise will be completed as soon as possible.

Ex. 11.9 Show that the screening factors k?(k,n) remain positive for fermions
in the small-activity regime.

The solution to this exercise will be completed as soon as possible.

Ex. 11.10 Show that the frequency series > . 4n/(k* 4+ k*(k,n)) converge
uniformly with respect to k in any interval [kg, co] with ko > 0.

Since x2(k,n) > 0, one has the majoration

|¢~S(k Xava) - ‘N/(k XaaXb)l

da dnk?(k,n) ;
ds, d ik [AaX(8q)—AaX (sp)] 2imn(sq—Sp)
y e R+ A2 (k)
Y — 9
< Gadb g Z k*(k,n), k>0 (98)
From (11.47)
s q . ~
Z w2 (k,n) :47rﬂ/dxeiz(x)q/ ek AX ()5 () < 4ﬂﬁ/dxei\z(x)|q2
n=-—oo 0

(99)

Since the interaction of the particles of the same species is repulsive, one has

Userr > 0 and [2(x)| < 25";“ (%Zi% (see (11.10), the above series converge

for e## < 1 uniformly with respect to k. This implies that qz~5(k, XasXb) 1S a
continuous function of k, k£ > 0.

Ex. 11.11 Show that the summation of chains with Vie. (11.16) yields the
zero-frequency term of the effective potential.

The result is immediate if one recalls that Vgeo(£;,£;) (11.15) is the term n = 0
in the frequency decomposition of the of the loop potential. It suffices to go
through the derivation of the effective potential in the Complement 11.1 keeping
only the terms n = 0.

Ex. 11.12 Show that quantum effects can be neglected at intermediate distance
r ~ {g in the low-activity regime.
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The solution to this exercise will be completed as soon as possible.

Ex. 11.13 Calculate the RPA screening factor and derive the small-k behav-
ior (11.86).

The solution to this exercise will be completed as soon as possible.

Ex. 11.14 Determine the RPA screening length ¢grpa which controls the expo-
nential decay of the zero-frequency component Voo (r,0), in the two limits: (i)
zo — 0 at fixed T (ii) T — oo at fixed z,. Show that, in both limits, the RPA
and Thomas-Fermi screening lengths become equivalent to the Debye classical
screening length, {gpa ~ brp ~ {p.

The solution to this exercise will be completed as soon as possible.

Exercices of Chapter 12

Ex.12.1 Determine the positions of the poles in the complex k-plane of (i;reg, (i)
for the static part, (ii) for the regular dynamic part.

The solution to this exercise will be completed as soon as possible.

Ex.12.2 Calculate the coefficient c}'% (12.18).

n

The first equality (12.18) follows immediately from (11.65) where ¢ =1, L =¢§
reduces to a filament and z(£) is identified to the density p, in the Maxwell-
Boltzmann regime. One deduces from (G.7) that [ D(£)€?(s) = 3(s — s*) and
by integration by parts

1
iTNS 1
/O ds e2 (S — 82) = _m (100)

Hence the result (12.18).

Ex.12.3 Write down the analytical expressions of the graphs in Figure 12.3
corresponding to the Debye dressed family.

The solution to this exercise will be completed as soon as possible.

Ex.12.4 (i) Show that the Fourier transform of |r|=% equals (7/12)|k[3. (ii)

Derive the expression (12.39) by identifying the singular term in the Fourier
transform of the convolution (12.34).

(i) In spherical coordinates with u = cos 6

—ik-r o 1 oo —ikr ikr oo
1 X 2 — 2
/dre e = 27r/ dr—4/ due e — —W / d’rie 5 © - —W d
r 0 rt J_4 —ik Jo r —ik J_o

(101)
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The integrals under consideration are singular and should be rigorously treated in
the framework of the theory of distributions. Nevertheless they can be quickly
calculated starting from the following regularized integral, setting e="" =

coskr — isinkr (coskr does not contribute to the integral by parity » — —r)

oo gikr . . “¢sinkr R gin kr
dr = lim —¢ +
—c0 T R—00,e—0 R r € T

R .
k
=-2; lim / ST _ —imsign(k), sign(k) =1,k>0,=-1,k<0
R—00,e—0 J r
(102)

Then by integration by parts

oo efikr 1 oo d4 1 ikr k’4 oo efikr ) k4 )
/ dr a1 7oodr@ <T)e = ﬂlmdr . :—mﬂ&gn(k),

o (103)

efikr 7.(.2
/dr 5 :E\kf" (104)

and we get with (101)

(ii) By the convolution theorem, the Fourier transform of the convolution
(12.34) is

/ d(r, — rp)ei Fa=rs) / drf(r, —r)g(r — 1) = fI)3k)  (105)

The small k expansion of f(k) = bay(k) (omitting the filament shape variables)
is of the form (see (14.18))

J(6) = P(1) + BlR) 5 K[>+ - (106)

where P(k) is a quadratic form in k (see (14.19)) and the singular |k|® term
arises from the from the r=¢ decay of bam(r) (see (12.38) or (14.13)). From
the analysis of Section 12.2; one knows that g(r) decays faster than any inverse
power of r, therefore the k expansion of g(k) has no singular term and by
(12.37), and g(k = 0) = —Beqes-5 . Hence the most singular term in the [k]
- D
expansion of f(k)g(k) is
Y SN &
— Beger—B(k)— k| 1
Becer g B M (107)

Taking the inverse Fourier transform of (107), introducing the filament shape
variables densities and working out the coefficient B at low density as in the
main text, one recovers (12.39) and (12.40) .

Ex.12.5 Calculate the amplitude of the tails of the particle-charge and charge-
charge correlations.

The solution to this exercise will be completed as soon as possible.
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Exercices of Chapter 13

Ex.13.1 Show that the integral of the dynamical components ¢("#°) vanishes.

The solution to this exercise will be completed as soon as possible.

Ex. 13.2 Establish formula (13.47).

The solution to this exercise will be completed as soon as possible.

Ex. 13.3 Show that the z3/? terms in expansion (13.50) do satisfy local charge
neutrality.

The solution to this exercise will be completed as soon as possible.

Ex. 13.4 Express the activities z, in terms of the densities pq,.
The solution to this exercise will be completed as soon as possible.

Ex. 13.5 Show that, within the scaling limit ( — 0, the only non-vanishing

contribution to the charge density esps in the whole series of TCP prototype
(2)

graphs for p(Ly”) arises from the simplest diagram made of the single root loop
Eff), and it reduces to —epgp.

The solution to this exercise will be completed as soon as possible.

Ex. 13.6 Show that, in the loop gas representation of the TCP, the scaling limit
¢ — 0 of each term in the grand canonical sum, reduces to its OCP counterpart.

Hint: integrate first over the degrees of freedom of species a« = 2 within a
cumulant expansion.

The solution to this exercise will be completed as soon as possible.

Exercices of Chapter 14

Ex.14.1 Calculate the amplitude of order p°/? in (14.53) for the hydrogen plasma.
The solution to this exercise will be completed as soon as possible.

Ex. 14.2 Calculate the effect of quantum statistics on the Abe-Meeron amplitude
(14.17) to order p® in the high temperature regime.

The solution to this exercise will be completed as soon as possible.

Ex. 14.3 Calculate the covariance of the Brownian bridge process in presence of
a uniform magnetic field.

See appendices in (??) and (??). According to (14.118), the magnetic phase
factor for B in the z-direction reads

ex? _ peB

1
O R

(108)
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We look for the two-dimensional Gaussian measure

D) (D& e (i | e (s)dey ) — qeasol)|  ao

and we alm to cast it into a one-dimensional measure of the form

peden (-~ [ o [aselnatietn) a0

by explicitly performing the D(§,) integration in (109). We remember that the

covariance of the Gaussian measure D(€) is the inverse of the operator—%(see
(G.9), (G.10)) so that (110) can formally be written as the Brownien integral
(up to a normalisation factor)

e (~ [ ass [ dsataton) [-ots1 sk + A0 €to)) (1)

1

According to the Gaussian rules the covariance in the presence of the field is
the inverse of the operator defined by the square bracket in (111)

d2

- d—sf[cov]g(sth) +/0 dsA(s1,8)[cov]B(s, s2) = d(s1 — $2) (112)

It remains to determine A(s1,52).The expression &, (s)d&,(s) — &, (s)déx(s)
is linear function of &, (d&,(s) = &(s+¢€) —&,(s). It can be written in the form

fo 5)&y(s) where f(s) depends on &;(s) and dé;(s). From the Gaussian rule
(C.10), one ﬁnds that the square bracket in (109) is equal to

=ew (g [ [ st ) = oo (g0t [ DE)IFE))

(113)
where [cov](s1,s2) is the covariance (G.7) of the brownian bridge and

F(&) = [ 16:(6a6,(5) ~ (51 5) (114)
0
Expanding the exponent in (113) yields 4 terms
1 2
/ / / D&, (51)Ex (52)4€, (51)Ey (52) — Ex(51)dEa(52)E, (51)6, (52)
0 0
— & (51)dEe(52)&y (51)dEy (52) + d€e(s1)dEx(52)Ey (51)8y (52)] (115)

One calculates

[ P& 51165 = 5 [ Dl s1)eydsidss
ii[cov](sl,SQ)dsld82 = (0(s1 — s2) — 1)ds1dss (116)

881 382
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so that the first term of (115) is

/ dsl/ dso&,(s1)(0(s1 — s2) — 1)&x(s2) (117)

In the same way

/D &y)dEy(s1)&y(s2) = 881 [cov](sy,s2)dsy = (O(sa —s1) —sa)ds;  (118)

so that the second term of (115) is identical to (117)

- ' a5, / 6o0) [ Al 0002 —50) —

= [t [ dsatalsn)ts s 5 002~ 1) - s2)
/ dsl/ dsa&,(s1)(0(s1 — s2) — 1)&:(s2) (119)

where we have applied Ito’s lemma, f01 dé(s)f(s) = — fol Es)Lf(s), €(0)=
&(1) = 0. One checks by similar calculations that all terms in (115) give the
same result, hence (109) is equal to

[ e (~2u” [ s, / st () (851 — 52) — Det) (120

Hence, in (111), A(s1, s2) = 2w?(6(s1 — s2) — 1) and (112) reads
d !

_ @[COV]B(Sl,Sg) + 2w? <[COV]B(81,32) - / ds[cov]B(s7s2)> = 0(s1 — s2)
1 0

(121)
The solution of this integral equation with conditions [cov]|g(0,s2) = [cov](s1,0) =
0is
ew(slfsg)
[sinh w(1—s7) sinh wse+6(s2—s1) sinh w sinh w(s1 —s2)]
(122)

leovlalon2) = 4 S

sinh ws sinh w(1—s)

o sinhw when s = s9 = s.

which reduces to
Exercices of Chapter 15

Ex. 15.1 Derive the approximate expression (15.6).

The partition function of the hydrogen atom (with a proton at rest) in volume

A s
Z e PBvouna | Z e BFion - Z e~ BEion (123)

Evound Eion Eion
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The sums run on the energies of bound states Fpoung < 0 and ionized states
FEion > 0 of the electron. For the sake of simplicity and to obtain an order of
magnitude, assimilate the ionized states to free electronic states in a cube of
side L with energies —|k 2 ke =", 2 n={ny,...,n, =1,2,.. .}
corresponding to Dirichlet condltlons Then for L large

3 3
BElon — BQm ‘k‘2 <L> /dk eiﬁQm‘kl < L )
e > o NGz

Eion ni,nz,n3>0
(124)

Ex. 15.2 Derive the atomic density (15.9).

The grand partition function (4.37) corresponding to the Hamiltonian (15.8)
reduces to

Hp = exp [eﬁ“HTrAe*BHamm] (125)
Evaluating the trace in a box A of side L with periodic boundary conditions

gives

_BHatom me + mp 3/2 _BE 3
T‘I‘Ae ~ 4 W € "] s L — > (126)
s

The factor 4 accounts for the 4 degenerate spin states of the electron-proton
pair. Thus the pressure is equal to

BP = hm —InZ, =pid (127)

where pif = 77— 9_pid is given by (15.9).

WH

Ex. 15.3 Retrieve (15.16) through a thermodynamic derivation in the canonical
ensemble.

The solution to this exercise will be completed as soon as possible.

Ex. 15.4 Derive (15.23), (15.24) and (15.25).

(15.23) follows from the definitions after a little algebra. From p = p* (27 + 'yz)
one finds v = ,/1+ p% — 1 and hence (15.25) by substitution in (15.23).

Ex. 15.5 Derive the lower bound (15.41) for En,n, .

4Extended Coulombic states are plane waves with a logarithmic correction [3], which will
not change the conclusion (15.6).
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If (Ne,N,) = (0,1) or (1,0), obviously Eyp; > 0 and Eq9 > 0. Moreover if
(15.37) holds, set = Ep + € for some € > 0. Then

ENeNp > (EH +€)(Ne —|—Np — 1) — €
- (EH+§> (N8+Np—1)+§(Ne+Np—3)
> (EH + g) (N.+ N, —1) when N, + N, > 3. (128)

This provides the inequality (15.41) with k = [Ey| — § < |Eg|.

Conversely, if (15.41) holds, one can set k = |Fy| —e = —FEy — ¢, ¢ > 0, and if
(NeaNP) 7& (070)7 (11)

ENQN,, — (Pg +¢)(Ne + Np) >—FEy—c¢ (129)

Setting u = Eg + § gives
€
ENeNp —/,L(Ne—‘er) ZEH_2,U/+ i(Ne—f-Np) >EH—2/J, (130)
Thus one can find g > Ep such that the inequalities (15.37) are verified.

Ex. 15.6 Show that the excited states of the hydrogen atom provide contributions
to e?81Z(D, 1,1, B) which are exponentially smaller than (15.51) in the atomic
limit.

Denote the Hamiltonian (15.48) of the hydrogen atom projected on the subspace
of excited states by Hyp = K + H*$' (this projection does not affect the center
of mass coordinates). Using the same scaling transformation as in (15.56), one
has

infspectrum[(1 — )K" + HIS'| = (1 — n) tinfspectrum Hiy
=(1—=n)""Bu+A4)=Eg+A4A (131)

where A is the energy gap between the ground state and the first excited state
and A’ is positive provided that 7 is sufficiently small. Thus

Hyy = K7 + (1 =) KT + HiS' > 0K + By + A’ (132)
The partition function restricted to the excited states is bounded as in (15.51)

by

3/2
eQBMZeXC(B,l,LB) <4 (W) e_B(EH—QH)‘B‘e_BA < p}(}|B|e—BA
(133)

where 7 has been replaced by 1 at the cost of some smaller A”, 0 < A” < A/,

Ex. 15.7 Derive the lower bound (15.69) for Z(A, pu, ) when subdomains D,
are balls.
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Take the case of two balls By and Bs in A. Forming the grand canonical sum,
the subdomain inequality (5.56) yields

E(Bv A’ ll') Z Z Z eﬁl‘»'le(ﬁ’ Bh Nl)eﬁ”‘NZZ(ﬁ, BQ, Ng)e_ﬁ<WN1N2>l2
N; N

>1+e*Z(B,B1,1,1) +e*Z(B,Ba, 1,1) (134)

where one has kept only the hydrogen partition functions. Because of spherical
symmetry and neutrality these two balls do not interact as a consequence of
Newton’s theorem. In view of (15.51) we obtain

(8, A1) 2 1+ p(1Bi] +|Bal) (140 (7)) (135)

Replacing balls by more general domains Dj, e.g. cubes, requires some additional
work, but (135) generalizes to

=080 2 143 3013 (140 (¢7777)) = 14 pi1AI (1+0(e™?)
] (136)

This proves the reversed inequality (15.68).

Ex. 15.8 Show that the common leading behavior (15.99) of both p. and pp
vields the Saha expression of the pressure.

The solution to this exercise will be completed as soon as possible.

Ex. 15.9 Show that the shift correction (15.111) provides contributions to (15.105)
exponentially smaller than pig.

The solution to this exercise will be completed as soon as possible.

Ex. 15.10 Show that the application of the Feynman-Kac formula backwards to
the functional integral of (15.117) provides the spatial matrix elements (15.120).
The solution to this exercise will be completed as soon as possible.

Ex. 15.11 Enumerate the diagrams analog to Figure 15.4 which embed the

contribution of Hy to p. and show that their leading contribution in the Saha
regime reduces to pﬁh .
2

The solution to this exercise will be completed as soon as possible.

Exercices of Chapter 16

Ex. 16.1 Show that the Debye dressing of diagrams (Figure 16.1) provides
exponentially smaller contributions in the Saha regime.



40 Statistical Mechanics of Coulomb Systems

The solution to this exercise will be completed as soon as possible.

Ex. 16.2 Derive the correction (16.62) to the leading behavior of [¢(s) — 1] in
the Saha regime.

The solution to this exercise will be completed as soon as possible.

Ex. 16.3 Extract from (16.63) a contribution to the amplitude of the effective
atom-atom potential with a structure similar to (16.29), involving now the
product of the fourth moment of the fluctuating internal dipole of Cy times

the second moments of the dipoles relative to C& and CY. Show that this
contribution is exponentially smaller than (16.29) by a factor of order e®Fx

The solution to this exercise will be completed as soon as possible.
Ex. 16.4 Derive the force (16.68) between two slabs due to van der Waals
interactions.

The solution to this exercise will be completed as soon as possible.

Exercices of Chapter 17

Ex. 17.1 Derive the second line in (17.14).

The solution to this exercise will be completed as soon as possible.

Ex. 17.2 Express, in terms of Ursell functions, the short-range parts of the direct
correlations for a non-symmetric two-component system including a background.
The solution to this exercise will be completed as soon as possible.

Ex. 17.3 Recover the terms of order ¢?Ine and ¢* in the small-e expansion
(17.43) of the EOS by starting from the compressibility sum rule.

The solution to this exercise will be completed as soon as possible.

Ex. 17.4 Show that the Iowest order contribution of chain diagrams Gf, increases
with N.

The solution to this exercise will be completed as soon as possible.

Ex. 17.5 Calculate the terms of order €2Ine and €? in the small- € expansion of

the integral (17.46). Show that the remainder is an infinite series of terms of
order either €”Ine or € and n > 3.

The solution to this exercise will be completed as soon as possible.

Ex. 17.6 Calculate the excess internal energy of the OCP within the ion-sphere
model.
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The solution to this exercise will be completed as soon as possible.

Ex. 17.7 Check that the low-density form, up to order p®/?, of the S-expansion
(17.70) of the pressure, does reduce to the high-temperature form, up to order
35/2, of the small-p expansion (17.61) of the EOS.

The solution to this exercise will be completed as soon as possible.
Ex. 17.8 Using the reorganization of the Abe-Meeron diagrammatic series

generated by the high-temperature decomposition (17.71), calculate successively
the lowest-order corrections of order 33/2 to the HS compressibility and pressure.

The solution to this exercise will be completed as soon as possible.
Ex. 17.9 Express the 2D Debye potential in terms of a Hankel function of

zeroth order. Check that the corresponding contribution of the Debye diagram
to u¥,.(T') reduces to the first term in the expansion (17.83).

exc

The solution to this exercise will be completed as soon as possible.

Ex. 17.10 Derive expression (17.88) for f%..(2) by controlling the limit of (17.86)
when N — oo.

The solution to this exercise will be completed as soon as possible.

Ex. 17.11 Derive expressions (17.89) and (17.90).

The solution to this exercise will be completed as soon as possible.

Exercices of Chapter 18

Ex. 18.1 Derive relation (18.20) for figﬂ.

The solution to this exercise will be completed as soon as possible.

Ex. 18.2 Establish the convolution property (18.23).

The solution to this exercise will be completed as soon as possible.

Ex. 18.3 Show that series (13.12) for p(L,) are recovered by using (18.28) in
(18.29). Hint: the screened potential ¢ is a functional of z(L).

The solution to this exercise will be completed as soon as possible.

Ex. 18.4 Show that the ring pressure (18.27) provides the Debye correction of
order p*/? to the ideal pressure in (18.1).

The solution to this exercise will be completed as soon as possible.
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Ex. 18.5 Using the WK correction (10.60) to the classical two-body distribution
function, show that the h%-correction to the classical OCP pressure is given by
(18.33).

The solution to this exercise will be completed as soon as possible.
Ex. 18.6 Derive formula (18.81) for a single particle in an external, static
potential.

The solution to this exercise will be completed as soon as possible.

Exercices of Chapter 19

Ex. 19.1 Starting from the RG flow equations (19.13) and (19.14), derive the
behavior of g in the conducting phase near the KT line.

The solution to this exercise will be completed as soon as possible.

Ex. 19.2 Calculate the amplitude Afi of the 1/r* decay (19.70).
The solution to this exercise will be completed as soon as possible.
Ex. 19.3 Starting from the RG flow equations (19.13) and (19.14), derive (i)

the large r behavior of S(r), and (ii) the behavior of {s in the conducting phase
near the KT line.

The solution to this exercise will be completed as soon as possible.

Exercices of Chapter 20

Ex. 20.1 Determine the critical density and critical temperature within the
crude vdW-like approach.

The solution to this exercise will be completed as soon as possible.

Ex. 20.2 Derive the mass-action law (20.2) from suitable approximations in the
activity-expansion of the density.

The solution to this exercise will be completed as soon as possible.

Ex. 20.3 Show that the contribution O(1/r**") of the three-body term in the
r.h.s. of (20.34) has a vanishing amplitude.

The solution to this exercise will be completed as soon as possible.
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Exercices of Appendix B

Ex. B.1 (i) Derive the expression (B.9) of p(1|2|3) from the general formula
(B.10). Does the formula (1]2|3) = ((1 —(1))(2 — (2))(3 — (3))) extends to
higher order truncated correlations?

(ii)) Express (p(1)|p(2)|p(3)) in terms of the truncated correlations by
extracting the coincident point contributions :

(P(D)[p(2)[p(3)) = p(1[2[3) + d12p(1[3) + d13p(1[2) + d23p(1]2) + 512523P(1<) )
81

For (i) and (ii), apply the definitions.

Ex. B.2 The truncated correlations and truncated density averages verify the
charge sum rule and the multipolar sum rules in the same form as the correlation
functions (see (2.50) e.g. forn =3

[ D cnplnmibarzhars) = (e + exolrarshars) (52

/ dry Z% p(7ir1)]p(v2r2)|p(vsrs)) = 0 (83)

The relation (82) follows from (B.9),

p(1123) = [p(1,2,3) — p(1)p(2,3)]=[p(1,2) — p(1)n(2)] p(3)=[p(1,3) — p(1)p(3)] p(2),

and from the standard charge sum rule (2.50), where as (83) follows directly
from (81) and (82).

Exercices of Appendix C

Ex. C.1 Deduce the moment formula (C.9) (Wick theorem) of a Gaussian
distribution centered at the origin from the general law of formation of cumulants
(B.9).

If odd moments vanish, we have from the rule (B.13) (z1zox324) = (x1|22|23|24)+
(0112 (@3[2) + (1 [ (2 [24) + (@] 3) (|2}, and (zofg) = (i) () = )
Thus the vanishing of the fourth order cumulant (x;|xs|xs|zs) is equivalent
with the moment formula (C.9), and so forth for higher order moments.
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Exercices of Appendix G

Ex. G.1 Calculate the kernel (z|e™ Ho|z,).

Introduce the Fourier representation of the configurational basis

3/2
|x) ( ) /dk k)

where |k) are the wave number eigenvectors |k) of Hy, Holk) = hyff k) :

<X1|e AH 0|X2 /dke 52‘7:‘ etk (x2—x1)

and use the Fourier transform of a Gaussian

(see (C.1) and (C.2)).

2
1 ol kex 1 -
ampre J dke™ et = gpe

Ex. G.2 Show that the distribution (G.6) is normalized to 1.

Note first the semi-group law

/dﬁzp(fhS1\€2»$2)P(§2782|§3783) = p(&1,51(€3,53) (84)
Indeed, according to (G.2) and (G.5) one can write
p(€1,51/€2,82) = <§1|e_(82_§”1)H‘J |€2>

(setting ?—j = 1). Using the completeness relation [ d€|¢ >< §| =1 , the r.h.s
of (84) equals

[t (grle o) (gafe et

— <§1|e—(32—81)Hoe—(83—82)H0 |§3> <€1|e—(53 s1)Ho |€3> p(€1,51/€3, 53)
This implies that the integral of (G.6) on &1, ..., &, equals (27)%/%p(0,0(0,1) =

Ex. G.3 Find the covariance (G.7) of the Brownian bridge process.

The covariance vanishes if p # v because of rotation invariance. Then it suffices
to do the calculation for one component of £ of €, using the one dimensional
version of (G.5). Write the joint distribution of £(s1) and £(s2) in the standard
form (C.3) of a Gaussian distribution in the two dimensional space & = (£, &),
ie
det A)1/2 1
P01, 50061, 512, sl 0. 1) = ST onp | Se.a9) | 69)

S92 _ 1 1
A= ==y £255 det A =
< T sa—s1 (1—32)(.@;—31) 51(82 - 51)(1 - 52)

with inverse A~! = ( :8 : z;g 28 : zzg ) (86)
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According to (C.7) the average of & & with the distribution (85) equals AT, =
s1(1 — s2) if 81 < s2, hence the result (G.7), symmetrical in s1, $.

Ex. G.4 Verify the relation (G.9).

Write min(sy, sg) = 0(s2 — s1)s1 + 0(s1 — s2)s2, 0(s) = 1,5 > 0,0(s) =0,s <0
and L6(s) = §(s).

Exercices of Appendix H

Ex. H.1 Show the invariance property (H.9) of the measure Dy(X).

Since both processes X (s) and X[ (s) = X (s +u) — X (u), u fixed, are Gaussian
it suffices to verify that their covariances (H.6) are identical.

Ex. H.2 Show that the energy does not depend of the choice of the loop
parametrization (H.8).

Note that the Dirac comb is a g-periodic function of its arguments: o(s—s') =
d(s[mod]g — s'[mod]qg’). Since both paths X(s) and X'(s") are also g and ¢'-
periodic, the integrands of (H.11) and (H.13) have the same property. Hence
the values of the s and s’ integrals are the same when s and s’ are shifted to

s+u and s’ + u.
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