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Preface

The Mechanics of Continuous Media (MCM) offers a unified approach to the
concepts and general principles for modeling the motion or deformation of di-
verse materials. By considering an appropriate length scale, based on the molec-
ular arrangements or the microstructure, any material can be approximated by
a continuum where smoothly varying properties are assigned to every point in
space occupied by the investigated body at a given time during its motion.
This topic of mechanics was considerably developed in the second half of the
20th century, and today is considered an important subject in all branches of
continuum physics.

The reasons for this development are the modeling of new materials with un-
usual mechanical behaviors in solid or fluid form including rubber, polymers
and gels, living tissues, and soft matter. If we consider classical continuum
like air or water, the phenomena of turbulent flow are far from being under-
stood in their totality and this area is still a subject of intense research. Also,
modern engineering analysis uses sophisticated tools for design of advanced
structures and devices in transportation, energy, life science, sports, etc. These
tools involve simulation software that performs numerical integration of partial
differential equations that describe the continuous models. In order to be able
to analyze the results obtained, the engineer must have a sound theoretical
foundation.

This book presents the basic concepts for the mathematical modeling of classi-
cal solid and fluid continuous media. In the first chapter the indicial notation is
defined and discussed with several examples to illustrate its use in demonstra-
tions of vector identities. The theory of Cartesian tensors and their properties
are presented afterwards. Next, the important relations of polar decomposition
of a tensor are given. The different vector operators are defined with several
illustrative examples, and the mathematical tools and theorems necessary to
develop the continuous mechanics model are described.

In chapter 2 the kinematics of a continuum is developed using the Lagrangian
(material) and Eulerian (spatial) descriptions. The material derivative is de-
fined, and velocity and acceleration are introduced. The motion of a rigid
body is described afterwards, followed by the definitions of the deformation
gradient tensor and the various deformation tensors, the properties of which
are illustrated in detail with representative examples. The transformation of
line, surface, and volume elements between material and spatial coordinates are
explained. Also developed in this chapter is the important topic of lineariza-
tion to obtain the infinitesimal strain tensor used in linear elasticity followed
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by the definition of the deformation gradient tensor. In the last part of this
chapter, the objectivity with respect to two different observers is defined and
the relevant definitions of objective tensors are given.

In chapter 3, entitled dynamics of continuous media, the laws of conserva-
tion of mass, momentum, and angular momentum are presented. Cauchy’s
stress tensor, Cauchy’s theorem, and the equations of motion of a continuum
using spatial description are introduced. The properties of the stress tensor
and the equation of equilibrium are analyzed to illustrate their significance in
continuum mechanics. Representative simple examples are given to illustrate
the importance of stress and the properties of Cauchy’s stress tensor. The
Piola-Kirchhoff stress tensors with respect to the material description are also
defined. The effect of linearization is highlighted, and its ramifications for the
Cauchy and Piola-Kirchhoff stress tensors are illustrated.

Chapter 4 is devoted to the thermodynamics of continuous media. The first
principle, which deals with the conservation of total energy, is developed in
detail using the spatial description followed by the principle of conservation
of mechanical energy in the material description to arrive at the set of con-
jugate tensor parameters that define energy. The notion of entropy is dis-
cussed afterwards, followed by the second principle of thermodynamics and the
Clausius-Duhem inequality to account for the irreversibility of the phenomena
in a continuous medium. The general principles for establishing constitutive
equations are described in chapter 5.

In Chapter 6 classical Newtonian fluids are introduced, followed by the theory
of hyperelasticity from which the constitutive laws of hyperelastic materials
are deduced. The description is illustrated with simple representative cases
of hyperelastic material behavior. The infinitesimal linear isotropic elasticity
theory is defined next. After introducing Fourier’s law for heat conduction, the
chapter ends with considerations of the second principle of thermodynamics
applied to viscous fluids, ideal gases, and linear elastic materials.

The seventh chapter deals with linear, isotropic elasticity. In the first part the
general theory is defined for solids in static equilibrium, followed by the defini-
tions of plane strain and plane stress. Afterwards, the methods of solutions of
Navier’s equations using the method of potentials are presented with applica-
tions to selected problems. The solution to some advanced problems including
those of Kelvin, Cerutti, and Boussinesq are discussed next. The important so-
lution method based on Airy’s stress function is developed for two-dimensional
problems with examples of solutions for representative problems. In the second
part of the chapter, the wave propagation equation in linear elastic solids is
deduced from Navier’s equations, and the solution for Rayleigh surface waves
is discussed in some detail. Lastly d’Alembert’s solution to the one-dimensional
wave equation is provided with representative examples.

The last chapter deals with the mechanics of Newtonian fluids. Some physical
observations are presented for laminar and turbulent flow of an incompressible
fluid and then, for subsonic and supersonic flow of a compressible fluid. The
Navier-Stokes equations are derived in compressible and incompressible cases.
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Analytical solutions are proposed for simple cases. The dynamics of vorticity is
described. The equation for the fluid circulation is presented and the Bernoulli
equation is obtained. The chapter ends with acoustic waves and simple solu-
tions for steady state, irrotational, and isentropic flow of a perfect compressible
fluid.

Appendices give the necessary additions to follow the work and represent the
field equations in cylindrical and spherical coordinate systems. A list of symbols
and suggestions for solutions to the exercises in each chapter are also provided.

This book is the result of our teaching of the Mechanics of Continuous Media to
second-year students in mechanical engineering at the EPFL and contributes
modestly to the knowledge base in this direction. The subject is developed in
a simple-to-follow pedagogical manner that a reader can work through on her
own.

Audience: This book is intended for engineering and physics students who want
to learn the basic principles of continuum mechanics. They will find in this work
a complete modern introduction that opens the door to this vast territory of
knowledge. For an introductory course in continuum mechanics in engineering
or physics curricula, we recommend covering the first four chapters, i.e., Carte-
sian tensors, kinematics, dynamics, and energetics of continuous media as well
as selected sections in chapters 6, 7 and 8 on constitutive equations for solids
and fluids.

Prerequisites: We assume that potential readers have taken courses in Newto-
nian mechanics, linear algebra, calculus, and an introductory course in struc-
tural mechanics. The curious reader will also be able to further explore this
area by referring to the many more advanced texts quoted in the bibliography.
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General Rules for the Notations: In this monograph, the scalars are in italic
characters, such as p and T'. Vectors and tensors are in bold italic characters,
such as v, o and L. Matrices are in italics in square brackets, for example,
[C]. When tensors are written in index notation, the indices are chosen in
most cases from the letters i, j, k, [, m, n. Therefore the vector v will have as
components v; and the second order tensor o will have components o;;.

John Botsis
Michel Deville
Lausanne
September 2018
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CHAPTER 1

Cartesian Tensors

1.1 Introduction

The Mechanics of Continuous Media (MCM) is the branch of mechanics for
modeling the behavior of solid or fluid materials. We know from physics that
matter is composed of elementary particles. At the atomic scale (on the order
of a nanometer or less) one would typically use statistical mechanics to describe
the physical phenomena. In fact, every constituent “particle” could be described
with Newtonian laws, but the value of Avogadro’s number, N4 = 6 x 1023 per
mole, renders any solution of the resulting set of equations impossible, either
analytically or numerically. In the case of compressible fluids, the kinetic theory
of gases is a good example of a statistical approach using a probability density
function to describe the particle in a phase space of velocity and position.
These particles undergo random Brownian motion characterized by the mean
free path A. This leads to the definition of the Knudsen number Kn = \/L,
the ratio of the mean free path to a reference length, L, for the problem under
consideration. If Kn < 1, the medium is sufficiently dense to allow the behavior
of individual particles to be ignored; the continuous medium hypothesis at the
scale L is valid. If, on the contrary, Kn ~ 1 or Kn > 1, then the continuous
medium model is no longer appropriate. It is thus seen that the notion of a
continuous medium depends directly on the observation scale.

Another way to define the notion of a continuous medium consists of study-
ing the evolution of the mass density or simply the density of a cube as a func-
tion of its size. For simplicity, we consider water as the physical system in a cube
centered on a point P with sides of length h. A certain number of molecules are
found in the cube with an average density p;, defined as p, = M;,/h3, where
M, is the mass of water in the cube.

Now consider the variation of p;, as a function of h at a given time. When
h is very small, the cube contains just a few molecules and a small change in h
causes a large change in pj, as molecules may be excluded when h is reduced.
Note that 1 cm? contains around 3 x 10?2 water molecules and when  is around
10~7 c¢m there are about 30 water molecules in the cube. Thus, large variations
of pp, are expected for values less than h* ~ 10~ "em (fig. 1.1).

Above this value of h, corresponding to the characteristic value pp = p*,
the density is constant, assuming uniform temperature in the medium, and it
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Ph
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Fig. 1.1 Qualitative variation of the average mass density inside a cube of water of
size h

is considered to be the density of water at point P under the approximation of
continuous media. Continuous velocity, acceleration, etc., can be defined using
similar reasoning. Another example where the continuous medium hypothesis
can easily be invalid and where the size of the cube must be precisely defined
is for a system with a porous structure. When h is very small, small variations
in size can result in large variations in density (fig. 1.2).

The density becomes independent of h, i.e., pp, = p*, (and thus of the size
of the cube) above a certain limiting value h*, and remains so as long as the
microstructure of the solid stays the same. In general, large variations of the
density or other physical variables are observed when h is of the order of the
dimension of the microstructure (that is, the distance between molecules or
the characteristic length in a material with a complex microstructure found in
porous, polycrystalline, or composite materials).

Ph

h* h
Fig. 1.2 Qualitative variation of the average mass density of a porous material inside
a cube of size h
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Therefore, for engineering analysis or design it is not necessary to go down
to the atomic or microstructure scale. For these purposes we consider the ma-
terials to be continuous so that they can be modeled at the macroscopic scale.
This simplification of the reality ignores the discrete nature of the material and
considers that its properties such as viscosity, density, elastic modulus, etc.,
attributed to a point in the medium, are spatially continuous functions. These
quantities are the averages obtained over a large number of particles inside a
small volume of material containing the point. The specific dimension h of
the volume element depends on the structure of the medium and needs to be
defined with mathematical techniques and physical arguments.

The theory that we will develop is a phenomenological theory, which rep-
resents the generalization of the rational laws of mechanics (point mechanics)
to continuous media. With respect to statistical mechanics, the models that
we will establish are mathematically satisfactory. We will consider that the
transformation between two regions of space that the material can occupy at
different times is a continuous transformation. With this abstraction we may
speak of the velocity at a point in a more suitable way than for the same notion
based on a molecular model. For the latter we would need to take the average
velocity of the molecules in the neighborhood of the point under consideration.
Thus, the question of the definition of a neighborhood becomes crucial. If it
is too large, its relation to the point is lost; if it is too small, the notion of an
average is in doubt. To establish a valid link between molecular and continuous
models, it is necessary to employ more sophisticated notions of average which
are beyond the scope of this book.

The beginner in MCM may wonder why the first concepts introduced are
related to wectors and tensors. The reason is that tensors and the associ-
ated algebra are the natural tools for the theory of fields or continuous media.
Specifically, we would like the physical quantities that describe a continuous
medium to be independent of the coordinate system in which we work. This
objective can only be attained by using tensors.

Numerous publications dedicated to MCM deal with the vector and tensor
tools used in MCM. Not intending to be exhaustive, we refer the reader to the
following for complementary reading: [2, 8, 20, 24, 36, 45].

1.2 Vector Algebra

1.2.1 Generalities

In mechanics of continuous media, motion and the associated physical quan-
tities are described in Euclidean space R® (physical space) with which a
three-dimensional vector space E® is associated. The elements of R? and E3
are called the points and vectors, respectively. The scalars, vectors, and tensors
that describe the physical quantities which will be introduced later on are also
attached (most of them) to a space (typically R?) and form what are called
scalar, vector, or tensor fields.
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First recall that a vector space is defined uniquely from the properties
of operations on its elements and assumes the existence of an arbitrary field
(typically the field of real numbers R) whose elements are called scalars. The

vector space E® is then the set of elements denoted u, v, w, ... such that
u+ve E? au € E3
(u+v)+w=u+ (v+w) lu=wu
J0e E? |u+0=mu a(bu) = (ab)u (1.1)
J-uc E}|u+t(—u)=0 (a +b)u =au+ dbu
ut+v=v+u a(u+v) =au + av

for every u,v,w € E3 and a,b € R. We note that the axioms (1.1) can
be divided in two. Those in the first part concern the additive structure of
the vector space and show that E® is a commutative group with respect to
addition. The other axioms translate action of the body R on the vector space
(distributive with respect to vector and scalar addition).

By providing E3 with a scalar product, in order to later be able to calculate
lengths and angles, it takes the name Euclidean space. The scalar product
associates with every pair of vectors u, v € E? a scalar denoted w - v with the
following properties:

g

“(av + fw) = a(u - v) + B(u - w) (1.2)
u-u>0

IS

for every u,v,w € E? and «a, 8 € R. The scalar product is consequently an
application of E3 x E2 in R that is linear with respect to each of its arguments.
It is also called a positive definite bilinear form as shown in the last relation
in (1.2). The scalar product permits the definition of the vector norm wu,
denoted ||u|| by the relation

ull = vVu-u. (1.3)

The vector u is called a unit vector when ||u| = 1, and two vectors u and v
are orthogonal if and only if u - v = 0. Every vector in E? can be decomposed
uniquely according to a basis formed of three linearly independent vectors of
E3. The choice of a basis is arbitrary but generally one uses the canonical
basis (e, es, e3) defined by

(1 ifi=j
e“@_{01u¢j,iJ_Lza (1.4)

As (1.4) shows, the vectors of the canonical basis are unit vectors and each pair
is orthogonal (that is, orthonormal). The basis is called orthogonal when the
basis vectors are not unit vectors but are still orthogonal.

By choosing a fixed point O (arbitrary) in the space R?, we have a cor-
respondence between each vector  of E® and one and only one point P in
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R3 (different than O) such that OP = x. The Cartesian coordinate sys-
tem (O, ey, ez, e3) for the space R? is, by definition, the set formed by the
point O taken as the origin and the three orthonormal basis vectors (e, e, e3)
at this origin. The Cartesian coordinates of the point P in the system, as
well as the components of the associated vector & with respect to (eq, es, e3),
are thus represented by a unique triplet of numbers (x1,x2,x3) such that
OP =z = Zle x;€; (in this context x is the vector position of the point
P). Using the properties (1.2) and (1.4), the scalar product of two vectors

= Z?:1 zie; and y = Z?:l y;e; is given by

3
Toy=) Tiyi. (1.5)
=1

The simplicity of the result (1.5) clearly shows the value of using the canonical
basis (or another orthonormal basis) to perform operations on vectors.

There are many physical quantities for which only one value can be associ-
ated. For example, one of them is the mass density of a material. We denote
it p and it has for SI M units kg/m? or dimensions ML™3 where M is the
mass and L a length. For water, at standard sea level temperature, p is 1,000
kg/m3. In the neighborhood of a point, this density is practically constant and,
in addition, there is no direction associated with its value. It is thus a scalar
quantity.

Other quantities have not only a value but also a direction. A force of one
Newton is that which, applied to a point, gives it an acceleration of 1 ms~2
per kg. Since this force has a direction, it is a vector. We know that vectors are
expressed in terms of coordinates for the system in use. In a given coordinate
system, this vector is specified by its components. Going from one set of axes
to another, the vector remains invariant and only the components of the vector
change by a transformation rule.

Finally, we introduce the concept of a tensor in a rudimentary way as
follows. For example, a stress is a force per unit surface. As we have seen. a
force is a vector. But an element of a surface is also a vector as we must specify
both its size and its orientation, that is, the direction of the normal vector. If
f describes the force vector and s the normal vector of the surface .S, then we
might think that the stress T' could be expressed by f/s. But, as the division
of two vectors is an undefined operation, we get around the difficulty by saying
that given s, we can find f by multiplying s by a new entity T such that

f(8)=Ts.

This new mathematical object is a tensor which yields the stress at a point. In
this case we have a tensor of order 2. One gathers intuitively that this quantity
is associated with two spatial directions, not just one as for vectors or none for

(D International System of Units, Systéme International d’Unités, designated SI in all
languages.
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scalars. In fact, this tensor can be represented by a matrix with two indices,
each index corresponding to one direction in Euclidean space. It is thus an
entity with nine components. Again, we would like the physical quantity (the
tensor) to remain invariant when we change the coordinate system. For this,
the components of a tensor will follow a transformation rule when coordinate

systems are changed.

1.2.2 Orthogonal Transformation of Coordinate Systems

In the physical Euclidean space R?, let there be a Cartesian orthonormal co-
ordinate system (O, eq, €3, e3), that we denote also as Ox; (i = 1,2,3), with
origin at O and the unit vectors e; (i = 1,2,3) directed along the axes Ox;
(fig. 1.3). Another system Oz} (i = 1,2, 3) with unit vectors e} defines a Carte-
sian coordinate system with the same origin O. The direction cosines of the
axes x; with respect to the axes z;, denoted by c,;, are given by the scalar
products of the basis vectors

(o o Lo
Cpi = cos (), ;) = €, - €; i,p=1,2,3. (1.6)
E)
,I/ \
2 \\ P
\
N .
\ //,
\\ Lo
\ //
\\ €y ///
e
ef
(0]
e Xy
€
3 2
1
1
1
1
P 1
1?3 i
1
]
| T4

Fig. 1.3 Cartesian coordinate systems

Similarly, the direction cosines of the first system with respect to the second
are given by
Cpi = €p " € = Cip, (1.7)
the last equality being obtained from (1.6).

Let P be a point with coordinates z; in the first system and ) in the
second. From equation (1.6), the coordinates z are related to those of x; by
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the equations
/
T1 = €1171 + C12T2 + C1373
/
Ty = C21T1 + C22T2 + C23T3 (1.8)

!
Ty = C3171 + C32T2 + C3373 .

We can write (1.8) in the form
3
xp = i, i=1,2,3. (1.9)
j=1

We can easily see that the inverse of (1.8) is given by

/ ! /
T1 = C11%T1 + C21%T9 + C31T3
/ ! /
To = C12T] + Co0Th + C32T5 (1.10)

’ ’ /
T3 = C13T7 + C23T5 + C33%3

or
3 3
! / !
T, = E CcjiTy = E Cij T - (1.11)
Jj=1 Jj=1

We can suppress the symbol Y by adopting, from here on, the Einstein sum-
mation convention for repeated indices, that is when an index appears twice
in a product, a sum with respect to that index is implied by taking successively
all its possible values (in this case, i = 1,2,3). In this way equations (1.9) and
(1.11) are written in the compact form

Z‘; = CijTy T; = Cji$; j = 1,2,3. (112)

To illustrate the summation convention, we can write

3
OijTy = Zgijnj = opnny + 0i2n2 + 043N3
Jj=1
3 3
2 2 2
035NNy = E E 0NNy = 011N + 02219 + 033N3 + (0'12 + 0'21)711712
j=11i=1

+ (023 + 032)nang + (031 + 013)n3N .

In the expression o;;n;, the index ¢ is fixed and has a value among 1,2,3. We
call it the free index.

The symbol u; will designate the set of the 3! quantities w1, ug,us (3 for
space and 1 for the free index). Similarly, the symbol L;; signifies the set of
the 32 quantities Llla L12, ng, L217 LQQ7 L23, L31, L32, L33 (3 for space and 2 for
the free indices). For the parameter L;;, we have 3° = 1 quantity, namely a
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scalar. Thus, we can write

3
Lii = Y Lii = Lui + Loy + L
i=1

3 3
AiBpC; = > A;iBiCi = B Y AiCi = Br(A1C1 + A2Cy + A3Ch)

=1 i=1

3
ds® = da:% + dx% + dx§ = Z dr; dx; = dx; dz; .

i=1

Note that the index over which we sum is a dummy index; we can change the
notation of this index without changing the significance of the sum. Thus

04Ny = OikNk = 04T

Mijkuijk = Mjikujviwk = Mikjuivkwj =...

A dummy index is not allowed to appear more than twice in an expression.
Therefore, to insert the second equation (1.12) in the first we need to rewrite
it, for example, in the form

Tj = CqjTy .
From which

/

p and similarly Ti = CjiCjq%q - (1.13)

Tj = CijCoj
It is clear that the coefficient of z7, in the first equation (1.13) should be equal
to unity for ¢ = ¢ and 0 for ¢ # ¢. This is also true for the second equation
(1.13). If we introduce the Kronecker delta

1 ifi=y
5¢j{0 it (1.14)
then we obtain
CijCqj = 6iq . (115)

The transformation (1.12) which satisfies (1.15) is called orthogonal and (1.15)
are the orthogonality conditions. The components c;; form an orthogonal
matriz [C] such that its transpose is equal to its inverse

CikC];jl = CikCjk = 045 or [ciic1— = [cer’” = 1, (1.16)
with [I] denoting the unit or identity matrix. The matrix of ¢;; is such that
det [C} =e] - (62 X 63), (1.17)

that is, det [C] = +1. The sign + or — characterizes a direct (rotation) or
retrograde (reflection) change of the coordinate system. Here, the symbol X
represents the vector product.
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Note that by using the Kronecker delta, the index of a component can be
changed as follows:

Liy = bi5Lju,
AiBpC; = 6;jA; BCj,
ou,; Oouy,
&EZ = uj; = 5kj87%_ = OkjUk,i
62ui 82ui

= Uik = Ojig—— = 0jilik -
89@-81’;6 “J J 8l‘laxk T

1.2.3 Scalars

Let P be a point in a continuous medium and F'(P) the real value of a continuous
function at P. If the value F(P) does not depend on the coordinate system,
then the function F is called a scalar function, or scalar, or a tensor of order 0.
This is the case, for example, for temperature, pressure, kinetic energy, etc. It
is not the case for the components of a vector which depend on the coordinate
system. Of course, this does not mean that the form of the function that yields
the value F'(P) is independent of the chosen coordinate system. If the point
P has coordinates z; and if F'(P) has a value f(x;), the change of coordinate
systems in the second equation in (1.12) for the scalar F(P) leads to

F(P) = f(z:) = f(cjixj) = (). (1.18)

Take, for example, a linear temperature field T'(P) given in a coordinate

system x; by
T — Ty

L

such that T(0) = Ty and T'(L) = T3. A rotation of 45° about the axis x3,
moves us to the coordinate system z} with the transformation

T(x;) =To +

zy,

v2oov2
2 2
=] _v2 va .
2 2
0 0 1

More generally, the matrix that expresses the change of coordinate systems by
rotation around the axis es by an angle 6, is given by
cosf sinf 0
[C]=| —sinf cosf O
0 0 1

The temperature in the new coordinate system becomes

T, —To V2
T'(x;) = To + lL 07(55/1—55/2),
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as from (1.11)

! ! /
T1 = C11%7 + C21T5 + C3123

V2, V2,
=——I— Ty
2 2

1.2.4 Vectors

Let v = PQ be a vector having its origin at point P and its extremity at
point Q (fig. 1.4). This vector has a direction and three components v;. The
vector itself is independent of the coordinate system.

Fig. 1.4 Vector in a Cartesian coordinate system

We examine the representations of v in the two coordinate systems linked
by the relations
(1.19)

Ty = CijT; and Ti = Cjiy -

Let x;, y; be the coordinates of the points P and Q in the first coordinate
system and z, y; in the second. The components of v in the first system are
written as

Vi =Yi — T

and
! / A
Vi =Y — &4
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in the second. We relate the components v} to those of v; by the transformation
rule

vi = yi — @ = cij(y; — x5) = civ; - (1.20)

Since in a Cartesian coordinate system, the direction cosines c;; are independent
of the coordinates of P, we can write

oz’ ox;
L= ¢y e R 1.21
x; Y o~ (121)
and thus
81‘,' . 8517;
Combining (1.20) and (1.21), we obtain
or Oz
vl = o, v; or v = 87332%" (1.22)

By definition, we will say that a mathematical object v, characterized by
the three components v; in a Cartesian coordinate system, is a vector or a tensor
of order 1 if its components are transformed according to the rule (1.22) during
a coordinate system change that is an orthogonal transformation according to
(1.16). Consequently, a triplet of numbers in a coordinate system does not
necessarily give a vector. It is the transformation rule (1.22) associated with
the invariant character of the vector that determines its nature.

The index notation allows us to implement the standard algebra of vectors
and their scalar components. For example, if @ is a scalar, the i*® component
of av is av;. With (1.22), we can show that the multiplication av’ is a vector
since .

g

(av;) = cij(avy) = 5 (@)

J

The addition of two vectors is done by the addition of their respective compo-
nents, that is,
w; = U; + V5. (123)

In vector notation, we have
w=u-+v.

Now we look at the scalar product of two vectors. We denote the
product b as the sum u;v;. In symbolic form, b =u -v = v - u and

b = u;v; = uv1 + ugve + u3vs . (124)

Let us see if the product b is affected by an orthogonal change of coordinate
system. Relation (1.20) can be expressed in the form

/ / /
v =y — o = cjiy; — x5) = ¢jivj -
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And then we have

/ /
b=wv; = CjiljChiVy
_ . . !
= CjiCriUl;vy
I
= 0jkU;Vy,

o
—UjUj.

Thus the product u;v; is a scalar as its value does not change during a
coordinate system change. With vector analysis it can be shown that

b= ||ul| ||v| cosb, (1.25)

where ||u|| and ||v|| are the norms of the vectors w and v respectively, and 6 is
the angle between the two vectors.

Recall that an important consequence of (1.25) is that two (non-zero) or-
thogonal vectors have a zero scalar product. Another interesting result is that
the scalar product of a vector with itself yields the square of its norm:

viv; = [[v]|*. (1.26)

If we consider a vector from the origin of the coordinate system to a
point P of the Euclidean space, this vector is the position vector x such that
x = x(x1,29,23) = OP. The position vector is a fundamental concept of
continuous media kinematics that we will develop more completely in chapter
2. Its components depend on the spatial coordinates. Recalling (1.14) we can
write

8l’i
o = 0id - (1.27)
J

1.2.5 Permutation Symbol and Vector Product

The permutation symbol is defined as follows:

1 if 45k is an even permutation of 123
gijk =< —1 if ijk is an odd permutation of 123 (1.28)
0 all other cases

or as

Eijk = %(ifj)(jfk)(kfi). (1.29)

From the definition (1.28), we can move an index toward the back and inversely
Eijk = Ejki = Ekij -
The permutation of two adjacent indices results in a sign change

Eijk = —Ejik

€ijk = —Cikj -
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From (1.28) and the definition of the Kronecker delta (1.14), we can prove the
very useful identity

€ijk€ilm = 0j10km — OjmOkl - (1.30)

In an orthonormal basis of R?, the vector product of two vectors w = u x v,
sometimes denoted u A v, is defined by the equality

Wy = E45kU;V; - (131)
For example we can evaluate
W1 = £123U2V3 + €132U3V2 = UV3 — U3V2 .

We could do similarly for we and ws.

An important point of the notation (1.31) is that the first index of &,
must be that of the component of the vector w; the second, the same as that
of the first vector of the product u x v; and the last, that of the last vector of
the product.

The norm of a vector product is equal to the product of the norms of the
vectors multiplied by the sine of the angle 6 that these vectors form

[wll = [lull o] sin 6. (1.32)

A few formulas in symbolic notation present diverse combinations of scalar and
vector products. For example

UXV=—-vXU (1.33)
ux (V+w)=uxv+uxw (1.34)
(uxv) - w=wWxw) - u=(wxu) v (1.35)
(axb)-(exd)=(a-c)(b-d)—(a-d)(b-c). (1.36)

EXAMPLE 1.1

The vector product u X v generates a vector w perpendicular to the plane
of the two vectors, and the three vectors u, v, w form a direct system. It
can be shown that w is orthogonal to v since v - w is zero. Using (1.28),
we have

ViW; = Vi€45kUjVE = E45kV;VEU
1 1

= 5 (Eijkvikaj A sijkvwkuj) = 5 (6ijk1}ﬂ}ku]‘ + ekjivkviuj)

= 5 (Eijkvwkuj — eijkvwkuj) =0,
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EXAMPLE 1.2
We use index notation algebra to verify the identity (1.36). The term on
the left £ is written as

£=(axb) (cxd)=c¢irajbreimcidm -
With (1.30), we obtain
L= (5jl§km - §jm6kl) ajbkcldm
= 010 C10kmbrdm — 0jma;dydpibrcy .

Using the properties of the Kronecker delta d;;, we set [ = j and m = k in
the first term and m = j and [ = k in the second. Then

L= ajcjbkdk - ajdjbkck 0

The right-hand term of this relation is none other than the index notation
representation of the right-hand term of (1.36).

ExAMPLE 1.3
If P; = eijiup,; where u; are continuous functions of x; with continuous
partial derivatives, show that P;; = 0.

We use the properties of the permutation symbol to modify the expression
as follows:

P = eijru,; = Pii = €ijkUk,ji = EjikUk,ij
Ejik = —Eijk, Uk,ij = Uk,ji
= Pii = €ijkUk,ji = —€ijkUk,ji

2P;; = €ijkuk,ji — Eijkuk,;s =0 = Pi;=0.

1.3 Tensor Algebra

1.3.1 Definition of Tensors of Order 2

The notion of a tensor of order 2 is introduced by respecting the representa-
tion of an invariant object. Let E® be the Euclidean vector space of vectors
associated with R?, and L a linear mapping on E? that transforms a vector to
another, that is,

L:E— E? such that ur— Lu. (1.37)
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If L transforms w; to v; and us to vo with the relations
Lu1 = V1
Lus = vy,

and if L has the following properties:

L(uy + UQ) = Luy + Lus

1.38
L(au,) = aLu, , (1.38)

where u; and us are two arbitrary vectors of E3 and o € R, then we say that L
is a linear transformation. It is also a tensor of order 2, or simply, a tensor. The
unit tensor I and the zero tensor O are defined by the relations u = ITu
and 0 = Owu, respectively.

For every vector u, the vector v is such that
v =Lu = Lu;e; = u;Le; . (1.39)
The components of v are obtained by taking the scalar product
v =e€;-v. (1.40)
Combining (1.39) and (1.40), we have
v; = €; - (u;Le;) = uje; - Le; . (1.41)

The terms of this equation, such as, for example, e; - Le; and ey - Le;, are
the components along e; and e; of Le;. We agree to write the components as
L1 =e1-Ley, Loy = ey - Leq, etc. In general we will have

J J

These elements L;; are the components of the tensor L. From (1.41) and (1.42),
we obtain

v; = Lijuj . (143)
This last relation can be written in matrix form
U1 Ly Lia Lgs Uy
va | = | La1 Lo Lo uy | . (1.44)
U3 L3; L3z L3 us
The matrix
Ly Lip Lys
Ly Ly Lo
L3 L3z L3

is the matrix of the tensor L with respect to the basis vectors {e;}. Note that
the components of the first column are the components of the vector Le;, those
of the second are the components of the vector Les and so on. Thus we have

Ley = Lyjer + Lares + Laiez = Ljie;,
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that is,
Lei = Ljiej . (145)

We see then that the components of a tensor depend on the coordinate system
defined by the basis {e;} in the same way as the components of a vector depend
on the system.

Nevertheless, a tensor that is an invariant linear operator has an intrinsic
character, as, for example, a force per unit surface. Only its components will be
affected by changing the basis. Note the matriz associated with the tensor
L

Ly Lia Lia
[L]=| Lai Lo Lo (1.46)
L3 L3y Lss
and its determinant
Liv L2 Lis
det L = det[L] = det L21 L22 L23 . (147)
L3y L3z L33

A tensor is called singular if and only if det L = 0.

1.3.2 Tensor Product or Dyadic Product of Two Vectors

The tensor product or dyadic product a ® b of two vectors a and b is defined
as the tensor which, for any vector v, yields the vector (b-v)a

(a®@bjv=(b-v)a=a(b-v). (1.48)
For every vector v and w and for «, 8 € R, we have

(a®@b)(av + pw) = (b (av + fw))a
(a(b-v) + B(b-w))a

= a(b-v)a+ (b -w)a
=ala®b)v+ flaxb)w.

This shows that (a ® b) is a tensor. Its components with respect to the basis
{ei} (i=1,2,3) are

(a & b)i]‘ =e€;- (a (39 b)ej =e;- ((b . 6.7')0,) =e;- (abj) = (ei . a)bj = aibj .

Thus, we have
(a ® b)” = aibj . (149)
The corresponding matrix will be given by
ay arby  aiby aibs

[a®b]: as (b1 by bg): asbr  agby  ashs
as azby azbs asbs
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In general (u ® v) # (v ® u). The tensor product of the base vectors e; ® e;
is expressed as
(e;®ej)u=(e;-u)e;, =uje;. (1.50)

From (1.50) and (1.43), we can write
v =v;e; = Lu = Lijujei = Lij(ei X ej)u .

Consequently, we obtain
L= Lij(ei®ej). (151)

EXAMPLE 1.4
The identity I and the dyadic product tensors can be expressed as

I = 62‘j(6i ®6j)
a®b = aibj(ei@)ej) .

1.3.3 The Transformation Rule for Cartesian Tensor Components

The representation in the Cartesian coordinate system x; of the linear operator
L, which is invariant, is given by its components L;; (1.42). In the coordinate
system x, the components of L are expressed as

L;; =e;-Lej.
We can easily evaluate the relation between the components L;; and L;j.
From (1.20), the previous relation becomes
L;j = (cikek) -L(leel) = cipcjier - Lep = cipcjiLly (1.52)

Invoking (1.21), we have

! Ox’; Oz, Ox;
o= __J L. = Ly . 1.53
C T A A (1.53)
In matrix notation, equation (1.52) is written as
[L'] = [ClLier” (1.54)

By definition, a matrix [L] with nine components corresponds to a tensor of or-
der 2 if its components are transformed according to (1.53) during a coordinate
change that obeys (1.20) and that is an orthogonal transformation according
to (1.16). By extension, we will also refer to the tensor components L;;. The
transformation rules (1.53) guarantee the invariance of L with respect to the
choice of coordinates.

As an example, let us verify that the tensor product T'=a ® b is a tensor
of order 2. We have

/ / / /
83:7,’ 6$j - 8.731 axj

T'A:a/-bl-z AR = kl -
* v &rk 8xl 8xk &rl
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1.3.4 Tensors of Any Order

Recall now the transformation rules for vectors (tensors of order 1) and tensors
of order 2 between the systems z; and a

! / /
, Oz , ox); Ox

1
v, = Vs L= —= Ly .
b Oz ! Y Ox Oy

By generalizing these rules, we can define a tensor of order n. Let T be
an object whose value in a coordinate system z; is given by 3™ components
Tivis--in,» where the indices i; take the values 1, 2, or 3. By definition, 7 is
a tensor of order n if, during a coordinate transformation, its components are
transformed according to the rule

Oz 0xj, oz

= 1.55
2122 ln 61‘]‘1 61‘]‘2 637% 7;1]2 In ( )

Note that for n = 1 and 2, we obtain the transformation rules for vectors and
tensors of order 2.

We can also verify that the permutation symbol introduced in equation
(1.28) is a tensor of order 3. To show this, apply to €;;, the tensor transfor-
mation (1.55) and verify that the components €], satisfy the relations (1.28).
Using (1.21), we write

Egjk; = CimCjinCkpEmnyp -

The second term can be developed taking into account (1.28) to obtain
/
€ijk = Ci1Cj2Ck3 + Ci2Cj3Ck1 + Ci3Cj1Ck2 — Ci2Cj1Ck3 — Ci1C53Ck2 — Ci3Cj2Ck1 -

The right-hand side of the equation is none other than the determinant of the
matrix

which is the orthogonal matrix of direction cosines between x; and z;. When
(i,4,k) is an even permutation of (1,2,3), E;jk is 1 if the coordinate system
is right-handed; when (i, , k) is an odd permutation of (1,2,3), the lines are
permuted an odd number of times, and the determinant is —1. Finally, in every
other case, at least two lines are equal and the determinant is zero.

Tensors of order n satisfy the following rules.

Multiplication by a Scalar:
the multiplication of a tensor of order n by a scalar is carried out by
multiplying each component of the tensor by the scalar. The result is
a tensor of order n.

Linear Combination:
the linear combination of two tensors of order n is by linear combina-
tion of the corresponding components. A tensor of the same order is
obtained.
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Zero Tensor:
is the tensor for which all the components are equal to zero.

FEquivalent Tensors:
when the components of two tensors of the same order are equal term
by term in a coordinate system, then they are equal in every other
system; the tensors are equivalent. Consequently, if a tensor relation is
verified in one coordinate system, it is true in all coordinate systems.

Exterior Product of Tensors:
let Aj,...;,, and Bj,...;,. be the respective components of a tensor of order
n and a tensor of order m in a coordinate system. The 3™ quantities
obtained by

Cirovingiogm = Aireein Biroeojim

form a tensor C of order n + m. As an example, we have previously
shown that the dyadic product of two vectors yields a tensor of order 2.

Tensor Contraction:

let A be a tensor of order n whose components in a coordinate system
are A;,...;.. The contraction operation consists of equating two indices
of the tensor, for example, the j* and the k" with j and k& < n, and of
summing over these indices (j, k = 1,2, 3) to form a tensor of order n—2
thus having 3”2 components. This tensor is obtained by contraction
of the indices j and k.

For example, L;; is the only contraction possible of L;;. It is then no
longer a tensor of order 2, but a scalar (tensor of order 0).

Now consider two tensors S and T of order 2. Their exterior product results
in a tensor of order 4 whose components are

Rijrr = SijT -

The components obtained by contraction of the second and third indices of R
are
Rimml = S’Lmel .
We can show that this is a tensor of order 2. From the transformation rule
(1.55), we have
;jkl = CipCiqChrCls Rpgrs
and thus
R;mml - Cipcchmrclstqrs .

From (1.15), we obtain

/

imml — CipCls 611TR;DqTS = Cipclstrrs

Oz} Oz
= : Roprrs -
Oz, Ozs "

This last equation proves that we do indeed have a tensor of order 2 R;umi-
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Looking back, we can see that the left-hand term of equation (1.30), €;;x€iim
is a tensor of order 4 obtained by contraction. In the same way, the contraction

Eijk€ijl = 20k (1.56)
yields a tensor of order 2, and the relation
€ijk€ijk = 0

yields a scalar.

1.3.5 Algebra of Tensors of Order 2

Sum of Tensors

Let L and T be two tensors of order 2. Their sum (T + L) is such that for
every vector a, we have

(T'+L)a=Ta+ La. (1.57)
The components of (T + L) are then
(T+L)ij =e;- (T+L)ej =e; -Tej—l—ei-Lej

or
(T—"_L)ZJ :Tij +Lij- (158)

Interior Product of Two Tensors

If L and T are two tensors of order 2, then LT and T'L are defined by the
equations
(LT)a = L(Ta) (1.59)

and
(TL)a =T(La). (1.60)

The components of LT are obtained from (1.42) and taking into account (1.45),

(LT)” = €; - (LT)eJ =€; - L(Tej)

= €; - Lijem = ijei ' Lem .

Thus
(LT)ij = LimTonj - (1.61)

Similarly we have
(TL)ij = TimLmj - (1.62)

Note that the interior product of tensors L and T is a contracted multiplication
of tensors of order 2, with the contraction over the last index of the first tensor
and the first index of the second tensor. In matrix form, we can write the
matrix of the interior product as equal to the product of the matrices of the
two tensors

(LD)] = [LT)  and  [(TL)] = [T][L].
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Note that the interior product of tensors is not commutative in general, that
is LT #TL.
If L, T, and S are three tensors, then we can evaluate
(L(ST))a = (L(ST)a) = L(5(Ta))
and
(LS)(Ta) = L(S(Ta)) .
From which we obtain
L(ST)=(LS)T. (1.63)

The interior product of tensors is associative. For the case L = T, we can
introduce the following notations TT = T?, TT? = T3, etc.

We also have the property

det (ST) =det S det T . (1.64)

Note also the relations
La®b)=(La)®b (1.65)
(uev)(a®b)=(v-a)ub=u®b(v-a). (1.66)

EXAMPLE 1.5
We use index notation algebra to verify identity (1.65)

(L(a ® b))ZJ — Li7n(a ® b)m_; — Li’mambj
= (La)b; = ((La) ® b)ij o

1.3.6 Tensor Properties

Transpose of a Tensor

The transpose of a tensor is obtained by exchanging two indices: the transpose
of Li; is Lj;. We denote it L”, and have the relation

(L"), = Lii- (1.67)
Consequently, we can easily show that
(LS)' = sTL” (1.68)
and
uw-L"w=Lu-v=v Lu. (1.69)
For a dyad
(a2b)’ =b®a, (1.70)
(a®b)L = a® L"b. (1.71)

And finally note the property
det L” = det L. (1.72)
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Inverse of a Tensor

For a non-singular tensor L, that is det L # 0, there exists a unique tensor
called the inverse tensor L™! of L that satisfies the relation

LL'=L'L=1. (1.73)

By definition of the inverse, we can show that

(L H ' =L (1.74)
(L)™' = éL‘l (1.75)
det (L") = (det L)_1 : (1.76)

For two invertible tensors S and T, we have

(ST '=17"1's'. (1.77)

Symmetric Tensors

A tensor is said to be symmetric when it is equal to its transpose. The tensor
L is symmetric if

L=L", (1.78)
that is, if

Consequently, a symmetric tensor has six independent components.

Antisymmetric Tensors

A tensor L is said to be antisymmetric if it is equal to the opposite of its
transpose, or
L=-L", (1.80)

that is,
Lij = —Lji . (1.81)

In this case the diagonal components of L are zero and only three components
are independent.

Now we can prove that all tensors L of order 2 can be uniquely decomposed
into the sum of a symmetric tensor L% and an antisymmetric tensor LA To
demonstrate that this decomposition is possible, we write

S A

1
L = 5 (Lis + Lyi) (1.82)
1

A
Lij = 9 (Lij — Lji) -
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To show the uniqueness of the decomposition, suppose that two decompositions
exist, that is,
Lij=Lj+ L = L5 + Lif.

The last equation can be rearranged as
5 S [/S I 1A L A

Here the left-hand side (1.83) is symmetric and the right-hand side is antisym-
metric. Only the zero tensor (all components zero) satisfies condition (1.83).
We have then
S _ r/8 A __1/A
Ly = L L =L .

Trace of a Tensor

The trace of a tensor L of order 2, denoted tr, is the sum of its diagonal
components

tr (L) =tr (L” (ei X Ej)) = Lij tr (ei ® ej) = Lij 5ij =L;. (184)

The trace of the tensor product of two vectors reduces to the scalar product of
the vectors
tr(a®@b)=a-b. (1.85)

The properties of the trace are

trL =tr LT (1.86)
tr(S+T)=trS+trT (1.87)
tr(aL) =a trL (1.88)
tr (AL) = tr (LA), (1.89)

where o € R.

Deviatoric Tensors

A tensor L can be decomposed as the sum of a spherical tensor L*® and a tensor
with a zero trace LY, called the deviatoric tensor, so that

L=L°+1L" (1.90)

The spherical component of L® is one third of its trace: Li; = %kaéij and the
deviatoric components of L? are defined by

1

These components ij are not independent since the trace of L is zero.



24 Cartesian Tensors

Orthogonal Tensors

A tensor Q is orthogonal if it satisfies the condition
Qu -Qu=u-v (1.92)
for every vector u and v. Using (1.69), the condition (1.92) is written as
u-QTQu=u-v. (1.93)

Thus an orthogonal tensor satisfies the equation QT Q = I. Since u - v is
preserved in this transformation, the angle between the vectors and their norms
|lu]l, ||v|| are also preserved. The tensor @ has the property that det Q@ = £1.
If det @ = +1, the tensor corresponds to a rotation; the tensor is said to be a
proper rotation. When det Q = —1, it is said to be an improper rotation as it
corresponds to a reflection. It is important to notice the difference between the
orthogonal tensor @, mapping two vectors, and the coordinate change resulting
from the rotation of the axes presented in section 1.2.2 that describe the same
vector. There we defined a new vector basis e} (i = 1,2,3) by rotation of the
vector basis e; (i = 1,2,3), both systems of axes being orthogonal Cartesian
systems describing the same vector. Since by (1.92), the angle between vectors
is conserved, the coordinate change can be considered to be an orthogonal
transformation which rotates the basis vectors e; to e}. Consequently, the
matrix of the tensor Q is equal to the matrix [C].

Scalar Product of two Tensors

The scalar product of two tensors of order 2 is the scalar defined by the double
sum

a = SijTij . (194)

Symbolically, we denote it a = S : T. We can see that it is a multiplication
with double contraction. Then, we can write successively

S:T=tr(8TT)=tr (T?S) =tr (ST =tr(TS")=T:8.  (1.95)
The norm of a tensor ||L|| is defined by the relation

1Ll = (L : L)"/? = (LijLy)'? > 0. (1.96)

The scalar product also satisfies the following properties:

L:(ST)=(S"L):T=(LT"):S (1.97)
(u®v):(a®@b)=(u-a)(v-b) (1.98)
L:(a®b)=a-Lb=(a®b): L. (1.99)
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EXAMPLE 1.6

To verify identity (1.99) we use index notation algebra. With the definition
(1.94), we have

(L:(a®b)) = Lij(a®b)i; = Lijaib; = a;L;jb; = (a- Lb) .  (1.100)

ExXAMPLE 1.7

Consider the tensors A and B such that A;; = Aj; is symmetric and B;; =
—Bj; is antisymmetric. The scalar product of these two tensors is zero.
(Note that Aj;;B;; = A;;Bj; since the result is a scalar). Using definitions
(1.78), (1.80), and (1.94), we have

1 1
(A:B) = AyBij = 5 (A Bij + AiBij) = 5 (Ai; Bij — Aij Bji)
1 1

= 5 (AyBij — 45iBig) = 5

2 (Aisz‘j - AijBij) =0, (1.101)

Right Product of a Tensor and a Vector

The right product of a tensor L and a vector u is defined as
v; = 'LLZLZ] = Lijui . (1102)

We write it wL. Here, the order of the symbols is important, which is not the
case for index notation. The symbolic form Lu represents a different vector,
which in index notation is written as

Note that this last relation is none other than (1.43).

1.3.7 Dual Vector of a Tensor of Order 2

The components d; of the dual (or axial) vector of a tensor L are definined by
the product

1 1
d; = 3 €ikjLjr = D) EijkLijtk - (1.104)
Or explicitly
1 1
dy = ~3 (e123L23 + €132 L32) = D) (L2s — Ls2)
1 1
dy = —5 (8231[/31 +5213L13) = _5 (L31 - L13)

1

1
d3 = —3 (e312L12 + €321 L01) = —3 (Liz — La1) .
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Note in passing that if tensor L is symmetric, the dual vector d is zero. De-
composing L into its symmetric and antisymmetric parts, we have from (1.82)
1
di = =5 (sinLji + EinLin) - (1.105)
As €51 is by definition antisymmetric with respect to any pair of its indices,
the first term on the right-hand side is zero as it is the interior product of a
symmetric and an antisymmetric tensor (1.101). Thus the dual vector depends
uniquely on the antisymmetric part of a tensor
1 A
di = 75 Eijijk- (1106)
The inverse of the relation (1.104) is obtained by multiplying the two sides by
Eilm, that is,

Eitmdi; = €imid; = —5 EitmEijkLijk -

With (1.30), we obtain successively

1
Eitmd; = -3 (015 Omk — 01k Om;j) Ljk
1
= 5 Lim = L) = .
or

The three independent components of an antisymmetric tensor (recall that the
diagonal components are zero) are equivalent to the three components of the

dual vector in that they yield the same information as dy = —L‘243, dy = —Lg“l,
ds = — L%,

1.3.8 Eigenvalues and Eigenvectors of a Tensor

Let L be a second order tensor. If w is a vector that, when L is applied, is
transformed into a vector parallel to itself, that is,

Lu = )u, (1.108)

then the vector w is an eigenvector of L, and X is the corresponding eigenvalue.
We know the eigenvectors can always be of arbitrary length. However, for
simplicity, we will normalize them to unit length. Let n be a unit eigenvector.
Then, if we introduce the unit tensor I, we can write

Ln=Xn=\n, (1.109)

which gives

|
—_

(L-=X)n=0 with n-n (1.110)

In index notation, with n = n;e;, we have

(Lij = Adij)n; =0 njn; = 1. (1.111)
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Since equation (1.111) is valid for any n # 0, we must solve the equation
det([L] — AlI]) =0 (1.112)

to obtain a solution.

If the tensor L is symmetric, then the characteristic equation (1.112) allows
us to invoke a theorem from linear algebra (see [67] for a proof) which is stated
as follows.

Theorem

The eigenvalues of a real n X n symmetric matriz are all real. The corre-
sponding eigenvectors are orthogonal.

It will be the same for the eigenvalues corresponding to the tensor L, which
we will call principal values, as is common in mechanics for stress and strain
tensors. Similarly, the associated eigenvectors define the principal directions.

We can show that for a symmetric tensor, there are always three principal
directions which are orthogonal. Let m; and my be two eigenvectors corre-
sponding to the respective eigenvalues \; and Ay of the tensor L. Then,

Ln; =\mny (1.113)
and
Lny = Aoms. (1.114)
Let us take the scalar product of (1.113) with ny and of (1.114) with n;.
Switching to index notation we obtain
Lij(n1)j(n2)i = A(na)i(na); (1.115)
and
Lij(n2)j(n1)i = A2(n2)i(n1); . (1.116)

Because of the symmetric property of L the first term of (1.116) can be trans-
formed as follows:

Lji(n1)j(na)i = Aa(na)i(n1); - (1.117)
Subtracting (1.117) from (1.115), we have the result

()\1 —)\2)<n1 -’ng) =0. (1.118)

As A\ # X9, np - ny = 0 and so ny and ny are orthogonal. Thus, we can
conclude that if the principal values are all distinct, then the three principal
directions are mutually orthogonal.

If A\ = A2 # A3, we have ny - n3 = ny - ng = 0. The directions n; and ny
are then chosen mutually orthogonal and normal to ns.
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If Ay = A2 = A3, the directions nq, ns, and ng are chosen mutually orthog-
onal and without any restriction.

Let us examine now the form of the matrix of a tensor with respect to its
principal directions. We denote by ni, ns, and ns the unit vectors in these
directions. If we use these vectors as basis vectors, and (1.42), then the tensor
components become

Liy=mny-Ln; =n;-(Ainy) =\

Loy = Ao
L3z = A
B (1.119)
Lis=mn1-Lny = (n1-Amny) =0= Ly
Lis=1L3 =0
Loz = L3y =0.

The matrix is thus diagonal and its diagonal elements are its eigenvalues.

Scalar Invariants of a Tensor and the Cayley-Hamilton Theorem

Developing (1.112) the characteristic equation of a tensor is cubic in A; we
can write

N — [(L)A? + I,(L)\ — I3(L) = 0, (1.120)

where I1(L), I;(L), and I3(L) are the invariants of the tensor L given by the
expressions

Il(L) = L” =trL

IQ(L) _ Lll L12 L22 L23 Lll L13
Loy Lo L3o  Lss L3y Lss
1
=3 (LiiLjj — LijLj;) (1.121)
1 1
=5 ((tr L)? —tr (LL)) = 5 ((tr L)? — tr (L?))

I3(L) = €ijpLinLja Lz = det L.

As, by definition, the eigenvalues A1, Aa, A3 of L are independent of the
basis vectors {e;}, then the coefficients of the cubic equation (1.120) should be
the same for all {e;}. This is why they are called ‘invariants’.

EXAMPLE 1.8
Find the principal values (eigenvalues) and the corresponding unit vectors
(eigenvectors) of the symmetric tensor with matrix

2 1 -2
=1 4 3]. (1.122)
-2 -3 -2
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Using the expressions (1.121), the corresponding invariants are
I)(L)=4, I,(L)=-18, I5(L)= —36,
and the corresponding characteristic equation (1.112) is given by
A% —4X? — 18\ + 36 = 0.
This equation has three distinct roots which are the principal values of L
A1 =6, Ay=1.65 A3=—3.65.

Let us assume that the eigenvector n; corresponding to A\; has components
(n1)1, (n1)2, and (n1)s. For this particular eigenvalue, equation (1.111)
gives the following system of equations:

(2=6)(n1)1+ (n1)2 —2(n1)3 = 0

(ni)1+ (4 —=6)(n1)2 —3(n1)s =0
—2(n1)1 —3(n1)2 — (2+6)(n1)s = 0.

The first two equations give (n1)s = —2(n1)s. Inserting into the third
equation, we obtain (n1); = —(n1)s. By the orthogonality condition we
have

(n1)f + ()3 4+ (n1)3=1.

With this condition and the results for (n1); and (nq1)2, we obtain (n;)s =
0.4082. Then with this value, the other components are (n;); = —0.4082
and (n1)s = —0.8165. Proceeding similarly we calculate the unit vectors
for the two other principal values. Finally, we have

)\1 = (© 5 (n1)1 = —0.40827 (nl)g = —0.8165, (711)3 = +O.4082
)\2 = 1.65 ° (712)1 — -|-087367 (ng)g = —0.4792, (n2)3 = —0.0849
A3 = —3.65 : (n3); = 40.2650, (n3)s = +0.3220, (n3)3 = +0.9089 .

EXAMPLE 1.9

Show that the expression a = %eijksistLstkt is an invariant of the sym-
metric tensor L.

We use identity (1.30) to modify the expression as follows:
2a = eik€istLjsLit = (050Kt — 05¢0ks) Ljs Lt

= 0jsLjsOktLit — 05t LjsOns Lkt
= LjjLgr — LtsLst = LjjLgk — LtsLys -
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Cayley-Hamilton Theorem

Any tensor L satisfies its own characteristic equation
L? - (L)L + I,(L)L — (L) I =0 . (1.123)

(See exercise 1.16.)

Positive Definite Tensors
We introduce now the notion of a positive definite tensor. A tensor L is said
to be positive definite if for any non-zero vector v it satisfies the inequality

Vo€ E* wv-Lv>0. (1.124)

We can easily show that the eigenvalues of a positive definite tensor are strictly
positive. Let A be an eigenvalue of the positive definite tensor L and let n be
the corresponding unit eigenvector. As Ln = An and ||n|| = 1, then

n-Ln=X>0.

Spectral Decomposition of a Tensor

Let L be a symmetric tensor which has three real eigenvalues \; and three
real, orthogonal eigenvectors m;. These eigenvectors form the basis of the
spectral decomposition that is written as the sum of three principal self-dyads

3
L=) \n;®n,. (1.125)
i=1

This expression is known as the spectral decomposition or the spectral rep-
resentation of the tensor L. It is easily established by expressing L = LI,
I =n; ®n; and using (1.65) and (1.109).

1.3.9 Square Root of a Tensor

Theorem

Let C be a symmetric, positive definite tensor whose eigenvalues are A\? with
the corresponding eigenvectors n;. Then, there exists a unique, symmetric,
positive definite tensor U such that

U’=cC. (1.126)

We denote vVC = U.
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PROOF.
1) Ezistence. By (1.125), let

3
C=> XNn;an,. (1.127)
i=1
Define U by the relation
3
U=> \in;@n,. (1.128)
i=1

Then equation (1.126) is the direct consequence of
3 3
U’ =UU = Z:)\f(nz ®@n;)(n; ®n;) = Z)\f(nl ®@n;)=C

i=1 i=1

as, for any set of eigenvectors,

0 ifi#j
(ni @ ny)(n; @ ny) = { (n; ® n;) ifii;'

2) Uniqueness. Suppose that there are two tensors U and V such that
Ul=v’=cC.
Let n be the eigenvector of C' corresponding to the eigenvalue A > 0. Then,
0= (U*-XNI)n=(U+A)({U - X)n. (1.129)

Let us set
v=(U—-X)n. (1.130)
Then from (1.129)
Uv=-)\v.

But the vector v must vanish, otherwise —\ would be an eigenvalue of U, which
is impossible as U is positive definite and A > 0. Thus, by (1.130), we obtain

Un=Xn. (1.131)
In the same way, we have Vn = An, thus Un = Vn for all eigenvectors n of

C. And, as we can form a basis from the eigenvectors of C, then U and V'
must coincide.
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1.3.10 Polar Decomposition

Theorem

Let F' be a tensor belonging to the set of tensors F with determinant det F' >
0. Then, there exist symmetric positive definite tensors U and V', and a
rotation, that is, an orthogonal tensor with a positive determinant (equal to
1), R such that

F=RU=VR. (1.132)

Each of these decompositions is unique. We have

U=VF'F, V =VFF". (1.133)

The representation F' = RU (and the representation F = V R) is the right
polar decomposition (and the left polar decomposition) of F'.

PROOF.
1) We show that F' TF and FF” belong to the set of all symmetric positive
definite tensors. The two tensors are clearly symmetric. In addition,

v - FT Fv= UijiijUi = I'm;iU; ijvj = (F’U) . (F'U) > 0.

This last scalar product cannot be equal to zero unless F'v = 0; consequently it
can only be zero when v = 0. Therefore, F7 F belongs to the set of symmetric
positive definite tensors. Similar reasoning applies for FFT.

2) Uniqueness. Let F' = RU be the right polar decomposition of F. As R is
a rotation, we have

F'F=UR"RU =U?.

But by the square root theorem, there can only be one tensor U belonging
to the set of symmetric positive definite tensors for which the square is FT F.
Thus, the first relation of (1.133) is valid and U is unique. Because R = FU ™,
R is also unique. In addition, if F' = V R is the left polar decomposition, then

FF" =Vv?*, (1.134)

and V is determined by (1.133) with R =V~ 'F.

3) Euzistence. Let U be a tensor belonging to the set of symmetric positive
definite tensors given by (1.133) and let

R=FU . (1.135)

To verify that F = RU is in fact a polar decomposition, we show that R
belongs to the set of all rotations.
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As det F > 0 and detU > 0, then det R > 0 (detU > 0 because all the
eigenvalues of U are strictly positive). We only need to show that R belongs
to the set of orthogonal tensors.

We proceed as follows:
R'R=U'F'FU'=U'U*U ' =1T. (1.136)

Now show that det R = 1. We know that det F = J > 0. Thus, det U? = J2
and det U ™" = 1/J > 0. From (1.136), we have det R = +1. Relation (1.135)
allows us to deduce det R = +1, which corresponds to a rotation. If we define

V = RUR", (1.137)
then V belongs to the set of symmetric positive definite tensors and

VR=RUR'R=RU=F.

1.3.11 Isotropic Tensor Function of a Symmetric Tensor

An isotropic tensor function f, for which the variable T is a symmetric tensor
of order 2, satisfies by definition the identity

Qf (TQ" = f(QTQ") (1.138)

for any orthogonal tensor Q. Then the application of the vector space of
symmetric tensors in itself yields a symmetric tensor such that

L=f(T). (1.139)

In the following we present without demonstration the representation the-
orem. For a proof, the reader is referred to the appendix of [49].

Rivlin-Ericksen Theorem
Ezpression (1.139) can be written in the form

L = ¢o(L/(T), Io(T), I3(T)) I + o1 (I (T), Io(T), I(T)) T

+ 2 (I(T), I(T), I3(T)) T, (1.140)

where the p; (i = 0, 1, 2) are scalar functions of the invariants of T .

For an isotropic function (1.140), the principal directions of T' and of f(T)
coincide; T and f(T') are said to be coaxial.
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1.3.12 Scalar Function of a Tensor

A function W(T') is defined as a scalar function of the tensor T and yields a
scalar value. When T is symmetric and the condition

W(T) =W(QTQ") (1.141)

is satisfied, the function W(T') is an isotropic tensor function of T'. It can be
represented by the relation

W(T) = & (L, (T), I,(T), Is(T)) . (1.142)

This function is also a scalar invariant of the tensor T'. The preceding repre-
sentation is equivalent to

W(T) = (M, A2, A3) (1.143)

where the A; (i = 1,2,3) are the eigenvalues of T'.

We can show that for an isotropic function W(T"), its derivative with respect
to T is expressed in the form

W~ OW
8T_,18>\2-

1=

n; ®n;, (1.144)

where n; (i = 1,2, 3) are the principal directions corresponding to A;. It follows
that
ow oW
or T
This last relation indicates that the two tensors T' and OW/IT are coaxial or
have the same eigenvectors or principal directions.

(1.145)

1.4 Tensor Analysis

In this section we will introduce the concepts related to the differentiation and
differentials of tensors. We will denote, for example, F' a scalar, v; a vector
component, and L;; a tensor component, all of which are functions of position
x; in space and time ¢. The notation F(x,t) signifies F'(x1, z2, 3,t), while the
notation v;(x,,,t) covers the three functions vi(x1,x2, xs,t), va(x1,x2,x3,1),
and v3(x1, 2, x3,t). Also Li;(x;,t) covers all components of a tensor.

Thus when z; is between parentheses, to indicate a function, the summation
rules do not apply to the independent space variable: F'(x;,t) is not a vector;
it is a scalar field, while v;(x,,,t) is a vector field, etc.
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1.4.1 Derivative of Vector, Tensor or Scalar Function

Time derivatives of several field parameters play important roles in continuum
mechanics based modeling, i.e., velocity, acceleration, strain rate, power, etc.
In section 1.4.1 we define the essential time derivatives of second order tensors
and vectors before presenting the spatial derivatives in the following sections
1.4.2 to 1.4.8. Afterwards, the definition of curvilinear coordinates (sec. 1.4.9)
and flux (sec. 1.4.12) are given, followed by two important integral theorems
of calculus (sec. 1.4.13).

Let L = L(t) be a tensor function of a scalar ¢ (time, for example). The
derivative of L with respect to ¢ is the tensor of order 2 given by

dL _ | L(t+At) - L(1)

L= = A, At (1.146)
In terms of its components,
. dL;;(t .
L= djt( ) €i®€j :Lijei®ej. (1147)

The first derivative of a vector function v(t) with respect to ¢ is defined similarly,
v = dv/dt. In terms of its components,

d

d%’ = b =0;(t)e; . (1.148)
And the second derivative is

d2

F;J = =i(t)e:. (1.149)

One can easily establish the following identities:

;t(uiv) Cj;; % (1.150)
Ci(u@v) %®v+u®%t (1.151)
%(LiT) %i% (1.152)
latin) =0 a2 (1.153)
(jt(LT) %T L‘% (1.154)
%(La) ‘Z’;“ L‘fl—‘; (1.155)

%(LT) _ (62?)71. (1.156)
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We can demonstrate (1.155) for example. By definition (1.146), we obtain

d . L{t+ Aba(t+ At) — L(t)a(t)
@ L) = Jim, Y
= lm (L(t + Aba(t + At) — L(t)a(t)

+ L(t)a(t + At) — L(t)a(t + At))

(L(t+ At) — L(t))a(t + At)

= 1m

At—0 At
L(t t+At) —a(t
4 lim (t)(a(t + At) — a(t))
At—0 At
dL da
= — L—.
at T

1.4.2 Gradient of a Scalar Field

Associated with a scalar field F(x) is a vector field called the gradient of F'.
This gradient is denoted V F or grad F'. It is such that the scalar product with
dx gives the difference between the values of F' evaluated at « + do and at «.
We obtain

dF = F(x+dx)— F(x)=VF -dx. (1.157)

If we denote by dx the norm of dx, and by e the unit vector in the direction
of dx (e = dx/dx), then equation (1.157) yields

F
(d) = VF-e. (1.158)
dx in direction e

This last relation shows that the component of VF in the direction e gives the
variation of F' in that direction (directional derivative). Since we have

dF oF
- =—=VF.e =(VF
( dz >in direction e; 8l‘1 v “ (V )1 ’

with similar relations in directions 2 and 3, the Cartesian components of VF
are OF /Ox;, or

oF oF oF oF

F=— = —
v o0x1 el 0xo € 0x3 € o0x;

e; . (1.159)

Le; (1.160)

where (o) indicates an arbitrary function.
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It is easy to show that the gradient of a scalar field is a vector. From
relation (1.18), we have

OF(x) 0 )
o = (‘Tngf,(x;) = a—x;f(xm(z;))
0 8l‘k - aJJk 0

= 0o T Gt = Bt 5 L@

This equation is a transformation of the form (1.22).

1.4.3 Gradient of a Vector Field

With a vector field v(x), we associate a tensor, called the gradient of v, and
denote it Vv. It is a tensor of order 2 which, applied to dx, gives the difference
of v between 4+ do and . We have

dv =v(z +dz) —v(z) = (Vv)dx. (1.161)

Again, let us define dz = ||dz|| and e = dz/dx. We obtain

d'v)
— =(Vv)e. (1.162)
<d$ in direction e

The tensor (Vv) of order 2 (it is left to the reader to prove that it is a tensor
of order 2) transforms a unit vector e to a vector describing the variation of v
in that direction. Since

dv ov
(Cla:)in direction e; a Tl'l a (Vv) e

in a Cartesian coordinate system we have

(Vv)11 =e1-(Vv) e :el~§—;1 = aiml(el-'u): 2—2
Similar reasoning leads us to write
(Vo) = g;’] . (1.163)
The tensor Vo can be expressed as (see (1.49) and (1.51))
Vo=V ®uv= %(ei(@ej) . (1.164)

afﬂj
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1.4.4 Gradient of a Scalar Valued Tensor Function

For a regular, scalar valued, smooth function W(T') of a tensor T' of order 2,
the first two terms of a Taylor series expansion around T' are

WI(T + dT) = W(T) + dW/(T) + o(dT) , (1.165)

where o(dT") is the remainder of the expansion which tends to zero as dT
— 0, as expressed in the relation

o(dT)

o 14T (1.166)

The total differential is expressed as follows:

_ T o OW(T)\"
dW(T) = T dT = tr (( T ar | . (1.167)
In index notation,
OW(T)
T) = T, 1.1

DVT) = T, (1.168)

The tensor OW(T')/OT of order 2 is called the gradient of W(T') in T.

1.4.5 Gradient of a Tensor Valued Tensor Function

For a regular, tensor valued, smooth function S(T') of a tensor T of order 2,
the first two terms of a Taylor expansion around T are

S(T + dT) = S(T) + dS(T) + o(dT).. (1.169)

When dT — 0, we have

_08(T)
dsS(T) = o7 dT . (1.170)
In index notation
ds,; = 2354, (1.171)
90T ™ ‘

The tensor 9S(T')/OT of order 4 is the gradient of S(T') in T.

1.4.6 Divergence of Vectors and Tensors

Let v(z) be a vector field. The divergence of v(x) is the scalar obtained by a
contraction. Thus

divo = g“" = tr(Vv). (1.172)

Lg

Note that when the divergence of a vector field v is zero, that is, divev = 0, the
field v is called a solenoidal field.
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We can also express the divergence of the field v as the following scalar
product:
o a’l}i

V-v—axi.

(1.173)

For a tensor, the divergence of L is the vector field denoted div L, defined
by

OL;;
(divL); = 890-] = Lij (1.174)
J
or
. ; oL;
divL = sz-k (e;®ex)e; = &Tk (er - €j)e;
/ ! 1.175)
OL; OL;; (L.
= z'5kjei:—”ei.
Oz Oz,

1.4.7 Curl of a Vector Field

Let v(x) be a vector field. The curl of v is a vector field defined by the equation
curlv =V xv. (1.176)

In index notation, we have

8'Uk

—. 1.1
5 (1.177)

(curl v); = €5k

With the properties of the permutation symbol, we can easily verify that

(curl v); = Ovs _ Ony
t 8$2 8$3
o 8”01 61)3
(Curl 'U)Q = 873';3 — Txl
31)2 8’01
1 = — - —. 1.1
(curl v); 0z, Oy (1.178)

If the curl of the field v is zero, that is, V x v = 0, the field is called irrota-
tional.

In the following examples ® and a are continuously differentiable scalar
and vector functions, respectively.
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EXAMPLE 1.10

Prove that
curl(V®) =V xVd =V x (VP)=0. (1.179)
We have successively
o L 00 9% 0%d 9°d
v W) = gma—(=—=) =& = Egpj = —€ijk -
( % ) E]kaxj(axk) E]kﬁxj&ck 555 8xk8xj Ejka:rjaxk
oRL
Thus, 26y ——— =
R 8%833]-69%
ExampLE 1.11
Demonstrate that
div(V x a) =divcurla =0 . (1.180)

Taking into account (1.177), we obtain

2
div(V x a) = 9 (s 8ak> = O ai

ijk o Eijka -
8331» g 8l‘j Z 83:,8%

By following the same steps as in the previous example, we show that (1.180)
is satisfied.

ExXAMPLE 1.12
Show that
div(®a) =@ diva+a- (VD) . (1.181)

Taking into account (1.172), we have

6l‘i a 61‘1 o+ (I)(’)xz

div(®a) = =(V®)-a+ddiva .

1.4.8 Laplacian Operator

Laplacian of a Scalar Field

We also encounter second order derivatives in expressions of physical quantities
in continuum mechanics. For example, the divergence of the gradient of a scalar
function is

0%F

which is also the Laplacian of F, symbolically denoted V2F, or sometimes as
AF,

or V- (VF)or div(grad F) , (1.182)

A A A
81'1(91'1 o 8x12 8£E22 85E32 ’

(1.183)
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A function F' that satisfies the equation
V2F =0 (1.184)

is said to be harmonic. Equation (1.184) is known as Laplace’s equation.
If the relation reads
ViF=f, (1.185)

where f is a scalar function, then it is called Poisson’s equation.

Laplacian of a Vector Field
We can also treat a vector function in the same way. The divergence of the
gradient of a vector is written as

82’0]'

or V - (Vo) or div(Vwv). (1.186)

The result of these operations is a vector. We also denote the operation as V2,
that is,
V- (Vo) =V. (1.187)

The symbol V2v does not pose a problem in rectangular coordinates since V2v
has three components so that

(VQ’U)Z, = V2vi .
But, a difficulty appears in curvilinear coordinates where

(V2v), # V2 (vy).

ExXAMPLE 1.13

Prove that

div(V®) = V0. (1.188)
We have, successively

0 (09 0?P

div(V®) = = =V?o. 1.1
EXAMPLE 1.14
Show that
V x (V x a) = V(diva) — V?a . (1.190)

In index notation, we have

3 o 8ak _ 82%
(V X (V X a))l - Elmz% <5Ukaxj) o €lm2€l]km .
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Using (1.30) and the properties of the permutation symbol, we have

82ak a2ak
° Ejkaxmaxj (30mi = O J)axmax]
62ak 82%
= 61:0mk 0160y
2 0%y, 0 ! 02m 0z
9%a,, 0%aqy

axmail'l - 8xj8mj
- i 8am _ 82(11
9z, \ Oz, 00z

= % (diva) — V2 = (V(diva) — Va), ,
l

and thus
(V x (V xa)), = (V(diva) - Va), ,

which is valid for the three components of the vector a.

ExAMPLE 1.15
Demonstrate that

div (V?a) = V?(diva) . (1.191)
In index notation, we have
0%a
Via). = ’
( a)z 8$J‘al‘j

Thus

0 9%a; 0? da;
(dlv( a>") Oy <8xj3mj> Oz ;0; (8%) (v a) -

1.4.9 Curvilinear Coordinates

Let z; be the Cartesian coordinates of a point P. In a curvilinear coordinate
system 6; (for example, cylindrical or spherical coordinates), the position of the
point P is given by the three numbers 6; which represent the coordinate curves
that pass through P (fig. 1.5), that is, by the curves on which two of the three
coordinates #; are constant. The curvilinear coordinates can be considered as
functions of Cartesian coordinates

91‘ :Qi(:cj)7 (1192)

and if the condition that the Jacobian J = det(90;/0z,), not be zero is met,
then the transformation (1.192) is invertible.
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To

]

e Ty
€3

Z3
Fig. 1.5 Curvilinear coordinate system

The set of points for which the curvilinear coordinate 6; is a constant,
represents a surface given by the equation

0;(z;) = cnst. (1.193)

Consider the cylindrical and spherical coordinate systems. Referring to

figures 1.6 and 1.7, we go, respectively, from Cartesian to cylindrical or spherical
coordinates with the relations

0 =r=/2% + 23

0y = 0 = tan ! % (1.194)
1
93 = Z =2X3

and
0, =r=/a?+ 23+ 23
PR
By — 6 — tan~ ' YIL T2 (1.195)
Zs3
122

03 = ¢ = tan™ o
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As seen in figure 1.7, the angle ¢ is the longitude and 6 is the colatitude
(latitude with 0 at the North Pole) or polar angle. The (r, 6, ¢) coordinates are

commonly used in physics as suggested by an ISO convention. Mathematicians
swap the two angles.

Ty

Fig. 1.6 Cylindrical coordinate system

Ly
\\
\\ gr
3
12 g
9 N i
A\
e \ i
3 7 o)
‘\
e \
O 2 \
L “\ xz
e, 3 -

Fig. 1.7 Spherical coordinate system
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The inverse relations are easily obtained.

Cylindrical coordinates:

Spherical coordinates:

x1 =rsinfcosyp
To = rsinfsin @

T3 =1cosf.

For later calculations of volume integrals, the element dV is written in the
three coordinate systems:
o Cartesian dV = dx dy dz,
e cylindrical dV = rdrdf dz,
« spherical dV = r?sin 8 dr df dep.

The position vector of a point P in Cartesian coordinates is written as
OP =r = xTr;€; . (1196)

In curvilinear coordinates, the basis vectors at P are the three unit vectors
tangent to the coordinate lines passing through P. We define them with the
relations

or

_ 00,
gi = ‘ ol (1.197)

00;

These vectors g, are shown in the two figures 1.6 and 1.7 for the two contexts.

In cylindrical coordinates, we write

r =rcosfe; + rsinfes + zes

or . or or

Ezcos@el + sin feq Har =1 gT:E

or . or 1 or (1.198)
%:—rsnﬁel + rcosfes H@H = 9=~ 75

or

a = €3 g, =ée€s3.

With the same reasoning, we obtain for spherical coordinates

_or _1or __1 o
9r = Br 90 = 3 B0 9o = I sing Ao’

(1.199)
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Note that the basis vectors in cylindrical and spherical coordinates are orthog-
onal and the corresponding curvilinear coordinates are orthogonal.

The direction cosines of the basis vectors g, with respect to the basis e;
are obtained using (1.6) as follows:

Cij =4g; " €j. (1200)
In cylindrical coordinates, by (1.198) and (1.200), we have

cosf sinf 0
[C]=| —sinf cos® 0 |. (1.201)
0 0 1

Note that this matrix is orthogonal.

1.4.10 Scalars, Vectors, and Tensors in Orthogonal Curvilinear Coordinates

The value of a scalar field is given in either Cartesian or curvilinear coordinates
by the transformation

F(P) = f(z:) = f(xi(6;)) = J'(6;)- (1.202)

Let v be a vector at a point P that has coordinates x;,0;. The physical com-
ponents v, of the vector v in curvilinear coordinates at P are its components
following the basis vectors g;, that is,

v =ve; =g, . (1.203)
Multiplying by g; we obtain
Vi =g, " €5V; = Cijvj - (1.204)

If a tensor L applied to a vector u produces the vector v, v = Lu, the
physical components of L in curvilinear coordinates at P are such that

v = Lijjuj. (1.205)
We can easily verify that
L;j = Cikclekl . (1.206)

1.4.11 Gradient of Scalar and Vector Fields in Orthogonal
Curvilinear Coordinates

The gradient of the property f given by (1.159) is a vector h with components
0f/0x; in Cartesian coordinates. In curvilinear coordinates, we have for the
physical components of the vector

af" a0y,

h;:Ci‘h' =Cij = -
I 86y, Oy

(1.207)
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In cylindrical coordinates, with relations (1.194), we have

or 1 or o .
=2 — cosh — = =2 =sin6
0x1 r 0xo T (1.208)
ﬁiiﬁiist ﬁiﬂicosf) '
or, 2 r Oxy 12 ro
Combining equations (1.207) and (1.208), we easily obtain
of' 10f of'
hl == hfy = ——— h == 1.209
T or Y 2 0z ( )

If we consider a scalar function f defined in the two coordinate systems, Carte-
sian and cylindrical, since x; and 6; are related by (1.192), we have

o 00, 0
8xi N 81‘, 80]

o (0N * o (06 0
Oty \Ox;) 01,01, Orpy \Ox; 00; )

The last relation becomes
2 20 . . 2
0 _ 0°0,; i+ 00, 00; 0 . (1.210)
0%, 0x;  O0xp0x; 005  Oxy, Ox; 00,,00;

We can now calculate the first derivatives

0 0 sinf O
0 _ .0 9 1.211
o - 0% T ae (1.211)
0 0 cost 0O
— —=ginf— + —— — 1.212
Oxo Sme@r + r 00 ( )
0 0
_— = — 1.213
Oxs 0z ( )
and the second derivatives
H? H? sin20 0?2 sin260 0
— = cos’— — + =
0?3 or? r Orod r2 00
sin’6 0 sin?6 92
— ot am (1.214)
9 Gin? 0872 N sin20 9% sin20 9
a2~ U Va2 T T 9roe . 2 09
cos26 O cos?f 0?2
- + 7 502 (1.215)
H? H?
o o_ 1.216
Oz 0z2 ( )

Combining relations (1.214)—(1.216) and taking (1.201) into account, we obtain
for the Laplacian operator
1af 0°f 1 9*°f 0°f

V= ot ot E e T e (1.217)
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To express the gradient of a vector in cylindrical and spherical coordinates, we
must define the metric tensors of these coordinate systems and resort to an
analysis beyond the scope of this book. The reader can find complementary
reading in [2, 8, 47]. As an example, for the gradient of a vector, we will have

L =Vv

ov, 10v, wvg Ov,
or r 80 r 0z
Ovg 10vg v, Ovg
or r 80 r 0z
v, 1 Ov, v,

o r 90 0z

(1.218)

Other operations, including the divergence of a vector, the components of
the curl, and the Laplacian of a vector for cylindrical coordinates, are given in
appendix A.

All the corresponding expressions for spherical coordinates are presented
in appendix B.

1.4.12 Definition of the Notion of Flux

Consider in figure 1.8 a body in a three-dimensional space and a surface element
of area ds. The volume of material that passes through ds in the time interval
dt is given by

vin; dt ds or v-ndtds, (1.219)
where v;n; dt corresponds to the length of the cylinder of material that has
passed through the surface element during the interval dt. Then, adopting the
notation dw for the surface that encloses the volume w, we have the following
definitions:

e the flux of a vector

/ vin; ds or / v-nds; (1.220)
ow ow

o the flux of an arbitrary scalar quantity p through the surface of a body
(scalar quantity)

/ pvin; ds or / pv - nds; (1.221)
ow ow
« the flux of kinetic energy (scalar quantity)
1 1
/ = puvvn; ds or / —pv-v)(v-n)ds; (1.222)
ow 2 ow 2
o the flux of a property @
/ Quin;ds or Q(v-n)ds. (1.223)
ow ow

In this case, @ can be a scalar, a vector, or a tensor.
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Fig. 1.8 The notion of flux

1.4.13 Integral Theorems of Gauss and Stokes

The basic theory of analysis establishes the relation between the integral and
the derivative of the integrand. If we have for the integrand f = dF/dx, then

/abfdx/abflidxF(b)F(a).

Gauss’ Theorem

The equivalent theorem for a volume integral is called Gauss’ theorem or di-
vergence theorem, which is written for an arbitrary component Tjy...(x;)

as
T ...
/w 8;’2 dv:/awniTjk,..ds. (1.224)

Gauss’ theorem is most often used in the form of the divergence theorem.
This theorem transforms the volume integral of the divergence of a property
of a continuous medium into a surface integral and plays an important role
in the mechanics of continuous media [67].
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Carl Friedrich Gauss (1777-1855) was a talented mathe-
matician, so much so that he was crowned the “prince of
mathematics” at the age of 24 by experts from all over Eu-
rope. Named professor of mathematics at the University
of Gottingen, he was responsible for major contributions
to number theory, geodesy, geometry, statistics (includ-
ing the least squares method), and physics. He took as
a motto Pauca sed matura (few, but ripe) and declined
to publish important manuscripts because they did not
satisfy this criterion.

Fig. 1.9 Carl Friedrich Gauss

In (1.224), T)j... can be a scalar or a component of a vector or tensor of
arbitrary rank, and the symbol n represents the unit normal vector to the
element ds (fig. 1.10).

T

€

e, ol
€3

Z3

Fig. 1.10 Elements of surface and volume used in Gauss’ theorem

Take the case where Tji... = F (scalar function). Then the statement of
the theorem becomes

OF
w &m

dvz/(VF)idv:/ nFds. (1.225)
w ow

If Tj... is a component of a vector function v;, we have

Ovi dv /divvdv z/ n;v; ds
w a$i w Ow

n-vds.
w

(1.226)

I
S—
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The surface integral on the right-hand side expresses the flux of vector v passing
through the surface Ow. For a tensor quantity L the theorem is written as

L
/&dv:/ Lj; nids or /div Ldv:/ Lnds. (1.227)
w Ox; Ow w Ow

For an arbitrary property @), the theorem gives

/ OQu: dv= [ Qu; n;ds or /div(vQ) dv= | Qv-nds. (1.228)

Ox i Ow w Ow

Another important theorem used very often in fluid mechanics is Stokes’ theo-
rem.

Stokes’ Theorem

Stokes’ theorem equates the integral on an open surface to a contour integral
along the curve C' that bounds the surface.

/ curlv~nds:7{v~dl, (1.229)
dw

c

where the vector dl is tangent to C' (see [67]).

George Gabriel Stokes (1819-1903) was an Irish mathe-
matician (born in Skreen in County Sligo). Named pro-
fessor of mathematics at Cambridge University at the age
of 30, he did much work in hydrodynamics, elasticity,
and optics. “Stokes’ law” for the motion of particles in
a viscous fluid was developed by him. He precisely wrote
the equations of viscous fluid dynamics now known as the
Navier-Stokes equations.

Fig. 1.11 George Gabriel Stokes

1.5 Exercises

Prove that the Kronecker delta function is a tensor of order 2.
Show that 5ij5ik5jk =3.
Prove that EijkUiUj = 0 and that Jijeijk =0.

Demonstrate that ¢ x (u x v) = (t-v)u — (- u)v .
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Calculate the expression equivalent to
(axb)x(cxd)

where all vectors a,b,c, and d are non zero. FExpress the result in vector
notation.

Let a and b be two arbitrary vectors. Using the following notation,

0b;
[(a . V)b]7, = a; axj )
demonstrate the following identities:

V:(axb)=(Vxa)-b—a-(V xb) (1.230)

V(a-b) =(a-V)b+(b-V)a
+ax(Vxb)+bx(Vxa) (1.231)
curl(a xb) = (b-V)a—(a-V)b+adivb—bdiva (1.232)
divia ® b) = (Va)b+adivd . (1.233)

Let a be an arbitrary vector function and ® a continuously differentiable
scalar function.

Prove the following identities:

Aa =V -Va=V(V-a)—curl curl a.

(1.8] Let @ be an arbitrary vector function, ® a continuously differentiable scalar
function, and x the position vector. Show that

Via-z)=a+ (Va) (1.239)
Vi (a-x) = 2diva+z- (Via) (1.240)
V2 (dx) = 2VD + 2V3D . (1.241)

Verify that tr (L) is an invariant.

Prove (1.69) and (1.71).

Derive relations (1.121).

Let [A] be a matrix with constant coefficients. Verify the following rela-

tion:

V(Ajrxjrr) = (Aij + Aji)zje; . (1.242)
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Show that the quadratic form D;; z;x; remains unchanged if we replace
D;; by its symmetric part.

Show that for an orthogonal tensor @, the following conditions are sat-
isfied:

Q"Q=QQ" =1, ou Q"=Q! (1.243)
det(Q"Q) = (det Q)* . (1.244)

Find the invariants of an antisymmetric tensor and its eigenvectors.

Using the characteristic equation of a tensor (1.120), relation (1.109), and
the property (1.59), prove (1.123).

Using the Cayley-Hamilton theorem (1.123), prove that the representa-
tion theorem (1.140) can be written in the form

L = ay(L(T), L(T), I5(T))I + a1 (I(T), (T), I;(T)) T

. (1.245)
—|—O{2(11(T),IQ(T),I3(T))T 3
where a; (i = 1,2, 3) are scalar functions of the invariants of T'.
For a matrix [A] of order 3, prove the following relations:
1
det[A] = égijkglmnAilAijk’n (1246)
1

AN = ——— i imnArm A - 1.247
([ } )” 2det[A] €ikl€ jmnAkm Al ( )

Prove that for the scalar functions f and g, we have

V3(f9) = fV2g+gVif+2Vf-Vg. (1.248)






CHAPTER 2

Kinematics

of Continuous Media

2.1 Introduction

Kinematics is the study of the motion of solid or fluid bodies. This motion is
described by the successive positions of each point of the body as a function of
time. We are not interested in the cause of the motion. However, we impose
the condition that the body remains a continuous medium in the sense that
its density and all the other parameters describing the motion be continuous
spatial and temporal functions. In this chapter we will define the various pa-
rameters that characterize the motion of the body and present in detail how
its deformation is defined; the properties and significance of these descriptions
will be highlighted. In addition, the invariance of these various parameters
with respect to a reference frame associated with an observer will be discussed.
This description will be general and not limited to a particular form of motion
or the composition of the body.

The kinematics of continuous media is covered in the following works: [15,
20, 24, 29, 31, 33, 34, 36, 49, 59].

2.2 Bodies, Configurations and Motion

A body B is a set of particles or material points. These particles corre-
spond to infinitesimal volumes surrounding the points. At any time ¢, each
particle occupies a point in a three-dimensional Euclidean space. The volume
V' occupied by all particles of B at time t is called the configuration R, or
R. In particular, the configuration of B at time ¢ = 0 is defined as the initial
configuration and will be named R (fig. 2.1). In addition, the boundary of
the body is indicated by ORg or IR.
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Xo,
2 2y Ry
! R
u+ du
U~y U+dU
R, Y dx
U
)
e X R
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€] X1, o
€3

X3, 3

Fig. 2.1 Initial configuration at t = 0 and configuration at the time ¢ of B

A motion of B is a continuous sequence of configurations of B as seen by
an observer. The notion of motion is clearly linked to that of the reference
frame. In rational mechanics, a reference frame is a set of N points (N > 4),
that are not coplanar, that are immobile with respect to each other, and with
respect to which motion can be studied. The choice of the reference frame
being arbitrary, an inertial, or Galilean, reference frame is often used in classical
mechanics. Reference frames and coordinate systems should not be confused;
for a given reference frame an infinite number of coordinate systems exist. As
in classical mechanics, we will define the concept of an observer by

an observer = a clock + a coordinate system .

In the observer’s fixed Cartesian coordinate system, having O as origin, the
position P? of a particle of B at ¢t = 0 is represented by the initial position
vector X and its current position p at time ¢t > 0 by the current position
vector x. Thus, the motion of B is described by a vector function x defined
over time t that depends on X:

x=x(X,t). (2.1)

The vector function x is called the motion or deformation of the body.
Furthermore, if the reference configuration (¢ = 0) coincides with the current
form, the function x must satisfy the condition

X = x(X,0). (2.2)

The motion x is a bijection between the configurations Ry and R; that is,
there is a one-to-one correspondence between the initial and current positions
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of the particles of B. The existence of the function x : Rg — R and its inverse
Xil R — Ro

X =x H=,1) (2.3)

with

X =x"'X,0) (2.4)

guarantees the integrality and the unity of the body. The continuity of the
motion function and its inverse rule out any separation (fragmentation) or lo-
cal fusion (junction, superposition) of the material. Continuity implies that a
connected domain remains connected throughout the motion, that two points
infinitesimally close in the initial configuration remain so in the deformed con-
figurations (¢ > 0). We assume that the functions x and x ! are continuously
differentiable at least two times with respect to spatial and temporal variables.
These hypotheses then allow, without difficulty, the preservation of the regu-
larity of the body, the definition and calculation of velocities and accelerations,
deformation tensors, as well as of the equilibrium and compatibility equations.

The equation above says that X is the initial position of a particle that is
currently found at x. Equations (2.3) and (2.4) were obtained from (2.1) by
calculating X as a function of . By definition, this means that

Also by definition, referring to figure 2.1, the vector displacement u is
the vector difference

u=x—-X=x(X,t)- X =2 —x !=a,1), (2.5)

where (2.1) and (2.3) are used in the second and third equations.

Joseph-Louis de Lagrange (1736-1813) was a French
mathematician (born in Turin). After teaching at the
Academy of Artillery in Turin, he succeeded Euler as di-
rector of mathematics at the Berlin Academy. Later he
taught at the Ecole Normale and Ecole Polytechnique in
Paris. His book Mécanique analytique was a mathemati-
cal presentation of mechanics; its publication in 1788 was
approved by a committee including Laplace and Legendre.

Fig. 2.2 Joseph-Louis de Lagrange.



58 Kinematics of Continuous Media

2.3 Material and Spatial Descriptions

In mechanics of continuous media the material description, also called the
Lagrangian description, signifies the study of physical or mechanical phe-
nomena under consideration by observing what happens to a particle P of
the body. Alternatively the spatial description, known as the Fulerian
description, consists of observing the events occurring at a fixed point
in space. Thus, when the events at all fixed points in space are recorded,
we obtain the spatial description. In what follows we will consider the same
coordinate system to describe the motion of a body in material and spatial
description and that the origins of the basis vectors in the two descriptions
coincide and are indicated as e;, (i = 1,2,3) (fig. 2.1).

Figure 2.3 shows the two representations for the case of a fluid flowing in
a tube with a varying section.

Pt

N e

.

Fig. 2.3 Schematic of the material and spatial descriptions for a fluid flow repre-
sented by the arrows

From a practical point of view, problems in solid mechanics are often easiest
to formulate and solve with a material description while those in fluid mechanics
are easier in a spatial description.

In order to exactly define the material and spatial descriptions, we first
introduce the notion of the reference configuration. By definition, it is a
particular configuration R, used to identify each particle of B. In the following,
the configuration Ry of B at ¢ = 0 will be chosen as the reference configuration.
Thus, we have the following definitions.

Material description:
description in which the components of the initial vector position X
are independent spatial variables.

Spatial description:
description in which the components of the vector position at later
times « are independent spatial variables.
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When we calculate the partial derivatives of the various functions that are
pertinent for the mechanics of continuous media, we can use either the material
coordinates or the spatial coordinates as independent variables, that is X or
x. Since X and x are related, we also need to relate the derivatives of the
function with respect to these variables. This is done with the application of
the rule for derivatives of composite functions (chain rule).

Fig. 2.4 Leonhard Euler (1707-1783) was a famous Swiss mathematician born in
Basel. He succeeded Daniel Bernoulli at the Saint Petersburg Academy of Sciences.
Later he taught at the Berlin Academy. Besides being one of the best mathematicians
of all time, in mechanics Euler conceived the “Euler equations” which describe inviscid
fluid dynamics. For a long time he was honored by appearing on the Swiss 10 franc
note with his hydraulic turbine project. Euler was the prolific author of many books
and nearly 900 memoirs (articles, as we say today). With the basics of the calculus
of variations, he opened the door to modern methods of scientific calculation. In
his Lettres a une Princesse d’Allemagne [14], he described, in French and without
equations, the knowledge of physics of his time. There are also numerous religious
reflections in them, as Euler was a fervent believer.
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To simplify the derivation, we introduce the following convention:

o functions written with small letters refer to functions of spatial vari-
ables, for example, f(x,t);

o functions written with capital letters refer to functions of material vari-
ables, for example, FI(X,t).

With this convention, we can write

flx,t) — f(x(X,t),t) = F(X,1) (2.6)
F(X,t) — F(x '(z,t),t) = f(z,t).

In (2.6) we substituted x as a function of X, while in (2.7) we substituted X
as a function of . We note that the functions f and F are different although
they represent the same physical phenomena. However, their values at the
corresponding points X and @ are equal, as shown in equations (2.6) and (2.7).

Consider the following example: let f(x,t) be the temperature at time ¢
and position x, and ©(X,t) be the temperature at time t of a particle that
was initially located at X. We have, according to (2.6) and (2.7),

O(z,t) — 0(x(X,1),t) = O(X,t)
O(X,t) — O(x '(z,t),t) = 0(x,t).

Equations (2.6) and (2.7) illustrate the transformation between the spatial
description (Eulerian) and the material description (Lagrangian).

These terms are more precisely defined in the following way.

Spatial description:
x, t are the independant variables.

Material description:
X, t are the independent variables.

An observer can measure the velocity, the density, etc., at a given point in
space. If these measurements are made for each point in the region of interest,
we have a spatial description. To obtain the material description, the observer
performs the measurements while travelling with a particle, at its velocity.

In most cases we assume that the reference condition is the configuration
at time ¢ = 0 (that is, the Lagrangian configuration). The material and spatial
coordinates are generally measured with respect to the same coordinate axes.
Note that for fluids as well as solids, the choice of the reference configuration
is arbitrary.
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Now consider a particle initially (¢ = 0) at X which, after a certain time ¢,
is found at the position . In figure 2.1, we see that

x=x(X,t)=X+U(X,1t), (2.8)

where U(X,t) is the displacement in material coordinates. In spatial coordi-
nates the displacement is given by

u(z,t) =U(x '(z,t),t) =U(X,1). (2.9)

It is seen that the two vector functions u and U are equal, as they represent
the same physical reality. This equation, while taking into account (2.3), allows
us to write (2.8) in the form

x=x 'z, t) +u(xt). (2.10)

This equation says that the initial position of a particle located at the present
time at x plus the displacement of the particle evaluated at x is equal to its
position at that time.

The reader should not be confused by the use of U as a material displace-
ment vector in (2.8) and the tensor U in (1.126) and in polar decomposition
(1.132). The distinction should be clear from the context of the expressions.

EXAMPLE 2.1
The transformation of a body is described by

T, = Xl +CLX2
To = Xo + aXy (211)
r3 = X3,

where a is a constant.

1) Express the motion and the displacements of the body in material and
spatial coordinates.

2) For a cubic body defined by
Q0={XeF|0<X;<1,0<X,<1,0<X3< 1}, (2.12)

sketch © in its deformed configuration after the transformation (2.11) for
a=1/3.
3) After deformation, what is the form of the surface defined by

Q={XeF|X{+X;<1/(1-d%),X3=0}? (2.13)
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Fig. 2.5 Solid unit cube: initial configuration

1) The motion in the spatial description is obtained by inverting relations
(2.11)

X, = (21 —axs)/(1 — a?)
Xy = (2o — azy)/(1 — a?) (2.14)
X3 = I3 .
Using (2.8), the components of the displacement vector in material coordi-
nates are
U1 = I 7X1 :X1+CLX27X1 :CLXQ
Uy = 29 — X9 = X9 +aX; — Xo =aXy (215)
U3 = I3 — X3 =0.
Using (2.10), the components of the displacement vector in spatial coordi-
nates are
up = 21 — X; = a(zy —axy)/(1 — a?)
uy = o3 — Xo = a(xy — axz)/(1 — a?) (2.16)
Uz = I3 — X3 =0.
Note that u(xz,t) = U(x_l(:v,t),t).

2) By giving values to the variables X; in equation (2.15), we can construct
the deformed body. For example, consider the following cases:
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For the edge X1 = X1, Xo = X3 =0, we have U; = U3 =0,Us = aX;.
For the edge X1 = O,XQ = XQ,X3 = O, we have U1 = (lXQ, U2 = U3 =0.
For the edge X; = X5 = 0, X3 = X3, one obtains U; = Uy = U3 = 0.

X27 Ty

X17 Iy

Fig. 2.6 Solid unit cube: deformed configuration

3) The surface given is a cylinder described by
X?+X5<1/(1-a?) .

Inserting (2.14) in the last expression, we obtain
T1 — ars ? T2 — ATy ? 2
(=) (=) sva-a,
that we can also write as

22(1+ a®) + 23(1 + a?) — 4az122 < (1 — a?)

which is an elliptic surface.
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2.4 Velocity, Material Derivative and Acceleration

2.4.1 Velocity

The wvelocity of a material particle at time t is the derivative of the motion
function with respect to time. By definition, in the material description we
have

V(X,t) = W (2.17)
Vi(X,t) = W. (2.18)

The vector V (X, t) expresses the velocity at time ¢ of the particle that initially
was at X. Note that (2.17) is obtained using (2.1), taking into account that
X is one of the independent variables. From (2.8) we also have

AU (X, 1)

: (2.19)

The spatial description of velocity, written as v according to our convention, is
obtained by
v(z,t) =V (x '(z,t),t) = V(X,1). (2.20)

The vector v(x,t) expresses the velocity at an instant ¢ of the particle that, at
that time, passes through the position .

2.4.2 Material Derivative

Now we introduce the notion of the material derivative for a spatial field.
Let ¢ be a scalar field of B. M During a motion x of B, the material derivative
of p(x,t), written ¢ or Dp/Dt, is the rate of change of p(x,t) with time (the
derivative with respect to time) for a single particle of B. To obtain the
material derivative of the field p(x,t), we use the chain rule. In the material
description, that is ¢ (x(X,t),t) = ®(X,t) (refer to equations (2.6) and (2.7)),
we simply have

Do(xt) _ . _ 0®(X,1)

zox,t) 921
Dt 4 ot (2.21)

’X—x—l(w,t)

The last equation shows that the material derivative is applied to the same
particle. For that reason, some authors call it the particle derivative. Since we
can write ®(X,t) = ®(x " *(x,t),t) = p(x,t), we obtain

0R(X,t) _ 0 Ox1 , Op Oxa | Op Oxs , Op

o oz, ot Tom, ot Tom ot T ot (2.22)

z=x(X,t)

(W We will sometimes omit the arguments of the vector and scalar functions in order to
simplify the equations.
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Using the definition of the velocity (2.17), the preceding equation takes the
following form:

0B(X,t)  dp

dyp
ot ot + V(X 1)

z=x(X,t) 81'1 x=x(X,t)

(2.23)

Since the goal is to express the rightmost term of (2.23) in spatial coordinates,
we make the substitution X = x~!(z,t) in the last equation which gives

d(X,t
3t X:x‘l(m,t) at a.’IJZ
where we used
V;X,t' — vi(@, t). 2.25
Xl ., =u@ (2.25)
Now we can define the following derivative:
| Dg(a,t) _ 9%(X,1)
pla,t) = 20t = S22 , (2.26)
X=x"1(=zt)
where, from (2.24),
Do(z,t) _ Op(x,t)
= . 2.2
= o ol ) - Vil 1), (2.27)
Op(x,t) = Op(w,t)
= ; . 2.2
ot Y o, (228)

The derivative Dp(x,t)/Dt is called the material derivative and represents
the rate of change of the function ¢ following the same particle whose velocity
is v(x,t). Alternatively, this derivative can be considered as giving the change
of ¢ over time, as seen by an observer moving with the particle that is at .

As an example, consider the function ¢ that represents the temperature of
a fluid particle in a river, which we will denote here 8. We would like to know
the variation D6/ Dt, and for that we have a thermometer. In the first phase of
the experiment, we get in a boat and immerse the thermometer in the water.
Riding with the flow, we measure the variation of € of the fluid particle that we
are travelling with, that is, we measure 90 /9t corresponding to the last term
of equation (2.26). Thus the name particle derivative for that quantity. In the
second phase, we attach the thermometer to a bridge pillar. The thermometer
is located at point . There we measure Df/Dt, which is composed of 96/0t,
that is, the time variation of the temperature at that point, and of the variation
due to the local advection v - V@ induced by the changing velocity field (eqn.
(2.27)).
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For a vector field w, we have a similar formula for its material derivatives:

D X
Dw _ ‘9“’(7’9‘ (2.29)
Dt ot X=x—1 (1)
= wi = ——:
Dt 6t X:)C*l(m,t)
t X,t
W = Jw(,t) + (V'w(m,t))aX(’)’ (2.30)
ot D | xrs (o

e — ow;(x,t) n Ow; (x,t) o

e ot an a
Note that the material derivative of a field ®(X,¢) is the standard partial
derivative

: DO(X,t)  0B(X,t
e(X,1) = (Dt - (815)

. (2.31)

2.4.3 Acceleration

The acceleration A of a material particle at time ¢ is the derivative of its velocity
V with respect to time, that is, the material derivative of V. In the material
description we have

OV(X,t)  9*x(X,1)

AX,t) = 2.32
(X0 ot ot (2.52)
2, .
4, = v, = LA
ot
and in the spatial description, we have
t
a—b— % + (Vo(z. 1)) v, 1) (2.33)
. 3vi(m,t) avi(m,t)
a; = V; = at + &vj U](.’E,t) .

The first term on the right-hand side of (2.33) can be considered as the accel-
eration due to the time dependence of the velocity at a fixed point in space.
The second term can be interpreted as the contribution to the acceleration of
the material particle due to the heterogeneity of the velocity field. These terms
are sometimes called the local and convective (or advective) parts, respectively,
of the acceleration. The advection corresponds to the transport of the velocity
field by itself.

Note that equation (2.33) can also be written

a= % + (’U(a:,t) . V)v(w,t) ,
with the definition
(v-V)v); = v, Ovi
v jaCEj ’

This expression is not to be confused with V - v = dv;/0x;.



Pathlines, Streamlines and Streaklines 67

2.5 Pathlines, Streamlines and Streaklines

Equation (2.1) gives the successive positions @ of a particle X with time ¢
as a parameter and thus describes a curve in space. This curve is called the
pathline or trajectory of the particle X. In differential form it is given by
one of the following sets of equations:

de = V(X,t)dt or de; = Vi(X,t)dt (2.34)
der = v(x,t)dt or dx; = vi(z,t)dt , (2.35)

with the initial condition z(0) = X.

A streamline at a given instant ¢ is the curve in space that is everywhere
tangent to the velocity vector. It is thus determined in terms of a parameter s
by the differential equation

dx(s) = v(x(s),?) ds (2.36)
dz;(s) = vi(x(s), 1) ds. (2.37)

The motion is said to be stationary if the velocity for all points x is time
independent, that is v = v(a,t) = v(2,0) = vo(x), in which case, equation
(2.36) is identical to (2.35). Thus, for stationary motion, the streamlines
and the pathlines coincide.

The streakline through a given point in space T and at a given instant ¢
is the curve composed of all the particles that previously occupied T; stated
differently, all the particles that have passed through x for time between 0 and
t. This curve can be parameterized in ¢, as follows:

z=z(x '(Z,1),%) 0<t<t. (2.38)

EXAMPLE 2.2

Consider the following example where a plane flow is given by the velocity

field:
5

T 1+t

(%} Vg = T2 V3 = 0. (239)

First we calculate the streamlines. Equation (2.37) applied to (2.39) gives

T
1+1¢

dry = ds dry = 29 ds drs = 0. (2.40)

Setting ¢ = ¢ and integrating yields
T =1 eTH To9 = co €° T3 = C3. (2.41)

These are the equations of the streamline that passes through the point c.
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Fig. 2.7 Streamlines: (a) for ¢ = 0, (b) for ¢ = 1. The points shown on the lines
correspond to values of ¢ uniformly distributed on a circle of radius R = 2.5

Figure 2.7 shows the streamlines that are curves in the plane 3 = c3 such
that

(1+¢)
2 (ml) : (2.42)

C2 C1

The calculation of the pathlines is achieved by combining (2.35) and (2.39).
The result is

[ S Ny R o W
X, T o 1+ X, T3 0 Xs T3

The first integral becomes In x} ‘3;1 =In(1+ t’)‘g and thus Inz; —In X7 =
In(1+¢t) as 1 = X; at time ¢ = 0. We obtain, finally,

X1 :Xl(l-l-t) i) :XQ et xs3 :Xg. (244)
The pathlines are curves in the plane x3 = c3 given by
Ty = X2 e(xl_Xl)/Xl (245)

and are drawn in figure 2.8.
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4

Fig. 2.8 Pathlines; the points corresponding to X are the same as those in figure
2.7

To calculate the streaklines, we first invert the pathline relations

€

_ —t
1+t

XQ = XT2€ X3 = 405 5 (246)

Since the particle passes through T at time ¢ < ¢, we have

14t

X2 = 1T9 Bit X3 = fg . (247)
Substituting (2.47) in (2.44) evaluated at time ¢, we obtain the parametric

equations of the streaklines

1+¢ =
xr1 =T1 1 I / o = X2 etft T3 = T3 . (248)

2.6 Kinematic Equations for Rigid Body Motion

When referring to objectivity while discussing the general principles governing
the constitutive equations of continuous media, we will primarily examine the
rotation of a rigid body. To prepare for that, we will study a few relations of
rigid body kinematics. Rigid body motion is that for which lengths and angles
are conserved.

2.6.1 Translation of a Rigid Body

For the case illustrated in figure 2.9, the equation of motion is given by
—X(X,t) = X +eft) (2.49)
with ¢(0) = 0.
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P

€3

Fig. 2.9 Translation of a rigid body

We notice that the displacement vector U is independent of X, as we have
U=z-X=c(t). (2.50)
Thus every material point is displaced identically with the same magnitude and

direction at time t.

2.6.2 Rotation of a Rigid Body Around a Fixed Point
The motion illustrated in figure 2.10 is described by the equation

x(X,t)=x=b+Q(t)(X —b), (2.51)

where @ is an orthogonal tensor such that Q(0) = I and b is a constant vector.

Ry
[
X-b
X R
el z-b
M
b
T
0] -
€

€3

Fig. 2.10 Rotation of a rigid body around a fixed point
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We note that when the material point X = b coincides with the spatial
point & = b, the rotation is always about a fixed point « = b. If the center of
rotation is placed at the origin, then b = 0. The rotational motion is given by

z=Q1)X.

2.6.3 General Rigid Body Motion
The motion illustrated in figure 2.11 is expressed by
r=x(X,t)=Q({t)X +dt), (2.52)

where @Q is a rotation tensor as before and d(t) = —Q(t)b+c(t). The vector ¢(t)
is such that ¢(0) = b. Equation (2.52) indicates that the motion is composed
of a rotation Q(¢) and a translation c(t) of a material point X = b.

Fig. 2.11 General rigid body motion

The velocity is obtained by taking the derivative with respect to time of
equation (2.52)

V=Q(X-b)+¢. (2.53)
Now from (2.52), we have

X-b=Q"(x—¢c). (2.54)

Taking into account (2.20), we can write

v=0Q (z—¢c)+¢é, (2.55)
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since the tensor Q is orthogonal, QQ” = I (eqn. (1.243)). Taking the deriva-
tive of this last expression with respect to time, we obtain

. . T
QQ"+QQ =0, (2.56)
which shows that QQT is antisymetric. Let us set

0Q" -, (2.57)

where € is an antisymmetric rotation tensor. Then, using the dual vector of
this tensor (see eqn. (1.104))

1
w = *581@‘91‘]‘ , (2.58)

we obtain, successively, with the help of (1.107)

Qij = —€ijrwr = Eikjw (2.59)

Qx = Q5 25€; = gipjwrTje; =w X x. 2.60)
Using (2.60), we can rewrite equation (2.55) in the form
v=wx(x—c)+eé. (2.61)

Setting » =  — ¢, where r is the position vector of the material point offset
by a translation ¢, we obtain

vV=wXTr+E. (2.62)

This relation shows that the spatial velocity v of any material point of a rigid
body is the sum of the angular velocity of rigid body rotation, w x r, and a
translation velocity ¢ of an arbitrarily chosen material point.

2.7 Gradient and Deformation Tensors

2.7.1 Definition

Consider a given particle whose position in the configuration R is X°, and
whose neighborhood is V. Its position in the configuration R is given by (2.1).
If V is sufficiently small, the relation (2.1) for the other particles of V can be
approximated using a Taylor expansion. Let X and x be the initial and current
positions of a particle. Then, if the function x is sufficiently regular, we have

x; = Xi( Xk, 1)
X (2.63)

o~ 0

(X = X7) +o(Ix - x°|I%),
xR

where the last term signifies that

O(”X—XOHQ) ~ClIX - XOP - (2.64)
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with C' being a bounded constant. The tensor F' whose components are given
by

_ OXi
- 0X;

is called the deformation gradient tensor.

Fy (2.65)

In the following, we will omit the variables of the functions, vectors, and
tensors in order to simplify the notation.

If the distance || X — X°|| between X and X is much less than unity,
relation (2.63) can be closely approximated by

In this case, the tensor F is represented (abusively) by

- 0X;

Fj (2.67)

Let J be the Jacobian of F':

Ixi _
J—det(aXJ) =det F. (2.68)

The assumption of continuity of the material and thus the existence of a con-
tinuous derivative for the deformation of the medium implies that

0<J<o0o. (2.69)

This ensures the existence of the inverse F~' of F with det F~* = 1/.J . Using
(2.8), (2.10), and (2.67), we can express F and F~' in terms of displacement:

U,
0X;

Fl= 0X; _ = Ou;
J 8Ij &nj

Fyj =85 + (2.70)
or
F=gradx(X,t)=I+VU F '=gradx '(z,t)=1—-Vu. (2.71)
Another way to write (2.66) is
de = FdX (2.72)

where we see that F transforms a vector dX associated with X into a vector
dx associated with @ (fig. 2.1). To guarantee the existence of F', derived from
the deformation (2.1) or (2.63), the condition

82{,6,‘ - 82{,62‘
0X,0X,  0X,L0X

is necessary. This compatibility condition is also sufficient in a simply connected
region to ensure that (2.1) exists such that F' is given by (2.67).
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According to the polar decomposition theorem (1.132), there exists a
unique rotation tensor R and two unique symmetric positive definite tensors
U and V, such that

F=RU=VR. (2.73)

For F = RU, the right polar decomposition of F', and for FF = V R, the
left polar decomposition of F', the tensors U and V are called the right and
left stretch tensors. When R = I, (2.73) reduces to F = U = V and the
deformation is called pure deformation.

Inserting (2.73) in (2.72), we obtain
dr = RUdX . (2.74)

We will see later that this relation allows us to conclude that the configuration
change in the neighborhood of the material particle is obtained by the trans-
formation of vector dX to a vector U dX by a pure deformation U followed
by a local rotation R.

2.7.2 Deformation Tensors

Let us write (2.72) in the index notation
dr; = Fi; dX; . (2.75)
Now, the square of the norm ds of the vector dx is given by
ds? = ||dz|]? = dwy, dzy, = FypiFrj dX; dX; . (2.76)
The tensor C, defined by
C=F"F=(F"F)" Cij = FniFmj (2.77)

is the symmetric right Cauchy-Green deformation tensor.

Augustin Louis Cauchy (1789-1857) was a French math-
ematician born in Paris. He was a professor at the
Ecole Polytechnique in Paris. His extensive body of work
treated all the major mathematical problems of his time.
He is notably responsible for holomorphic functions and
_ convergence criteria for series. His name is one of the 72
L names of distinguished engineers and scientists inscribed
on the Eiffel tower.

Fig. 2.12 Augustin Louis Cauchy

This symmetric tensor is a metric tensor. As indicated by relation (2.76), it
can be used to calculate the length of dx as a function of the components of d X .
Inversely, the length dS of dX can be calculated in terms of the components
of dx:

dS* = |dX|* = dX,n dX,, = F,} F,,} dx; dx; . (2.78)
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With the notation F~7 = (F_l)T7 the tensor ¢!, defined by

_ T e N - 1
ct=F"F'=(F"TF") ¢ =F 1 F.1, (2.79)
is the inverse of the symmetric left Cauchy-Green deformation tensor
c. The difference between ||dz||?> and ||dX||?> can be expressed in one of the

two following forms:

|dz|? — |dX||* = Cy; dX; dX; — dX,, dX,, = 2E;;dX;dX;  (2.80)

|dz||* = ||[dX||* = dx, day, — c;jl dz;dx; = 2e;5 du; dxj . (2.81)
The tensor E introduced in (2.80), whose components are
1
Eij = B (Cij = di5) 5 (2.82)

is called the Green-Lagrange strain tensor.

George Green (1793-1841) was an English mathemati-
cian born in Sneinton, near Nottingham. Practically self-
taught, he obtained a degree at the age of 44. He con-
tributed to potential theory by introducing the functions
which are now known by his name. He worked in optics,
acoustics, and hydrodynamics. His work, not well known
during his lifetime, was exposed to a larger public in 1846
by Lord Kelvin.

Fig. 2.13 George Green

The tensor e introduced in (2.81), whose components are

1 _
is the Fuler-Almansi strain tensor .
In terms of material and spatial displacements U and u, the deformation
tensors above are written as
ou, oU,
FiFoi = | i —_m Smi —_m
! ( " 3Xz‘>( j+3Xj)
ou; ~ oU; 0oUy, 0U,,

Cij

= 0;; + 0X; ' 9X; = 9X; 0X; (2.84)
i = Et b = (3= 5 (50 - 2

m gz; - ZZJ aaq; 851;? (2.85)
o= % (g)léa gg{i (?9[)](7? ggg) (2.86)
w=g(m o) -
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The deformation tensors can also be written in terms of U and V. Directly
applying the polar decomposition (2.73), they are:

o right Cauchy-Green deformation tensor
C=F'F=UR"RU =U?; (2.88)
o left Cauchy-Green deformation tensor and its inverse

c=FF'=VRR'VT =Vv? (2.89)
cl=FTF'=v2, (2.90)

o Green-Lagrange strain tensor

1 1
E=-(C-0==(U*-1I); 2.91
(€ =D =3 (U~ 1); (291)
o Euler-Almansi strain tensor
e:l(I—c—l):l(I—V”) (2.92)
5 5 . .

It is important to observe that the rotation tensor R does not affect any
of the deformation tensors considered. It is necessarily so for the measurement
of deformation to have meaning; otherwise, a rigid body would be considered
deformable. In addition, we can easily verify that for rigid body motion (2.51),
F=Qand C=c=1 and thus E =e = 0.

Based on the deformation gradient tensor F' and the associated deformation
tensors, we can express the change in length of a linear element, a surface
element, and a volume element during a motion of the body (fig. 2.14). A linear
element dX in the reference configuration has norm ||dX|| = (dX - dX)'/2.
After the body moves (relation (2.1)), it becomes the element da with norm
|dx| = (dx - dx)*/?. Taking into account (2.72), the relation between the
squares of the norms in these two configurations is given by

|de||2  FdX-FdX dX-F'FdX dX-CdX
ldX|2 ldX |2 ldX |2 ldX |2

(2.93)

As dX = N||dX|| where N is the unit vector in the direction dX, (2.93)

is written as

|| dz||? _dX - CdX
ldX|*  [ldX | |dX]]
The parameter Ay is called stretch or stretch ratio at X in the direction

of IN. Stretch parameters are used in non-linear elastic response of solids
subjected to large deformation. This subject is treated in chapter 6.

By the relation (2.88) linking C' and U, the stretch ratio can be expressed
with the equations

=N.-CN =)%. (2.94)

lde] _
]

(N-UN)"? = (UN -UN)"2 = [UN| = Ay . (2.95)
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N

X27 E)

€9

€ X, 2y
€3

X3, 73

Fig. 2.14 Linear and surface elements in the configurations Ro and R+ of the body B

We can also express the angle between two linear elements similarly with the
following procedures. Suppose that two linear elements dX and dY intersect
with an angle between them of © in the reference configuration. Then,
dX -dY
co0s® = —————— . (2.96)
[dX || [|dY ||

After the motion, these two elements become dx and dy and the angle 6 between
them is given by the expression

dx - dy
cosf = Taz iyl (2.97)
Using successively (2.72) and (2.88), this last relation becomes
sy FdX -Fay dX - F'FdY
IFdX|[|FdY] |[FdX]||FdY| (2.98)
_dX-Cdy
I ax|[[|FdY]

Since dX = N,||dX| and dY = N,||dY|| where N, and N, are the unit
vectors aligned with the linear elements, and as | F dX|| = (FdX -FdX)'/? =
(dX - CdX)'?, (2.98) yields

N, CN,
(Na - CNm)l/z(Ny ’ CNy)1/2 .

cosf = (2.99)

The angular difference © — 6 is normally attributed to shear.
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In order to express the relation between the volume elements of the two
configurations, we consider three infinitesimal, non-coplanar, linear elements
dX, dY, and dZ (fig. 2.14) in the reference configuration such that

dV = dX - (dY x dZ) > 0. (2.100)

In the deformed configuration, the three linear elements become dx, dy, and
dz, and the corresponding volume is given by

dv=dx - (dy x dz). (2.101)

Since the volume is expressed as a determinant, from (2.75) we have

dl’l dyl le Flj dXJ Flj dY—] Flj dZJ
dv = det d:L‘Q dyg dZQ = det ng dX] ng deJ ng de
d.’173 dyg ng F3j de ng de ng de

(2.102)

With this determinant and (2.68), the volume element is transformed according
to the relation

dv=det FdV =JdV . (2.103)

To evaluate the change in a surface element (fig. 2.14), we start with the
expression of the volume element in the reference and deformed configurations

dV =dX'-NdS  dv=dz' -nds, (2.104)

where the surface elements are indicated by N dS and nds with N and n the
unit normal vectors corresponding to the surface elements. Taking into account
(2.72) and (2.104), (2.103) becomes

dv=FdX' nds=JdX' NdS (2.105)

or

(F'nds— JNdS)-dX' =0. (2.106)

Since this relation is valid for an arbitrary choice of dX’, we conclude that
nds=JF 'NdS o ds=JF TNdS. (2.107)

This expression, called Nanson’s formula, relates the corresponding surface
elements between the reference and deformed configurations.

2.7.3 Geometric Interpretation

We can interpret (2.73) geometrically. In order to do so, we first need to
examine a few properties of the eigenvalues of U and V. Let A; (i = 1,2, 3) be
the eigenvalues of U corresponding to the unit eigenvectors A;, then

UA, = \A; (no sum over 7). (2.108)



Gradient and Deformation Tensors 79

As U is symmetric and positive definite, the \; are real and \; > 0. In addition,
by spectral decomposition (1.125), we have

U=MA1Q0A + AR Ay + I3A3 0 A3 with A;-A; =§;;. (2.109)
Using (2.88) and (2.108), we can write
CA;, =)\ A (no sum over 7). (2.110)

Thus, the tensor C has A\? for eigenvalues and A; (i = 1,2, 3) for eigenvectors.
As for the eigenvalues and eigenvectors of V', the use of (2.73) and (2.108) leads
to

V(RA;)) = RUA; = \;(RA)) (no sum over 1) . (2.111)

This shows that the \; are also the eigenvalues of V', corresponding to the
unit eigenvectors

b; = RA, . (2.112)

Thus the deformation transforms, with a rotation, the eigenvectors of U into
those of V. Similarly to (2.109), we can write

V = Abi ® by + Aaby ® by + A\3bs @ by with b; - bj = 57;]‘ . (2113)

To obtain the eigenvalues and eigenvectors of ¢, we use (2.89) and (2.110)
to see that

V(RA;) = ¢(RA;) = \2(RA,) (no sum over i) , (2.114)

which proves that the tensors V and ¢ have \; and A? for eigenvalues, respec-
tively, and the same eigenvectors b; (i = 1,2,3). In the literature, the \; are
also called the principal stretches of the tensor U, A; the principal ma-
terial directions, and b; the principal spatial directions. In the case of a
pure deformation, the difference between A; and b; disappears.

Now it is possible to give a geometric interpretation to (2.73). Consider a
body whose initial, reference configuration is a unit sphere centered at the origin
(fig. 2.15), and that undergoes the following homogeneous transformation (cf.
sect. 2.8):

r=FA with |Al <1. (2.115)

Substituting (2.73) in (2.115), we obtain
z=RUA=VRA with |A|<1. (2.116)
From this expression, and in the light of the previous discussion on the prop-
erties of the eigenvalues of U and V', the right and left polar decompositions

can be geometrically interpreted as follows (fig. 2.15), where we show only the
plane (Ozyx2):
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Fig. 2.15 Geometric interpretation of F = RU = VR

Right Polar Decomposition:

o First, applying the right stretch tensor U to the unit sphere, the
radii in the directions of the principal material directions A; are
lengthened (or shortened) to their final lengths A;, remaining aligned
with the principal material directions A;. Thus the sphere becomes
an ellipsoid.

e Then, applying the rotation tensor R to the ellipsoid, the ellip-
soid undergoes rotation and takes its final orientation with the
axes, originally aligned with the principal material stretch direc-
tions, moving to alignment with b;.

Left Polar Decomposition:

o First, applying the rotation tensor R to the unit sphere, the axes
aligned with the principal material directions A; undergo a rotation
and move to their final spatial orientations b;. The unit sphere
turns around itself.

e Then, applying the left stretch tensor V' to the rotated unit sphere,
the radii aligned with the principal spatial directions b; are length-
ened (or shortened) to their final lengths A;, and the sphere becomes
an ellipsoid.

As we have seen, mutually orthogonal lines which are along the principal
material directions A; before the transformation, remain mutually orthogonal
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after, and are aligned with the principal spatial directions b;. The rotation
tensor R can thus be expressed as a function of A; and b;:

R=b® A1 +by® Ay +b3® As. (2.117)

This relation can be easily established as follows. The rotation tensor is ex-
pressed as R = RI and the identity tensor as I = A;® A;. Taking into account
(2.112) and the property (1.65), we obtain

3
R=RI=R(A;® A) = (RA)® A; =) b;® A;. (2.118)
i=1
The deformation gradient tensor F' can be expressed in terms of the vectors
A;, b;, and the principal stretches \; as

3
F=) \b®A,. (2.119)
i=1

Next we present a method to determine the various kinematic tensors C),
U, ¢, V, and R. We can perform the concrete calculation of U, V, and R
for a given deformation gradient F'. The tensors U, V', and R are determined
from the relations

U=VvVF'F V=VFF' R=FU'=V'F. (2.120)

The principal difficulty is found in the calculation of U or the square root of
C = FTF. Let [P] be the orthogonal matrix that diagonalizes the matrix [C]
of the tensor C, such that

[A%] = [PI[C[P)" or A2 = PyCrn Py (2.121)

with [A%] = diag (A}, %, \2), where the notation diag denotes the diagonal
matrix, as in
a
diag (a,b,c) = b . (2.122)
c

Then, the matrix [U] of the tensor U is given by
[U] = [PT[A][P) or Uij = PrilmnPrj . (2.123)

with [A] = diag (A1, A2, A3). Having found U, we can calculate R by (1.135)
and V by (1.137) or with V = FR”.

2.8 Homogeneous Deformations

The deformation or transformation  of a body B is called homogeneous if the
corresponding deformation gradient F' is independent of the particle’s position
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X. Geometrically, a homogeneous deformation transforms a straight line P°P

of Ry to a straight line p’p of R (fig. 2.16). Such a deformation z is an

affine transformation and has the following general form, with the notation
0 — ( X0 t)

xz X’L VR )

In vector form, we have
z =2zt + M(t)(X - X), (2.125)

with 0 < det M < oo. The inverse relation is written as

X=X"+M"'t)(z-="). (2.126)
X27 Ty
Ry
P
Y R
P
X0
€9
20
0
€ Xy,

€3

X3, a3

Fig. 2.16 Transformation of a vector in homogeneous deformation

Below we present some important examples of homogeneous deformations
obtained from relations (2.125) and (2.126).

Translation:
M is the unit tensor I; without loss of generality, we set X% = 0. We
obtain
x=x(t)+ X . (2.127)

Rotation About the Origin:
XY =29 =0, and M is the rotation tensor R with the property

R'"R=RR" =1 and det(R) =1. (2.128)
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In this case, (2.125) and (2.126) become
z=RX X =R'z. (2.129)

Thus rigid body motion can be decomposed into a rotation followed
by a translation.

Uniform Ezpansion or Compression:
M = mI and (2.124) takes the form (fig. 2.17)

z; =) + m(X; — X7). (2.130)
X27 Ty
P
PO P
Ry
o
X0
€9
0 R
)
€ Xy, @
€3

X37 T3

Fig. 2.17 Uniform expansion

Simple Shear:
in a Cartesian coordinate system (fig. 2.18), the matrix [M] is given by

1 k£ 0
[M]=]1 0 1 0 , (2.131)
0 0 1
or in vector notation, we have
r=MX=(I+ke ®e)X, (2.132)

taking the origin as fixed, X° = x° = 0. Explicitly, (2.124) and (2.131)
give

1 = X1+ kX5 To = Xo r3 = X3. (2133)
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84
As an example, let us calculate F', C, U, V, and R for simple shear.

EXAMPLE 2.3
The matrices of F' and C can be calculated directly, while obtaining those
for U, V, and R requires solving an eigenvalue problem. The application

of the definitions of F' and C' yields
1 k£ 0
[Fl=]1 0 1 0
0 0 1
1 k 0
Cl=| k 1+k* 0
0 0 1
X27 Ty
Ro R
’I II
1 1
I’ I’
1 1
62 I,I III
II II
O d
e Xy, o
Fig. 2.18 Simple shear

To calculate U = +/C, we seek the diagonal matrix [A?] of C. For this,
we solve the eigenvalue problem (2.110). The corresponding characteristic
(2.134)

equation is

The three solutions to this equation are
A2:1+11@2+m/1+3k2
! 2 4
1 1 2.135
A§:1+§k2—k,/1+1k2 ( )

N=1.
(2.136)

det ([C] = AZ[I]) = (N = 2+ K7)AT +1) (1= X))

From which, we find the matrix [A] defined by (2.123) such that
[A] = dlag ()\1, )\2, Ag) 5
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Now we have to find the matrix [P] in (2.123) to obtain the matrix of U
with respect to the basis {ej, ez, ez} for which the axes are the normalized
eigenvectors A; of C. The eigenvectors can be determined from equation
(2.110). After the calculations, we have the matrix rows

—1/2
1, [ 1 [ 1 1
= = 1+ = k2 1 14+ k24 =
(A1) <2+2k +k +4k> ( +4k +2k,0>
1 1\ " [1 1
A) = |24+ K2 —ky/1+ - k2 —1, 4/14+-k2— =

(AB) = (07 Oa 1) )

and the matrix [P] is written as

(A1)
Pl=| (42) |. (2.137)
(4s)
Then we obtain
| 1 k/2 0
[U] = [PITA][P] = —— | k/2 1+K?/2 0
14 %2 0 0 1+ k%74
) 1 k/2 0
Rl =[FU )= ——| —k/2 1 0
1+ %2 0 0 1+k/4 (2.138)
i L+k%/2 k/2 0
[V] = [FR"] = —— k/2 1 0
14 kI 0 0 I+k2/4

2.9 Small Displacements and Infinitesimal Strain Tensors

2.9.1 Small Displacements

Consider a displacement field dependent on a small real number ¢ (¢ < 1) such
that
UX)=cW(X), (2.139)

where W(X) is a given material displacement field, considered to be fixed for
simplicity, to which the spatial field w(x) corresponds. From (2.86) and (2.87),
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the Green-Lagrange and Euler-Almansi strain tensors are given by

L oWy oW 51 OW,, OW,,
Eij =<3 (axj axz) © 29X, X, (2.140)
1 /0w; Ow; 51 Owy, Owp,
i =e= — g%z ) 2.141
€ij 62 (8.23] + 81;1) c 2 8l‘i 8l‘j ( )

When e approaches zero, the terms of order 2 become negligible compared to
those of order 1. Thus we have

1 /oW,  ow;\ 1 [/0U; U

In addition, starting from x; = X; + U; = X; + W, and W;(Xy) = w;(zk), we
can write
8Xj a an a al‘k 8Xj

2.144
- ani Sus + €8Wk - 8uz + 62 ﬁwl 8Wk ( )
T or, \YTT0X, ) T oxy ' Ox 0X;
o ou, o P
i Usq 2 Uj
- = ~ . 2.14
8Xj 8xj + (E ) 8.1‘]‘ ( 5)

Consequently, in the case of small displacements, O(2) — 0 and the distinc-
tion between the Green-Lagrange and Euler-Almansi description of strains is
negligible. Thus we can express the displacement derivatives with respect to
the position before or after the deformation.

Experimental results show that in most engineering applications, the dis-
placement gradient is also very small, such that

ou;
0X;

=0(e) < 1. (2.146)

In these conditions, (2.70) and (2.68) can be written as

Fij =0, +0(), F;'=06;;—0(), J=~1+0(). (2.147)

ij
For a tensor L of order 2, we can write
OL  Ox; OL _  OL
an B 8XJ 85& oo 811
ou;\ oL 0L  0U; 0L
=0+ 55| z—=5—+ .
(9Xj (9931 6Ij 8Xj (917,
Since 0U;/0X; is very small, the last term of (2.148) is negligible. Thus the
material and spatial derivatives of the tensor L are approximately equal
OL 0L
8Xj - 8CCJ' '

(2.148)

(2.149)
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Relations (2.145)—(2.147) and (2.149) are the results of kinematic lineariza-
tion.

2.9.2 Infinitesimal Strain Tensor

We can now derive an important result from the preceding kinematic lineariza-
tion. Relation (2.145) shows that if the terms of order 2 are negligible, there
is no difference between the Green-Lagrange and Euler-Almansi strain tensors.
It is thus natural to introduce the infinitesimal strain tensor e:

o 1 8Uz 8U] o 1 3ul auj
fij = 2 (an + 8X1> N 2 (8.%] + 8.’1%) (2150)

e= % (VU + (VU)T) = % (Vu+ (Vu)T).

Note that € is a tensor since the gradient of the displacement vector is a ten-
sor (see sec. 1.4.3). Thus the transformation law for its components is given
by (1.52) and the eigenvalues, which correspond to the principal infinitesimal
strains, are from the solutions of equation (1.120) with L = e. It is also in-
teresting to note that the tensor € is linear in Vu. Therefore for the strains
e® e . resulting from the displacements u("), (... | the principle of
superposition applies, i.e., the total strain e = e +e® + ... corresponds to
u=u +u® 4 .

We can interpret the components ¢;; geometrically. Consider the small
displacements between R and R (fig. 2.19). Let dX be an infinitesimal vector
attached to the point X with components (dX1,0,0). The length ||dx|| of the
corresponding vector de in R is given by (2.80):

|dz|* = ||[dX||> + 2E;; dX; dX; = (1 +2Fy;) dX}. (2.151)
X27 )
R
T

=7 Ry
X

(0]
€ X1, 7

€3
X3, 73

Fig. 2.19 Deformation of an infinitesimal vector aligned with e;
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Assuming small displacement gradients as discussed earlier, we can write

[da||” = (1 + 2e11)||dX |2

(2.152)
|dee|| = (1 +2e11) 2 dX, = (14 e10)||dX]| ,

from which
~ lldz| - |[dX||

€11 =
[dX||
Thus, €11 measures the relative extension of a material line element aligned

with direction 1. The other diagonal components €95 and €33 of € have similar
interpretations.

(2.153)

As for the geometric meaning of €15, consider two orthogonal vectors in R
(fig. 2.20):
dX = (dX1,0,0) and dY = (0,dY3,0). (2.154)

In R, they are deformed and become the vectors de and dy with components
The lengths of dx and dy are

|de|| = (1 +e11) dX, |ldyl| = (1 + e22) dY> . (2.156)

Denoting by 12 the angle between dx and dy, we have

dx - dy 219
cos = = = 2e19. 2.157
"2 eyl (e tem) (2.157)
Xy, T
R
T
82 RU
X
(¢) -
€ le Ty
€3
X3, a3

Fig. 2.20 Modification of the angles between two vectors
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Introducing the slip angle ¢12 between two orthogonal directions dX and dY
(fig. 2.20), defined by

™
P12 = 5 — Mz, (2.158)

relation (2.157) can then be written as follows:
COS7y12 = Sin @19 = 1o X 2615 (2.159)

That is, €12 is half of the cosine of the angle between the directions of the
deformed infinitesimal vectors aligned with the directions 1 and 2 in Rq. Similar
interpretations can be given to €23 and €3;.

The relative variation of volume is expressed in terms of the relative ex-
tensions. Consider three orthogonal vectors dX = dX e;,dY = dY e, dZ =
dZ es in the reference configuration. The volume of this cube is dV = dXdYdZ.
After deformation, each element is modified as follows:

dx = (1 + 611)dX, dy = (1 + 622)dY, dz = (1 + Egg)dZ 5 (2160)
and the volume after deformation is expressed as

dv = dxdydz = (1+e11)(1 + €22)(1 + €33)dXdYdZ
= (1+611)(1+€22)(1+533)dv . (2161)
Neglecting the higher order terms of the deformation, we obtain the relative

variation of the volume

dv —dV

av = €11 + €22 +E33 = €45 - (2.162)

Note that in this case of infinitesimal strain, expression (2.162) is the trace of
the gradient of the displacement vector, and using (2.150) we have

ey =divu =tr (Vu) . (2.163)

As we have seen with (2.150), the infinitesimal strain tensor ¢;; corresponds
to the symmetric part of the displacement gradient Ou;/0z;. Thus we have

ouy; 1 /0u; Ou; 1 /0u; Ou;
du; = Ydx; = = : L) da; + = L L) dx; (2.164
Y 81‘]‘ i 2 <8$] + 8£CZ> i + 2 (8:3] 8X1> i ( 6 )

du = Vudx = % (Vu+ (Vu)") dz + % (Vu— (Vu)") dz , (2.165)

and we can thus define the antisymmetric part

- 1 Bul 8u]~
wij =3 < o, 8@) (2.166)
w= % (Vu— (Vu)") (2.167)
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as the infinitestmal rotation tensor w and write
dui = Eij d.CEj + Wij de .

Note that the curl of the displacement vector u is related to a rotation vector of
the body, whose components are those of the tensor w multiplied by the factor
2, that is,

1
§V X U = wsg€1 + wiz€g + war1€3 . (2168)

Consequently, the infinitesimal displacement can be decomposed into a sum
of a pure strain tensor and a pure rotation. However, an additive decomposition
of the displacement gradient is not possible for large strains (E # €). In this
case we can use (2.73). A relation between the rotation tensor R (eqn. (2.73))
and the infinitesimal rotation tensor w can be easily established (exercise 2.13).

2.9.3 Compatibility Equations for the Infinitesimal Strain Tensor

For a given displacement field u, the components of the infinitesimal strain
tensor are easily calculated:

1 8uz an . 1
Sij = 2 (333]' - 6%‘) T2 (uig +uji) (2.169)

However, for a given €;;, a corresponding displacement field does not necessarily
exist. Now we will determine the conditions that the components ¢;; must meet
to ensure the existence of a displacement u that satisfies (2.169). Differentiating
(2.169), we obtain
1

Sijkl = 5 (i jrl + Ujikt) 5 (2.170)
where the indices k£ and [ that follow a comma indicate, for example, the partial
derivatives with respect to zp and x;, respectively. Interchanging the indices,
we have

1
i = 5 (Ukij + ULk :
Eklij 2(uklj+u””) (2171)
1
ik = 5 (W i :
Eil.ik 2(ujlk+UZ]k) (2172)
1
kgl = 5 (Wil + Uk.iji) - :
Eik.il 2(u kit + Uk ]l) (2 173)

Using the index symmetries of the partial derivatives of u, it is not difficult to
verify that

€ijkl + Eklyij — E€jl,ik — €ik,j1 = 0. (2.174)

These are the Saint-Venant compatibility equations. Among the 81 equa-
tions represented by (2.174), only six are independent due to the symmetry of
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€45 and their derivatives. Explicitly, these six compatibility equations are

32511 :3<_a€23+3€31+3€12>
0r20x3 01y or1 Oxo Oxs
32522 _3<_a€31 6612+3€23>
OJx30x1  Oxa 0xo Oxs o0x1
D%e33 :i <3€12 +5€23 Jr3531)
0x10x2  Oxs 0x3 0x1 0xo
0%c19 1 <82611 82522)

(2.175)

83?18.1’2 - 5 83722 8$12

D%ea3 1 (82522 n 32533)
Ox90x3 2 \ Ox32 092
D%ex 1 (52633 n 32511)
Ox30x; 2 \ 0x12 0x32 )~

It is clear from the procedure we have followed to obtain (2.175) that when
the displacement field is known, relations (2.175) are automatically satisfied.
When ¢;; are given, these six equations are necessary and sufficient to ensure
the existence of a unique displacement field u satisfying (2.169), with possibly
an additional rigid body motion, only if the body B is simply connected.
For a multiply connected elastic solid, they are not sufficient and additional
conditions are necessary.

An interpretation of the compatibility conditions (2.175) is given by the
following thought experiment. Consider a two-dimensional body, for example,
a plate of uniform thickness, cut into small square pieces. When there is no
deformation of the plate, the pieces adjust perfectly to form the plate. Then
we impose on each piece an arbitrary strain field and we attempt to assemble
them again to reform the plate. While reconstructing the plate we see that, in
general, they do not all fit, as they are separated by spaces between some or all
of them. A perfect fit is not obtained unless the imposed strain on each square
satisfies (2.175).

2.10 Velocity Gradient and Associated Tensors

In numerous problems in mechanics of continuous media, an interesting kine-
matic quantity is not only the change in the shape of the body, but the rate
at which this change is produced. This is especially the case in fluid me-
chanics.

Let V be the neighborhood of the point P with coordinates x;, and @ an

arbitrary point belonging to V with coordinates x; + dx;. The spatial velocity
of () is given by

8’[)1‘ (xj, t)

vi(z; + dxj, t) = vi(xj, t) + oz,

daj+--- . (2.176)
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The tensor L whose components are

31;1-
Lij =
J 6a:j

= (Vo) (2.177)

j

is called the velocity gradient. We establish a relation between L and F' as
follows:

YT Dt\ox; ) ax; X;
t \ 0X; 0X; Oxy 0X; (2.178)
- 8’[)7; axm_L_ P
~ Orpy, 0X; Come e
Then we have
F=LF. (2.179)
The symmetric part of L, that is,
1 /0v; 0Ov;
dij = = : J 2.1
J 2 (89[;] + 8l‘l> ( 80)
1
d= 3 (Vo + (Vv)") (2.181)

is called the strain rate tensor or the rate of deformation tensor, and
the antisymmetric part of L, that is,

(%i 8’[1]'
<axj - 6@) (2.182)

(Vo —(Vv)") (2.183)

wij =

N = N

w:

is called the rotation rate tensor or the rate of rotation tensor. Thus we
can write

L=d+a. (2.184)
With definitions (2.180) and (2.182), it follows from (2.176) that
vi(zj +dxj, t) —vi(z;,t) = d;; dej + wi; de; . (2.185)
Comparison of (2.180) with the definition of ¢;; gives

dij = d;;'j . (2.186)

And it is for this reason that d;; is called the rate of deformation tensor. How-
ever, we need to notice that the linearity of d;; with respect to v; in (2.180) is
exact, no assumption of small displacements having been made during its cal-
culation. The dual vector ; (1.104) associated with the rotation rate tensor,

that is,

. 1 .
O = —- g =

5 (2.187)

(curl v)i ,

1
2
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is called the rotation rate vector. Note that in fluid mechanics, one typically
introduces the vorticity vector w with the definition as the curl of the velocity.
Then

w=curlv=V xv (2.188)
or
a’l)k
Wi = Eijkaixj (2.189)
And we easily deduce that
w = 2Q. (2.190)

To better understand the vorticity vector, consider the decomposition of a local
motion of a fluid. Let P be a point at position £ and P’ a neighboring point
as shown in figure 2.21.

L)
v+ dv
P/
'ﬁv
v
dx
P
e v
T
(0)
e x

€3

T3

Fig. 2.21 Relative motion of two fluid particles

The vector position of P’ relative to P is dx. After an infinitesimal lapse of
time, P and P’ occupy new positions. P moves with the local velocity v and P’
with the velocity v + dv. We consider P to be the principal fluid particle and,
subtracting its translational velocity, we describe the motion of P’ as observed
from this principal particle. This reasoning is thus valid only when the distance
dz is very small. We can decompose the motion of P and P’ into three distinct
parts: a translation, a rigid body rotation, and a strain. The translational
motion is given by the velocity v of P. All the other motions, taken together,
are given by dv, the velocity of P’ with respect to P. We then have

ov

dv = a—mdw =Ldzx. (2.191)
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By (2.184), the strain motions (stretching, shortening, ...) of P’ with respect
to P are described by d. Consequently the rotational motion of P’ with respect
to P is taken into account by w. We can write

dv'") = Gdx | (2.192)

where the superscript r refers to rotation.

The rigid body rotational motion of P’ with respect to P must have the
form of the equation v = Q x x, where €2 is the rate of angular rotation (a
vector). By (2.187) and (2.190), we have —;; = ie;wp = wj;. Thus the
rotational component of motion is given by

1

d’l)](-r) = d)ji d.’lﬁl = §€ijkwk d.’L'Z'
1
= igjki (wg) dz; . (2.193)

This last equation is of the form dv = € x dx. The vorticity vector w corre-
sponds to an angular velocity such that the vorticity w is equal to 2€2, that is
two times the vector rate of rigid body rotation of P’ with respect to P.

Note that in the case of rotation of a rigid body, the tensor L is obtained
from equation (2.55). With definition (2.57), we have

L=0Q =9, (2.194)

which is an antisymmetric tensor. This shows in this case that d =0 and L =
w. The rotation rate tensor is thus entirely determined by the instantaneous
rotation of the solid.

2.11 Objectivity of the Kinematic Quantities

The description of a physical quantity associated with the motion of a body
generally depends on the choice of observer or reference frame.

In physics, we frequently use the inertial reference frame for which space is
homogeneous and time is uniform. In this reference frame the Newtonian laws
of motion are valid. A body in uniform straight motion during an interval of
time experiences no force. Stated otherwise, in this reference frame we observe
that the center of mass of a body B moves along a straight line at uniform
velocity if no force is applied to the body.

In chapter 1, we developed the consequences induced by a change of the
coordinate system for the same vector (event) in the case of a single observer.
This development is the basis of tensor analysis and finds its origin in the
requirement that all laws of continuum physics must be independent of the
choice of coordinate system by the observer. However, when the same event
in space is seen by two observers or reference frames, the relations between
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the coordinates and the various kinematic parameters are different in the two
reference frames.

In the following, the observer or the reference frame will be denoted
by R = (O, x,t). We want to distinguish the kinematic parameters, scalars,
vectors, or tensors, which depend intrinsically on the observer from those that
are essentially independent. This will be a preparation for the future discussion
of the objectivity of the general or constitutive laws of physics. In mechanics
of continuous media, an event, that is, a physical process, is defined by its
coordinates in space  and the observation time t.

Consider an event viewed by two observers R and R*, and noted respectively
by (x,t) and (x*,t*). The motion between two observers is a function of
space and time. If the effects due to relativity are negligible and we assume
that the observers measure the same distance between two events as well as
the same time intervals between events, we can show that the most general
transformation between the observations (x,t) and (x*,t*) of the same event
is given by

' =Q(t)x + c(t) t"=t—a, (2.195)

where Q(t) is an orthogonal rotation tensor with the time ¢ as parameter, c(t)
a vector, and « a scalar constant.
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Fig. 2.22 Interpretation of (2.195). Two observers initially positioned at O;_, move
in two reference frames

The interpretation of (2.195) is shown in figure 2.22, where we have two
observers R and R* at time ¢. Suppose that an event (i.e., an experiment)
takes place in P. The vector position of P with respect to the observer R is .
The same event viewed by the observer R* is not simply given by the vector
addition * = ¢(t) + x, but rather by the general expression (2.195). We must
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take into account the rigid body rotation of observer R with respect to observer
R*, for observer R* to see the same event. This rotation is accomplished by
the tensor Q(t), for which the components are functions of two angles, 8 and
v, and time. We note that the change of reference frame represents more than
a simple coordinate transformation.

Therefore, the motion of a body B, described by x(X,t) according to the
first observer, is described by the second observer as x*(X,t*), and these two
descriptions are related as follows:

X (X, ) = Qt)x(X,t) + c(t) t=t—a. (2.196)

In order to examine the ramifications of the transformation (2.196), consider
two events simultaneously recorded by R as (x1,t) and (x2,t), and as (x7,)
and (x3,t) by R*. For these two events, the relative positions viewed by the
two observers are u = 2 — 1 and u* = x5 — x], respectively. From relation
(2.196), we obtain

u=Qu, t"=t—a. (2.197)

Since the tensor Q is orthogonal, we can write
uw ut = (Qu) (Qu)=u-(QTQu=u u. (2.198)

This last equation shows that the norms of w and u* are the same, that is,
lu*|| = ||u|| and that the transformation is that of a rigid body rotation (sec.
2.6.2). The vector fields which are transformed according to (2.197) are called
spatially objective or indifferent with respect to the reference frame.

By the definition of a spatially objective vector, we define a spatially
objective tensor of order 2. Let v and w be two vectors seen by the observer
R, related by the tensor L of order 2

w=Lv. (2.199)

Since v and w are objective, the observer R* sees them as w* = Qw and
v* = Qu. This observer considers the tensor of order 2 as L*, such that
w* = L*v*. To relate L and L*, we notice that

w*=Qw=QLv=QLQ"v*. (2.200)
From this last relation we deduce the equation
L =QLQ". (2.201)

Tensor fields of order 2, which are transformed according to (2.201) when the
observer is changed, are called spatially objective, or independent of the refer-
ence frame. As for a scalar field, it is called objective or independent of the
reference frame when

fr ((13*, t) = f(wv t) : (2202)
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In the following, we say that:
« a scalar quantity ¢ is objective if and only if (iff) ¢* = ¢;
« a vector quantity f is materially objective iff f* = f;
e a vector quantity f is spatially objective iff f* = Qf;
e a tensor quantity T' is materially objective iff T* = T;
« a tensor quantity T is spatially objective iff T* = QT Q™.

In order to examine the objectivity of the velocity and acceleration of a
motion, we note that when differentiating (2.196) with respect to time, the
velocity V(X,t) = x(X,t) and acceleration A(X,t) = x(X,t) of a particle
X are transformed as follows:

VX, t*) = Q)V(X, 1) + &(t) + Q(t)x (X, 1) (2.203)
AY(X, 1) = X' (X, t7)
QXX 1) + (1) + QUX(X, 1)
+2Q(t)V(X,t). (2.204)

Consequently, the definitions of the velocity and acceleration are relative and
inextricably linked to the observer. Applying the definition of the deforma-
tion gradient to (2.196), we obtain the transformation law

. o XXt ox(X,t) ox(X, 1)
Xt = =5% = X0  ox (2.205)
=Q)F(X,1).

This relation will play an important role in later discussions. Note that
J'=det F*(X,t*) =det F(X,t) = J. (2.206)

Thus the scalar quantity J is not affected by a change of observer. Starting
from the definitions (2.77), (2.79), (2.82), and (2.83) and using (2.205), we have
the following transformation laws for deformation tensors:

cr=C E*=E (2.207)
¢t = QecQ” e =QeQ". (2.208)

Thus, from these definitions, the Jacobian J is objective; the right Cauchy-
Green deformation tensor C' and the Green-Lagrange strain tensor E are ma-
terially objective; and the Cauchy deformation tensor ¢ and the Euler-Almansi
strain tensor e are spatially objective. On the other hand, the velocity, the
acceleration, and the deformation gradient are not objective. It is also im-
portant to notice that the material derivative of an objective material quantity
remains materially objective, whereas the material derivative of a spatially ob-
jective quantity is generally not spatially objective. For example,

E'=E (2.209)
& =QeQ" +QcQ” + QcQ’ £ QeQ” . (2.210)
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In the context of a change of reference frame (2.195), we examine how the
velocity gradient tensor is transformed. Rewrite (2.203) and (2.204) in the
spatial representation

v* = ¢+ Qz+ Qu (2.211)
a* = é+Qa—+2Qu+ Q. (2.212)

From equation (2.211), we evaluate the velocity gradient tensor L*. We

obtain
Ir dv;  Ov; Oy,
v ox; Oz, oz ’

With (2.195), we have

ox;

8737](; - Q]k .
Its inverse, dxy,/ oz}, is Q,;jl = Q;‘gj. The evaluation of dv}/dxy, is performed
via equation (2.211). We have

oy o %
8$k _sz+Qzl 8.13k .

Assembling these various relations, we write
L*=(QL+Q)Q" =QLQ" + 9, (2.213)

where we used definition (2.57).

Now we establish the relation between the notion of objectivity and rigid
body motion. For this, we compare the equation that describes rigid body
motion (2.52) and the transformation (2.195). Setting b = 0 to simplify (sec.
2.6.3), the motion described by (2.195) is rigid body motion when

z=Q(t)X +c(t) . (2.214)

This last equation can be generalized for two different motions & and y of a
continuous media. These two motions differ by a rigid body motion if

y=Qt)x + c(t). (2.215)

The form of (2.215) resembles that of (2.195) with the following difference:
x and y are two distinct events for a single observer, whereas & and x* are
the positions of a single event recorded by two different observers. Thus, we
can consider the change of the observer, as defined in (2.195), as a rigid body
motion superimposed on the actual configuration of the medium.

The importance of the objectivity or the non-objectivity of a quantity will
appear when we discuss the constitutive equations of materials subject to large
transformations or displacements even when accompanied by small strains.

To conclude, we write relations (2.211) and (2.212) in another form. Equa-
tion (2.195) gives

QT (z* —¢) =z (2.216)
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Inserting (2.216) in (2.211), we have
v =Qu+c+QQT (z* —¢). (2.217)
Combining (2.216), (2.217), and (2.212), the acceleration becomes

o ) 2 .
a*=Qa+¢+2QQ" (v —¢)—2 (QQ ) (" — )+ QQ" (x* —¢) . (2.218)

Using the rotation tensor (2.57), the velocity is written as
v'-Qu=¢+Q(x" —c) , (2.219)

where the two terms on the right-hand side correspond to the translation and
rotation velocities of the two reference frames, while the acceleration takes the
form

a*—Qa=¢é+2Q (v — &)+ (Q - 92) (z* —c) . (2.220)

On the right-hand side of (2.220), the first term is the translation acceleration,
the second the Coriolis acceleration, and the following terms the rotational and
centripetal acceleration of the reference frame, respectively. To obtain (2.220),
we use the relation

2=QQ" +QQ" =QQ"+0Q"QQ" = 4Q" - °. (2.221)

If the reference frame is Galilean, a special case of the inertial reference
frame such that Q = Q = 0 and ¢ = 0, then the acceleration is objective. In
the Galilean reference frame, Q = Q, = cnst and ¢ = ¢y + ¢1t where ¢; is a
constant velocity. In this case relation (2.195) simplifies to

¥ =Quyx+co+cit, (2.222)

which is the Galilean transformation.

2.12 Exercises

A continuous medium in its deformed configuration is given by the rela-

tions 1
T = §X1 T = X2 Tr3 = X3 . (2223)

Calculate the displacement field in material and spatial coordinates.

(2.2) Consider simple shear as given by the matrix M in equation (2.132).
Calculate M ! and the deformation tensors C, ¢, E, e.

Repeat the same exercise for the case of pure dilation given by M = ml,
where I is the unit tensor.
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A cube vibrates around its equilibrium position. The Lagrangian descrip-
tion of motion is given by the equations

t X

1 = X1+ acosQw(T — Tl)
. t X

xo = Xo+ bsm27r(? — Tl)

T3 :Xg.

The symbols a, b, and L are constants with a dimension of length, and T is a
constant with a dimension of time.

1) Determine the trajectories of the material points.

2) Calculate the components of the velocity and acceleration.

3) Calculate the deformation gradient tensor F and its material derivative
DF/Dt.

4) In the Lagragian representation, calculate the velocity gradient tensor L.

5) Calculate the rate of deformation tensor d, the rate of rotation w, and the
vorticity €.

For the deformation given in example 2.1:

1) Calculate the matrix of the deformation gradient F. Is the deformation
homogeneous? Does the deformation take place at constant volume? For
which values of a is the transformation invertible?

2) Calculate the matrices of C, E, and €. Compare E and € for the case
O0<ax 1

3) Verify that the vectors aligned with the axis 23 and the diagonals AH and
DE are the eigenvectors of C. Using these results, calculate U = /C.

4) Calculate the matrix of the rotation tensor R in the polar decomposition
F =RU.

Use equation (2.205) to prove relations (2.207) and (2.208).

Use (2.205) and the third relation of (2.120) to show that R* = QR,
U'=U,and V* =QVQ~.

Show that C = 2E = 2FTd F where d is the strain rate tensor (2.180).

For the following motion: x; = A\ X1, T2 = Ao Xs, 3 = A3X3, determine
the matrices of the tensors C, R, U, and FE, the principal vectors of C' and U
and their invariants.

Prove that e = F"TEF~! and ¢ = RCR”.

Demonstrate that FA; = \;b; with \; the principal values of the tensor
U and with A; (i = 1,2,3), the associated principal vectors, and then prove
relation (2.119).
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Using kinematic linearization (sec.2.9.1) and Nanson’s formula (2.107)
show that the corresponding area elements before and after deformation are
approximately the same.

Show that kinematic linearization (sec.2.9.1) results in the following re-
lations between the deformation tensors U, e and rotation tensors R, w:

U~I+e
R~T+w.

Derive relation (2.157).
The displacement of a body is described by the equations

ur = uy (21, 22)
Uz = U2($1,$2)

U3:0.

Let ABCD be an infinitesimal element with sides dz; dxs as shown in figure
2.23. From the deformed configuration A’B’C'D’, deduce the deformation-
displacement relations in the case of infinitesimal strain.

Xo, a9
N
dz,
A |
[ |
| |
l l
T T
1_ 1 Xl: sl
T dz, ‘

Fig. 2.23 Deformation of an infinitesimal element

A plate with unit thickness in the plane Oxiz5 is subject to a uniform
deformation field given by

g =107° (2.224)

O N
SN =
o
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Find the change in length of a linear element with initial length equal to 1:

1) parallel to the axis z1;
2) parallel to the axis o;
3) that is at an angle of 45° degrees with the axis ;.

Prove that the strain ey for a linear element dS in the plane Oxziz5, in
direction IN, which makes an angle # with the horizontal axis is given by

N = 110082 0 4 £998in% 0 + 2615 cosOsin b | (2.225)

where €11, €92, €12 are the components of the infinitesimal strain tensor.



CHAPTER 3

Dynamics

of Continuous Media

3.1 Introduction

After the study of the motion of a body and introduction to the various pa-
rameters that describes it, the next step is the study of the conservation of
certain quantities, such as mass, momentum, and angular momentum during
the motion. In this context we will introduce the concept of stress and its
measurement; its properties will be studied in detail. In the mechanics of con-
tinuous media, the stress is the parameter that characterizes the mechanical
interaction with the environment and is the cause of motion. It is therefore
essential to develop the mechanics of continuous media as the generalization of
point mechanics and Newton’s laws. As was the case for kinematics in chapter
2, the type of material and the specification of the motion will not figure in the
development of this chapter.

The dynamics of continuous media is also developed in the following refer-
ences: [15, 20, 33, 34, 36].

3.2 Reynolds Transport Theorem

3.2.1 Background

The time derivative of a volume integral plays a very important role in the for-
mulation of the laws for mechanics of continuous media. For example, consider
the function I(¢) given by

() = /ch(x,t) qv (3.1)

where ®(X,t) is a scalar, vector, or tensor quantity, and @ C Ry represents
the volume of the body in the initial configuration at time ¢ = 0, or a part II
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of it. We define the material time derivative of a volume integral by the
expression

DI(t) d

——=— | &(X,t)dV. 3.2
In the case where the boundary does not change with time, we can bring the
time derivative inside the integral and (3.2) becomes

DI(t d 0P(X,t

7():—/<I>(X,t)dV:/ng. (3.3)
Dt dt Jq o Ot

When the boundary of the body does change in time, the derivative applied

earlier is no longer valid and we need another method. That case will be
presented next.

Suppose that the scalar, vector, or tensor quantity ¢(x, t) expresses a char-
acteristic of the body and that the body, or a part II C B of it, occupies a
volume w(t) € R with boundary dw(t) C IR at time t. The balance equation
can be formulated in the following way: the rate of variation of the integral of
p(z,t) in the volume w(t) as a function of time is equal to the rate of variation
of p(x,t) in w(t) plus the total flux of ¢(x, t) passing through the surface dw(t).

Reynolds Transport Theorem

Mathematically, the balance equation is written as

i/ oz, t) dv :/ dp(z, 1) dv+/ oz, t)v-nds.  (3.4)
dt Jo) wt) Ot du(t)

This expression defines the Reynolds transport theorem. Using the diver-
gence theorem (sec. 1.4.13), we can also write it in the form

jt/w(t) o(x,t)dv = /w(t) (W + 3(; (go(:c,t)vi)> dv (3.5)

or with (2.27),

d Dy(x,t) .
— t)dv = _ t) d dv . .
g /w(t) oz, t) dv /w(t) ( D1 + o(x, t) 1vv> v (3.6)

In the following equations, we denote w(t) by w and dw(t) by Ow. To further
simplify the notation, we will on some occasions omit the arguments of tensor,
vector, and scalar functions.

PROOF.
1) To demonstrate the Reynolds transport theorem, the time variation of the
Jacobian is required. We know from (2.103) that

dv = J(X,t)dV, (3.7)
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where the Jacobian J (2.68) can be expressed as
J(X, t) =det F = Eijk FileQFk-g = Eijk FliFQngk 5 (38)
since by writing €, F;1 Fj2Fk3 and using the properties of €;5;, we obtain

€ijkFi1 FioFrs = Fi1FaoFs3 + Fo1 F30F13 4 F31 F12F53

3.9
— F11F30F53 — F31FooFy3 — Fo1 FioF33. (3.9)

The calculation of the material derivative of J(X,t) is easily carried out as
follows. We have
Ix1 Ox2 Oxs Ix1 OX2 Oxs Ix1 Ox2 OXs

X, 9, 09X, TN ON, aX, aX, T S0 ax, ox, ox, V)

J = ¢€ijk

Introducing the velocity (2.20), and using the implicit function theorem, we
obtain

9z, 0X, 0X,; 0X, | 0X, Oz, 0X, 0Xy

Ix1 Oxe % Oz
aXi 8Xj 033,, 8X;€

. (81}1 Oz, Ox2 Ox3 = Ox1 Ova Oz, Ox3
J = gijk

O, Ovy Ovs
=_—94 —9 — 03pJ . A1
6Z‘p 1pJ+ 81‘1, 2pJ+ 6371, 3pJ (3 )
Finally, we have
jo v J(X,t)=V v J(X 1) (3.12)
N ox; o z=x(X,t) e '

This expression, sometimes written as J /J = divw, is the rate of volume dila-
tion. As a final result of the previous developments, we can obtain the material
derivative of a volume element by combining (3.7) with (3.12). Then, succes-
sively,
Ddv
Dt

2) We can derive the Reynolds transport theorem defined by (3.5) or (3.6). Let
the integral I(t) be defined by the relation

=Jdv = %dv = div vdv . (3.13)

I(t) = / p(x,t) dry dee das (3.14)
and evaluate the integral
DIt d
T(t) = /w o(x,t) dzy dee das . (3.15)

To do so, we cannot permute the derivative with respect to time with the
integral, since the latter is over a volume which depends on time. Thus we
change to the material representation

DI(t) d

Pl _ %/Slw(x(x,t),t)J(X,t) dX, dXy dX; | (3.16)
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Osborne Reynolds (1842-1912) was an English mathe-
matician born in Belfast. He was appointed professor
of engineering at Owens College, now the University of
Manchester, in 1868. He made contributions in hydrody-
namics and fluid mechanics. He introduced the Reynolds
number, as well as the Reynolds decomposition for the
. modeling of turbulence.

Fig. 3.1 Osborne Reynolds

Using (2.103), we have
dl‘l d$2 d1‘3 = J(X, t) dX1 dXQ dX3 or dv= J(X, t) dv . (317)

Then, (3.16) can be expressed as

—Déit) = %/Q@(X,W(X,t) dX1dX,dXs, (3.18)
where
(X, 1) = p(x(X,1),1). (3.19)

Thus it is easier with relation (3.18) to express the derivative of the integral

3.20
o280 Yo,
Using relation (3.12), integral (3.20) can be written as follows:
DI(t) _/(6@(X,t)’
Dt 0 a |x (321)

+9(X,t)(V-v)

) J(X,t)dX; dXsdXs .
z=x(X,t)

Making the appropriate changes in the last integral and using (2.3), (3.17),
(3.19), and

3<1>(X,t)‘ _ Do(z, 1) , (3.22)
Ot | x—y i@ Dt
we have the final result

DI(t) Dy(z,t)

Expression (3.23) is the Reynolds transport theorem applied to a scalar
function p(x,t).
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We can consider the Reynolds theorem to be a generalization of Leibnitz’
theorem:

d [ b 8 db da
dt/a(t) p(a,t)dx = ) Spdr+ o=t ——pl=at). (324)

Since
Do(z,t) _ Op(x,t)
Dt ot
integral (3.23) can be written as

+v(x,t) - Vo(a,t), (3.25)

%(tt) _ /w <8<‘0g:’t)+v(gg,t)-Vgp(a:,t)-l-V'v(w’t)SD(wat)) dv
:l(%ﬁ?”+(v(m)-w(m)+V-v(w,t)so(w»t))) dv
— /wawg’t)var/wdiv(v(m,t)@(%t)) dv. (3.26)

Using the divergence theorem (1.228) for the second integral, we obtain

DI(t) [ Op(x,t)
Dt _/w ot

dv —|—/ ole,t)v-nds , (3.27)
Ow

which is none other than (3.4).

3.3 Conservation of Mass

In the mechanics of continuous media, the mass is treated as a fundamental
concept and considered as inherent to the body. The mass of the body B
signifies, first of all, the quantity of material that B contains. Experience
shows that this quantity does not depend on time, nor the transformation of
the material (for example, by a phase change), nor the deformation of B. In
addition, the quantity of material in two arbitrary parts of B is the quantity
of material in the first part plus that in the second. These aspects can be
formulated and thus rendered more precise in two different ways, depending on
whether we adopt the material or spatial descriptions to describe the motion
of B.

3.3.1 Material Form

Let Ry and R be, respectively, the initial (or reference) and the current con-
figurations of B (fig. 3.2). The initial mass density of the body B in the
material description is a positive and integrable scalar function Py(X),
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Fig. 3.2 Motion of an arbitrary part Il of B

defined on Ry, such that the mass m(2) of an arbitrary part II of B at time
t =0 is given by

m(Q) = /Q Po(X)dV = /Q Po(X)dX, dX, dXs, (3.28)

where 2 C Ry is the initial configuration of IT C 5. Similarly, at later times
the current density of B in the spatial description is a scalar, positive,
and integrable function p(x,t) defined on R, such that the mass m;(w) of
any part IT of B at a given instant ¢ > 0 is given by

my(w) = / plx,t)dv = / plx,t) dry deg des , (3.29)

where w C R is the configuration at time ¢ of II.

PRINCIPLE OF CONSERVATION OF MASS The mass contained in an arbitrary
part IT of the body B remains constant in time, that is,

my(w) = m(Q). (3.30)

By introducing (3.28) and (3.29) in (3.30), we obtain

/p(m,t)dvz/QPo(X)dV. (3.31)

In this expression the vector position at time ¢, @, of a particle in IT is related
to the initial vector position, X, by the equation of motion of B, given by (2.1).



Conservation of Mass 109

Taking (2.1) into account, (3.31) is mathematically equivalent to changing vari-
ables. Changing variables from x to X, the corresponding volume elements dv
and dV are related by (2.103). Then, using (2.1) in (3.31), we obtain

/Q (J(X. Dp(x(X.1),1) — Po(X)) dV = 0. (3.32)

If the density at time t, P(X,t), in the material description is defined
by
P(X,t) = p(x(X,1),1)), (3.33)

integral (3.32) can be written as
/ (J(X,t)P(X,t) — Py(X))dV =0. (3.34)
Q

Expression (3.34) is the global material form of the principle of conservation
of mass. In order to obtain the local form of the principle of conservation of
mass, we exploit the fact that (3.34) is valid for an arbitrary initial part Q of
Ro, as long as the integrand of (3.34) is continuous with respect to X, and
we invoke the localization theorem.*)

Localization Theorem

Let f be a continuous scalar, vector, or tensor function defined on an open
domain D of a three-dimensional FEuclidean space. If

/ Fdv =0 (3.35)
Q
for any closed sub-domain Q) of D, then

F=0 (3.36)

for every point of D.

Consequently, the integrand of (3.34) must be zero. We obtain
J(X,)P(X,t) = Py(X). (3.37)

This equality represents the local material form of the principle of conserva-
tion of mass.

The body B or the material constituting B is said to be incompressible
if the density is invariable, that is, it does not depend on space or time. In this
case, P(X,t) = Py(X) and consequently

J(X,t) =1 (3.38)

(1) The localization theorem is based on the Dubois-Reymond lemma used in the calculus
of variations.
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for every point X of Ry and at every instant ¢. This condition is frequently met
in fluid mechanics and in the study of rubber-like solid materials. It follows
from (3.37) and (3.33) that the incompressibility condition (3.38) is equivalent
to

P(X,t)= p(x(X,t),t) = PRy(X). (3.39)

A motion for which relation (3.38) is seen to be the case is a motion for
which the volume remains constant (see (3.7)) and is called isochoric motion.

3.3.2 Spatial Form

Consider equation (3.31) again. The derivative with respect to time, using the
Reynolds transport theorem, is

% plx,t)dv = / (Dp(zc,t) + p(z, t) divo(ez, t)) dv=0. (3.40)

Dt
This is the global spatial form of the principle of conservation of mass. As-
suming that the integrand of (3.40) is continuous with respect to «, and by
applying the localization theorem to it, we obtain the local spatial form of
the principle of conservation of mass
Dp(x, t)

T + p(:lc, t) div 'u(ac, t) =0. (341)

This equation is also called the continuity equation. Since

Dpl()a;t) _ apg,t) +Vp(a,t) - v(@, 1) (3.42)

div(p(z, t)v(z, 1)) = p(,t) divo(z,t) + Vp(z,t) - v(z, 1), (3.43)

expression (3.41) can be written in the equivalent form

Ip(z,t)
ot

Equation (3.41), or (3.44), is a basic equation for fluid mechanics while its
material equivalent (3.37) is used in solid mechanics. If the material is incom-
pressible, then from (3.39), the density p(«, t) is constant and Dp(x,t)/Dt = 0.
It also follows from (3.41) that the incompressibility condition can be ex-
pressed by one of the following equivalent forms:

dive = g”f —dy =trd=1I(d) =0, (3.45)

T4

+ div(p(z, t)v(z,t)) = 0. (3.44)

where we have used the definition (2.180) of the strain rate tensor d. Note that
the velocity field that satisfies (3.45) is solenoidal. As divv = 0, it follows from
(3.12) that J = 0 so .J remains constant over time. Since J(X,0) = 1, the
motion of an incompressible material takes place with constant volume and is
often called isochoric.
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Another way to deduce the continuity equation consists of the following
steps: consider in figure 3.3 a fluid that flows through a volume element
Az AzyAxs with velocity v;(z1, z2, x3).

(2 + Azy, 2y + Axy, 25 + Axy)

L)
v .
P4 Iy P4 2+ Axy
Ay
e ;
: (Ilﬁ T, 13) A
Az
O -
e 11

€3

z3

Fig. 3.3 Mass balance in an elementary volume

If we suppose that the flow is oriented in the positive direction of the z;
axis, the quantity of mass entering the volume through the surface at x; is
given by

pvl‘xl Azy Axs . (3.46)
The quantity of mass leaving the volume through the surface at x7 + Az is
given by
PU1 }11+AI1 Azo Axs . (3.47)
In the same way, the quantities of mass entering and leaving in the directions
z9 and x3 are given by

Al‘3 Al‘1
AIL’l AII?Q .

in direction o pv2’12 Azg Az, pvz}ngrAzg (3.48)

in direction 3 pvg|m Azy Az va}w +Az
3 3 3

The rate of change of the mass in the element of volume Axy Axo Axs is

dp
(A.’El AiEQ Al’d)a .

The result for the flow in the volume under consideration is given by

[ rate of change ] B [ rate of ] B [ rate of }

of mass mass entering mass leaving

(3.49)
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The balance equation for this result is written using relations (3.46)—(3.49)

0
(AazlegAxg)a—? = (,0111|I1 — pv1|m1+Az1) Az Axs

+ (Pv2|m2 - pv2|Z2+Aw2) Azg Az (3.50)
+ (pv3|x3 — pv3|m3+Ax3> Az Azo .

Dividing (3.50) by the volume AziAzsAzs and taking the limits Az; — 0,
Azy — 0, Azz — 0, we have

8p . pvl‘zl - pvl‘m1+Ar1 . pv2’m2 - pUz’mQ—Q—Azg
— = lim + lim
ot Ax1—0 Al’l Azo—0 AIEQ

_ pus|, — pus] A
+ lim T3 r3+Az3
Axz—0 Al’g

d(pv1) | O(pv2)  O(pvs)
= — . . 1
( 8951 + 8x2 + 81’3 (3 g )
Equation (3.51) can also be put in the form
ap op op ap Oovy  Ovy  Ovs
L S Z2 T 52
ot TV aﬁ 262+”363 (8z1+81’2+6x3) (3:52)

The left-hand side of this equation represents the material derivative of the
density and the right-hand side the divergence of the velocity field

D

Ff = —pdivo. (3.53)
We thus find the continuity equation as established for an elementary control
volume.

3.4 Volume Forces, Contact Forces and Cauchy’s Postulate

Like mass, force is a fundamental concept in the mechanics of continuous
media. The forces determine the interactions between the different internal
parts of a body or between the body and its external environment. A force can
only be detected by its effects; that is, it cannot be directly measured. For
this reason, force is one of the most abstract concepts in mechanics.

To elaborate this point, we cite an extract from letter LXXIV from Euler
to a German princess [14]: “for as a body, in virtue of it’s nature, preserves the
same state of motion, or of rest, and cannot be drawn out of it but by external
causes, it follows that, in order to a body’s changing it’s state, it must be forced
out of it by some external cause: without which it would always continue in the
same state. Hence it is, that we give to this external cause the name of power
or force. It is a term in common use, though many by whom it is employed
have but a very imperfect idea of it.”®

) Translation by Henry Hunter published in London in 1795.
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We will treat two types of forces: wvolume or body forces (acting at
a distance) such as gravity or electromagnetic forces, including the Lorentz
force, and contact forces. Let B be a body with the initial configuration
Ro and currently in configuration R. The volume force acting on B at time ¢
represents the action of its external environment on the interior points of B at
that instant. More precisely, if II is an arbitrary, small part of B whose initial
and current configurations are Q and w (fig. 3.2), the volume force acting on
IT at time ¢ is given by

Folwt) = / o, )b(a, 1) dv. (3.54)

where b(x, t) is a vector function defined on R called the spatial volume force
density (per unit mass) at time ¢. The material version of (3.54) takes the
form

F(Q,1) = / Py(X)B(X,t)dV, (3.55)
Q

where B(X,t) is the material volume force density at time t. As fb(w,t)
and F°(Q,t) represent the same quantity, we can have f°(w,t) = F°(Q,t), that
is

/p(az,t)b(w,t) dv — /QPO(X)B(X,t) Qv =0. (3.56)

By changing the variables from @ to X, then using (3.33) and (3.37), and
finally, by applying the localization theorem, we obtain the relation

B(X,t) =b(x(X,1),t). (3.57)

Contact forces can describe the interaction between two interior parts of a
body B separated by a surface (that is, internal cohesive forces) or the action
of external bodies directly in contact with the boundary of B. Let II™ and
IT™ be two arbitrary parts of a body B such that their initial configurations
Q™ C Ro and QT C Ryq are separated by a surface I'g and their configurations
at a later time, w~ C R and wt C R, by a surface I' (fig. 3.4). In the spatial
description, the action of II* on II™ at the instant ¢ across a surface element
ds(x) of ' around x is represented by a contact force element § f°(x,,T). By
writing this, we tacitly assume that the action of II™ on II~ is influenced only
by the form of wT through its boundary I' with w™. In addition we assume
that the limit .

t(x,t,T) = lim of (.1, 1)

5550 8s(x) (3:58)

exists. The vector t(x,t,T") is the force, per unit surface (spatial), exerted by
ITT through I' on II~. This contact force density is called the spatial stress
vector (contact) or the surface stress vector.

According to (3.58), the stress vector ¢ at x depends on the whole of the
surface I'. However, in classical mechanics of continuous media, the following
hypothesis is applied.
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Fig. 3.4 Contact force and the contact stress vector

CAUCHY’S POSTULATE The stress vector t at  on the surface I' depends only
on the outward unit normal n of T' at x, that is,

t(z,t,T) =t(z,t,n). (3.59)

This postulate stipulates that if three different surfaces I'y, I's, and I's share
the same tangent plane at x, the stress vectors acting on these surfaces at @
are identical (fig. 3.5).

Finally, the action of IIT on II~ through the surface I is described by the
contact force vector

fem,t) :/Ft(a:,t,n) ds. (3.60)

By analogy, the action of the external environment on a body B through the
boundary JR is given by

FOR) = / t(a,t,m) ds (3.61)
OR

In the following, the contact force is expressed with respect to the current,
deformed configuration R. However, in many important problems, in particular
in solid mechanics, the deformed configuration is not known in advance. It is
thus more convenient to express the contact force with respect to the initial,
reference configuration Ry. The notions of the nominal contact stress vector
and material contact stress vector can be introduced. But, as the physical
and geometrical interpretation of these vectors is not intuitive, we will present
them in more detail in section 3.9.
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Fig. 3.5 Interpretation of Cauchy’s postulate

3.5 Conservation of Momentum and Angular Momentum

In physics, the momentum of a particle of mass m and velocity v is defined
by
m = mv m; = mu;, (3.62)

and the angular momentum of the particle with respect to the origin 0 by
m=mz X v M = ME;jLT;V . (3.63)
For a part II of a body B in the initial configuration, R, and the current

configuration, R, (fig. 3.2), we have the following definitions of the momentum
and angular momentum with respect to the origin 0

ﬁ(w,t):/p(m,t)v(m,t)dv

mi(w,t):/p(:c,t)vi(:c,t)dv (3.64)
(o, 1) = / p(@, ) @ x v(, 1) dv
3w, ) = / (@, V)i on (@, 1) do. (3.65)
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The material derivatives of the preceding quantities are expressed as

M:/p(m,t)% dvz/p@c,t)a(smﬂ dv

Dt
Dm(w,t) Dv(x,t)
W-/@p(m,t)mx D dv

plx,t)x x a(x,t) dv

I
e~

(3.66)

(3.67)

where a is the spatial acceleration defined by (2.33). The Reynolds transport
theorem and the continuity equation (3.41) permit us to write equation (3.64)

in the form

Dmi(w, t) = i/ﬂvidv:/ (D(pvi) +Pv'avm)dv

Dt dt Dt " 0T

&v + DviJr v-—avm dv
Dt th p 0T

Dvi+ Dp+ vy, J
ot "'\ Dt TPz, ))

pa; dv .

[l
E\E\»e\

The equality (3.66) is thus proved. Similarly, relation (3.67) is demonstrated

by writing

Dmi (wv t)
Dt

d
d—/psijkxjvk dv

p51 kx Uk Ovy,
/w ( ] J + PEIjLT U 8xm> dv

Dy Dy, vy,
sukx]vk + pEijk D1 vk + T Dy -+ x]vka dv

Dp 8'07”
peukx] Dt + PEijkV;Vk + EijkT;Vk i + p@x dv

/ PEijrTjar dv,
w

where we have used the fact that ;;,vvi, = 0. Now we will derive and state
the two fundamental principles of mechanics of continuous media, known as

FEuler’s laws of motion.

PRINCIPLE OF CONSERVATION OF MOMENTUM The rate of change of the mo-
mentum of an arbitrary part I1 of a body B at time t is equal to the sum of the

forces applied to 11 at that instant.
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The sum of the forces is composed of the volume forces acting on the
particles II and the contact forces acting on the boundary of II. In the spatial
description, that is equivalent to the sum fb(w,t) + f°(0w,t). With (3.54),
(3.60), and (3.64), the principle of conservation of momentum of IT has the
following spatial formulation:

%/ plx,t)v(x,t)dv = / p(x,t)b(x,t) dv +/a t(z,t,n)ds. (3.68)
With (3.66), we can write (3.68) as
/ p(@, t)a(z, t) dv — / p(@, )b(w, 1) dv +/ tHa,tn)ds.  (3.69)

ow

PRINCIPLE OF CONSERVATION OF ANGULAR MOMENTUM The rate of change
of angular momentum (with respect to the origin) of an arbitrary part II of a
body B at time t is equal to the moment (with respect to the origin) of the forces
applied to I1 at that instant.

In the spatial description, that is equivalent to stating

plx,t)x x v(x,t)dv

dt Ju (3.70)
= / p(x,t)x x b(x,t)dv —I—/ x X t(x,t,n)ds.
w ow
Applying (3.67), (3.70) becomes
/ plx, t)x x a(x,t) dv
“ (3.71)

/ plx, t)x x b(x,t)dv +/ x X t(x, t,n)ds.
w ow

We must point out that the existence of an observer is implicitly assumed
in these statements of Euler’s laws of motion and in expressions (3.68) and
(3.70). This then implies that the principles of conservation of momentum
and of angular momentum are not objective, that is, they are not invariant
when changing from one observer to another. This is because the velocity and
acceleration are not objective quantities, as has been shown in section 2.11.
Often, the observers for which (3.68) and (3.70) are invariants are qualified as
inertial or Galilean (see sec. 2.11).

3.6 Cauchy’s Theorem and Equation of Motion

We are now going to deduce important consequences of the principles of con-
servation of momentum and angular momentum. The first is an equivalent of
Newton’s third law.
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CAucHY’s LEMMA If the stress vector t(x,t,m) is continuous with respect to
x, then the principle of conservation of momentum (3.69) implies that

t(z,t,—n) = —t(xz,t,n). (3.72)

This is none other than the principle of action and reaction.

PROOF.
Let us cut the configuration w of an arbitrary part II of a body B into two
parts, w~ and wT, with a surface I" between them for which the unit normal
exiting w™ is n (fig. 3.6). The boundary of w™ is composed of two surfaces
I' and I'", that is, dw™ = ' UT'". In the same way, the boundary of w™ is
Owt =TUuUTlT.

The principle of conservation of momentum is valid for w™ and for w¥

/M plx,t)a(x,t) dv
= /wi p(x, t)b(x, t) dv+/ t(x,t,m)ds

Ow—

= /wi p(x,t)b(x, t) d’U‘i’/i t(x,t, n)ds+/t(a:,t,n) ds (3.73)

r
/+ plx,t)a(z,t) dv
:/ p(a:,t)b(:c,t)dv—i—/ t(x,t,n)ds
wt OwTt
:/w+ p(m,t)b(ac,t)dv+/F+t(sc,t,n) ds—&—/rt(:c,t, Cn)ds. (3.74)
Xy, 29

€

€3

X3, 3

Fig. 3.6 Partition of w into w™ and w™ with a surface I"
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Now, equation (3.69) is valid with w = w™ Uw™ and dw = I'"UTF. Combining
(3.73) and (3.74) with (3.69), we obtain

/(t(ac7 t,—n) +t(z,t,m)) ds =0. (3.75)
r

Since t(x, ¢, ) is continuous at x and the choice of T' is arbitrary, the applica-
tion of the localization theorem to (3.75) yields (3.72).

With Cauchy’s lemma, we are ready to state and prove one of the principal
results of mechanics of continuous media.

Cauchy’s Theorem (existence of the stress tensor)

If the stress vector t(x, t,m) is continuous with respect to x and if p(x,t)b(x,t)
and p(x,t)a(x,t) are bounded, then the principle of conservation of momen-
tum implies that there exists a stress tensor o (x,t) such that

t(xz,t,n) =o(x,t)n or ti(x,t,n) = 0;(x, t)n; . (3.76)

PROOF.

Consider a tetrahedron wy for which the three faces S; are perpendicular to the
unit vectors e; (i = 1,2,3) and join at the position « of a particle of a body B
(fig. 3.7). Let the fourth face be Sy, with area A and arbitrary unit normal
n = (cosay,cosas, cosas)?. Then, a simple calculation shows that the area
A; of the face S; with unit (outgoing) normal e; is given by

A; = Acosay CoOSQ; =T -€;. (3.77)

Denoting the distance from x to Sy by h, the volume of the tetrahedron is
1

Consider another tetrahedron w similar to the first, wy (fig. 3.7). Each linear
dimension in w is proportional to that in wy with the ratio A > 0. Then the
volume of w is

1
v=7g N3hA. (3.79)
The area a of the face s4 of w with n as outgoing unit vector is
a=M\A, (3.80)

and the area a; of the face s; of w with outgoing unit normal e; is expressed as
follows:
a; =NAn-e; =\ Acosa; . (3.81)
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Fig. 3.7 Cauchy tetrahedron

For the tetrahedron w, the principle of conservation of momentum (3.69) yields

[ (el t1aty.t) - ply. 1b(5. 1)) do
3
:/ t(y,t,n)ds—l—z-/. t(y,t,—e;)ds.

Since the stress vector t is, by hypothesis, continuous at y, then the mean value
theorem of integral calculus implies that there exists y, € s; such that

(3.82)

/ Hy, t,n) ds = at(Fy, 1) = \LAL(F,, 1, ) (3.83)

S4
/ t(y,t, —e;) ds = a;t(y;,t,—e;) = N> Acos o;t(g;, t, —e;) . (3.84)
Si

In this last relation there is no sum over 3.

In addition, as p(y,t)b(y, t) and p(y, t)a(y,t) are assumed to be continuous
and bounded, there exists a finite constant M > 0 such that

Taking into account (3.83), (3.84), and (3.85) in (3.82), we can write

1
< Mv = 3 MMN3hA. (3.85)

/ (py. )aly. ) — p(y, )b(y, 1)) dv

3
N At(gy, t,n) + Z N2 Acos ait(Fs, t, —e;)

i=1

MXhA,  (3.86)

Wl =

0< <
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that is,
3
t(Yas, t,m) + Z cos ;t(y;, t, —e;)
i=1

0< MAh. (3.87)

As A — 0, then g, — @ for every i = 1,2,3,4 and (3.87) becomes

3
t(x,t,n)+ Z cos a;t(x,t, —e;) ‘ =0. (3.88)
i=1

Using Cauchy’s lemma (3.72) and the second relation of (3.77), it follows from
(3.88) that

3
t(x,t,n) Zn e )t(x,t,e;) =0, (3.89)
i=1

that is,

t(z,t,n) =(n-e)t(x,t,e1) + (n-ex)t(x,t,e3) + (n-ez)t(x,t,e3). (3.90)

The definition of the tensor product of two vectors (1.48) allows us to write
(3.90) in the form

t(z,t,n) = (tx,t,e1) ® €1+ t(x,t,e2) ® ez + t(w,t,e3) @ez)n.  (3.91)
Consequently, the existence of the Cauchy stress tensor
o(xz,t) =t(x,t,e1) ® e +t(x,t,e2) ex +t(x,t,e3) Qes, (3.92)

such as (3.76), is valid and proved. A stress, being a force per unit surface, is
expressed in Pascals (Pa) in SI units.

Cauchy’s theorem expresses the linear dependence of t(x,t,n) with re-
spect to the unit normal. Thus, when the stress tensor o(x,t) is known, the
stress vector acting at @ on any surface with outgoing unit normal n is com-
pletely determined. Consequently, the state of stress at x (at time t) is
characterized by the stress tensor o (x,t). Even if the main properties of the
stress tensor will be studied further on, it is useful to give a geometric inter-
pretation of its components o;; in order to better understand its importance in
continuum mechanics.

The components o;; of the matrix of o with respect to the basis {e1, e2, e}
are obtained by

aij:ei-aej:ei~te]. te

L, =0ej. (3.93)
This relation shows that o;; is the component of the stress vector te; in the
direction ¢ acting on a spatial surface element whose unit normal is aligned in
the direction of e; (fig. 3.8).
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Fig. 3.8 Stress components of the Cauchy stress tensor o

For example, 011 is the component in direction 1 of the stress vector acting
on a surface element with unit normal e, and o2 is the component in direction
1 of the stress vector acting on a surface element with unit normal es. The
normal component of ., that is,

ojj=¢ej te, =€;-0€; (no sum over j), (3.94)
is called the normal stress. It corresponds to tension if it is positive or to
compression if it is negative. The tangent components of ., that is,

045 = €5 tej =€, 0€y with €;-€; = 0, (395)
are called shear stresses. For example, 011 is a normal stress and o5 is a
shear stress.

We will now use Cauchy’s theorem and the divergence theorem to derive
the equations of motion for a continuous medium starting from the principle
of conservation of momentum.

PRINCIPLE OF CONSERVATION OF MOMENTUM

Theorem

Suppose that the stress tensor o(x,t) is continuously differentiable with
respect to x, and that p(x,t)b(x,t) and p(x,t)a(x,t) are continuous at x.
Then, the principle of conservation of momentum, that is (3.69), is satisfied
if and only if, for an arbitrary point  of R,

divo(z,t) + p(x, t)b(z,t) = p(z, t)a(x,t) or o4, + pb; = pa;. (3.96)
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PROOF.
Necessity. Introducing (3.76) in (3.69), we obtain

/p(m,t)ai(m,t)dv:/p(m,t)bi(a:,t) var/(9 oii(x,t)n; ds. (3.97)

Applying the divergence theorem to the last term, we obtain
/ (p(z, t)a;(z,t) — p(x, t)b;(x, t) — 0455 (w, 1)) dv = 0. (3.98)

Since the integrand is continuous at x, (3.96) follows from the localization
theorem.

Sufficiency. Suppose that (3.96) is valid for every interior point of R. Then,
for an arbitrary domain w de R,

/ (@, Das(x, t) — pla, i, 1) — oy (@ 1)) dv=0.  (3.99)

Applying Cauchy’s theorem and the divergence theorem to this equation, we
can conclude that (3.68) is verified.

Equation (3.96), derived by Cauchy, is called Cauchy’s equation of mo-
tion. When there is no acceleration, it is also called the equilibrium equa-
tion. As we will see, equation (3.96) is one of the most often used equations
in the mechanics of continuous media.

PRINCIPLE OF CONSERVATION OF ANGULAR MOMENTUM

Theorem

Suppose that the stress tensor o(x,t) is continuously differentiable with
respect to x, and that p(x,t)b(x,t) and p(x,t)a(x,t) are continuous at x.
Then the principle of conservation of angular momentum (3.71) implies the
symmetry of the Cauchy stress tensor,

U'T =0 or 0i5 = 04 - (3100)

PROOF.
Taking into account (3.76) in (3.71), we have

/p(mat)gijkxjak(xvt)dv
© (3.101)
:/p(m,t)gijkijk(m,t) dv+/ €ijkTjOkm (T, )N, ds .

ow
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Applying the divergence theorem to the last term and since x; ,, = 6, (eqn.
(1.27)), we obtain

/ €ijkLjOkm (X, t)Nm, ds

Ow
= / 5ijk(xj,makm(w,t) —|—xj0km7m(w,t)) dv
:/gijk(akj(w,t)+xjakm,m(m,t)) dv. (3.102)

The substitution of (3.102) in (3.101) yields

/ ey (p(@, an(@, t) — p(a, O)br(@,1) — Opmm(@, 1)) dv
¢ (3.103)
= / €ijkOkj (CC, t) dv.

From (3.96), the left-hand side of this expression is equal to zero. Thus (3.103)
is reduced to

/ €ijkOkj ((E, t) dv=20. (3104)

The localization theorem and expressing o0;; in symmetric and antisymmetric
parts lead to

1 1
€ijkOk; = 5€ijk Ok +0jk) = 5 ik (06 —0k;) = =5 €ijn(ojn—0k;) = 0. (3.105)

This implies that ;5 = o, that is, (3.100). Equation (3.100) tells us that
012 = 021 0923 = 032 031 = 013 - (3.106)

Consequently, among the nine components of the Cauchy stress tensor o (fig.
3.8), six are independent. In addition, because of its symmetry, o possesses
several properties which can be obtained by directly applying the results of
linear algebra for symmetric tensors. In particular, the spectral decomposition
theorem for a symmetric tensor can lead to a better understanding of o. Finally,
we can point out that the symmetry of the tensor o guarantees, by itself, the
conservation of angular momentum. The proof of this affirmation is performed
simply by inverting the order of the steps in the previous theorem. Thus,
Euler’s two laws of motion are satisfied if the stress tensor o is symmetric and
satisfies equation (3.96).

3.7 Properties of the Cauchy Stress Tensor

Now we will study the main properties of o(x,t), starting with (3.76) and
(3.100). In order to simplify the notation in this section, we will not consider the
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dependence of o on x and t as the properties of o remain valid independent of
the values of @ and ¢. The stress vector is given by Cauchy’s theorem expressed
in relation (3.76)

t=on or ti = oyn, . (3.107)

In general, t does not act in the direction of the unit normal n with which it
is associated. Thus, t not only has a normal component

tn=n-t=n-on or ty = ngty = ogynng (3.108)
but also a tangential component associated with shear
tr = ||t — (n-t)n| = ||(I —nen)t| = (tt; — 13)"2. (3.109)

Nonetheless, it is possible for ¢ to act uniquely in the direction of m. This
possibility leads to the following eigenvalue problem:

on =An or 0N = An; . (3.110)

Linear algebra (sec. 1.3.8) allows us to state that the characteristic equation
associated with (3.110)

det(c — AI) =0 or det(oi; — Xd;5) =0 (3.111)

has three real roots o; (i = 1,2, 3) because the tensor o is symmetric. These
roots are the eigenvalues of o which, in mechanics, are called the principal
stresses. In general, o has three distinct principal stresses o1, 02, and o3,
which are usually ordered so that o7 > 09 > o03. The axes aligned with
the principal vectors n; associated with o; are called the principal stress
azxes and the planes normal to these axes are called the principal planes.
In summary, a principal stress is the normal stress that acts on the principal
plane, where no shear stress exists.

In linear algebra it is proven that the eigenvectors corresponding to the
distinct eigenvalues of a symmetric tensor o are mutually orthogonal. This
means that the two axes or principal planes associated with any two distinct
stresses are perpendicular. This property is used for the spectral decomposition
of o

O =01M1 XN + 02Ny @ Na + 03N3 N3, (3112)

where n; - n; = d;; for 7,5 = 1,2,3. In other words, with respect to the basis
{n1,m2,m3} composed of the orthonormal principal vectors n;, the matrix [o]
of the Cauchy stress tensor is diagonal:

g1 0 0
o= 0 oo 0 |. (3.113)
0 0 g3

The state of stress of a particle of a body B is said to be three-dimensional
if 01, 02, and o3 are all three non zero, two-dimensional, or plane, if two of
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the stresses 01, 02 and o3 are non zero, and one-dimensional if only one of
the stresses o1, 02, and o3 is non zero.

If equation (3.111) is developed, it becomes (eqn. (1.120))

N T, (0)\? + Ta(0)\ — I3(0) = 0, (3.114)
where
Li(o) =tro=o0y (3.115)
Iy(o) = % (tro)®* —tro?) = %((aii)Q — OmnOnm) (3.116)
I3(o) = det o = €;,0410;20%3 (3.117)

are the principal invariants of o with respect to different orthonormal bases.
As we will see, these invariants play a major role in the formulation of the con-
stitutive equations of isotropic materials. With (3.113), they can be expressed
in terms of the principal stresses

11(0') =01+ 09 +03
12(0')10'10'2+O'2(73+0'30'1 (3.118)

13(0') —= 010203 .

Note that the permutation of the indices 1, 2, and 3 does not change I;(o),
Iz(o), or Is(o). Note that since (3.118) are invariants, so are the principal
stresses.

Transformation of the Stress Tensor

In (3.93), the components o;; of the matrix of o are defined relative to the
orthonormal basis {ej, e, e3} by

055 = €; - O'Ej . (3119)

Consider another orthonormal basis {e},e}, e5} obtained by rotation of
{ela €2, 63}

el =cije; (i=1,2,3), (3.120)
where ¢;; is given by relation (1.6). Then the components of o/, with respect
to the orthonormal basis {€], €5, 5}, are related to o;; (see (1.52)) by

/ / /
Oij = €; O€; = CimCin€m * T€n = CimCinOmn - (3.121)

Expression (3.121) is the Cauchy stress matriz transformation rule. It
is seen that the scalars given by (3.118) are said to be invariant in the sense
that

_ /
Oii = 034

(Uii)z — OmnOmn = (Ugi)2 - O—;nno—;nn

/ ! /
€ijk0i1020k3 = €ijk0;10j90%3 -
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It is often useful to decompose o in the following way (see (1.90) and (1.91)):

o =8+ 0'0I or O35 = Sij + oodij , (3122)
where 1 )
SZO'—O'()I, 002511(0')=§Ukk- (3123)

The tensor s, so defined, is called the deviatoric stress tensor associated
with o. By its construction, trs = s;; = 0. In other words, if the deviatoric
part of o is zero, then o takes the form o = —pI with 09 = —p. Note
that p = —(1/3)tro. In this case, we have a state of pure hydrostatic
stress, and p is the hydrostatic pressure. The negative sign comes from the
conventional use of pressure in fluid mechanics, which is regarded as positive
when it causes compression.

EXAMPLE 3.1

Let o be the tensor whose elements are given by (1.122), which describes
the state of stress of a continuous medium (arbitrary units). Then, the
eigenvalue problem to solve is none other than that of finding the principal
stresses and directions. Using this same state of stress, find the stress vector
on the plane defined by the unit normal vector n = 2e;/3 + 2e5/3 — e3/3:

2 1 -2
o= 1 4 -3 ]. (3.124)
—2 -3 -2

To find the vector components on the given plane, we use Cauchy’s theorem
(3.76)

t 2 1 -2 2/3 8
ts | = 1 4 -3 2/3 | =5| 13
ts —2 -3 -2 ~1/3 -8

The normal and shear stress components on this plane are given by (3.108)
and (3.109); the values are, respectively,

tn =nit; =555 and tp = (tit; — 3) "% = 1.48,

Now consider a coordinate system defined by the principal directions. With
respect to this system, we define a plane with a normal vector given by
m = (1/v3)ny + (1/v3)ne + (1/v/3)n3. Using (3.76) the stress vector on
this plane is

o 6 0 0 1/V3 1 6
th | =10 165 0 1/vV3 | =—=|[ 165
t3 0 0 —365 1/v3 V3 \ _365
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The normal and shear components are

tn=niti =133 and tr = (tt; — %) = 3.94.

The plane defined by the unit vector above is called the octahedral plane and
the associated stresses are called the normal and shear octahedral stresses
or the comparison stresses. On this particular plane, it can be shown that

ty = L(c)/3

1
tr = 3 21 (o) — 611(0) .

The proof is left as an exercise for the reader.

The shear component can also be expressed in terms of the principal stresses
or of the second invariant I5(s) of the stress deviatoric tensor s (3.123)

tr = [(01—02)2+(02—03)2+(03—01)2]1/2: %IZ(S)-

Wl =

Note that an equivalent stress ., the von Mises stress, proportional to ¢,

1/2
Oe = ;((01—02)2+(U2—03)2+(U3—01)2)] :\/%'

is frequently used in solid mechanics to characterize the onset of plastic
deformation or rupture of materials.

3.8 Simplified Stress States

As has been mentioned, the equilibrium equations for a continuous medium
correspond to equation (3.96) without acceleration

0011 0012 80’13
3x1 + 8x2 + 3%3

O0oo1  Ooga  0Ooas
by = 0 3.125
8:171 + 81‘2 + (3':173 + po2 ( )

OJos1  Oosy  0Ooss
bs = 0
6$1 + 3332 + 833‘3 + P23

+pby =0

or

80'1']'

8.Tj

+ pbi = 0. (3.126)

The volume force is often denoted as f; = pb;.
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EXAMPLE 3.2
Let the state of stress of a body be given by the following expressions:

011 = 10(1)‘;’4—.’)3%, o19 = 2x3
099 = 201’? 4 100, 013 — .’t%

033 = 3023 + 1023, 093 = 5275 .

We want to find the volume forces such that static equilibrium is satisfied.

The static equilibrium equations are given by (3.125). With the given stress
components, these equations yield

3022 + pby = 0
0—|—pb2 =0
20x3 + pbs = 0 .

Thus the volume force which maintains the equilibrium is given by the
vector (—30z7,0, —20x3). Equations (3.125) can be simplified if we assume
negligible volume forces. These three equations are insufficient to determine
the six components o;; of o, but they must be met for any body in the
absence of acceleration. Simple inspection reveals that if each component
of o is independent of x, the three equations of (3.125), without volume
forces, are trivially satisfied. A state of stress is said to be homogeneous if
o is independent of . Such states of stress are important, not only because
a large number of static or quasi-static tests of continuous media are based
on them, but also because a good understanding of these states is necessary
before treating more complicated stress states.

Uniform Tension or Compression
Suppose that tension or compression is applied in direction 1. The tensor o is

given by

o=o0on; @n or [o] = (3.127)

S O 9
o O O
o O O

where o is constant. This tensor characterizes the state of stress in a prismatic
cylindrical bar parallel to ey, with no force on the lateral surfaces and with
normal stress uniformly applied at the two ends. The bar is said to be in
tenston if 0 > 0 and in compression if o < 0. The principal axes of stress
include the one parallel to e; and all those which are normal to e;. More
general than (3.127), uniform tension or compression in the direction defined
by a unit vector m is expressed as

o=o0(mem) or o = om;m; , (3.128)

with o as a constant.
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Uniform Shear Stress

Uniform shear stress is applied in direction 1 on the planes perpendicular to
e5. The tensor o is given by

S O 2

0 0
oc=T1(e; e t+exRe) or o= 7 01, (3.129)
0 0

where 7 > 0 is constant. This state of stress can be found in the laminar
flow of a viscous fluid parallel to e; over a surface perpendicular to e;. The
characteristic equation (3.114) for this state of stress takes the form

MM =713 =0. (3.130)

Consequently, the principal stresses are 01 = 7, 09 = 0, and 03 = —7, and
the corresponding principal directions are m; = (e; + e2)/v/2, ny = e3, and
n3 = (e; — €3)/v/2 . In summary, the spectral decomposition (3.112) for a
shear stress is

e +e e —e
o=1(e1+e)® —— —1(e; —e)® 12 2 (3.131)
Hydrostatic Pressure
We have already seen that the stress tensor corresponds to the form
o=—-plx)I or oij = —p(x) 45 , (3.132)
and the equilibrium equation (3.125) reduces to
—Vp+pb=0 or —pi+pb;=0. (3.133)
Pure Bending
We suppose no volume forces and that o is given by
OL(SﬂQ - ho) 0 0
o=alry—hy)eg®e; or [o]= 0 0 0 |, (3.134)
0 0 0

where a and hg are constant. The three equations (3.125) are directly satisfied
by (3.134). The tensor o gives an approximation of the stress field such as that
which appears in a prismatic beam parallel to e; with moments applied at the
ends acting about the axis e3.
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Plane Stress

In this case,

o =o011€1 R ey +0per ez +o12(e1@ez +e2Req) (3.135)
or
o1 o2 0
o] =| o012 022 0 |, (3.136)
0 0 0

where 011, 022, and 015 are functions only of x7 and x. Then, with no volume
forces, equations (3.125) simplify to

do11 0012 o 021 0022
8.’171 + 8.’172 =0 8$1 + 8332

=0. (3.137)

The stress field (3.136) can be used to approximate the stresses in a thin plate,
parallel to the plane, perpendicular to eg, on which forces parallel to the plane
act.

3.9 Piola-Kirchhoff Stress Tensors

3.9.1 General Considerations

Until now, the contact force has been expressed per unit area in the deformed
configuration R. The Cauchy stress tensor, o, is expressed with respect to
the current, deformed configuration. This is the reason for which we call it
the real stress. Consequently, the principles of conservation of momentum and
angular momentum have been formulated only with respect to the deformed
configuration. As mentioned at the end of section 3.4, the solution of prob-
lems in solid mechanics requires a formulation with respect to the initial, or
reference, configuration R¢. This is not only because it is difficult to know the
deformed condition of a solid beforehand, but also because it is more convenient
to analyze the experimental response of a solid with respect to its undeformed
configuration. However, there is not simply a change of variables in the equa-
tions of motion and the Cauchy stress components using (2.1), and so we need
to express the contact force in the current configuration per unit surface ele-
ment in the undeformed surface element. Consequently, measurements of stress
defined with respect to the undeformed configuration have been proposed. Two
of them, well known in the study of solids, are the Piola-Kirchhoff stress ten-
sors. The starting point for their definition is the expression of the contact force
actually acting on a surface in the deformed configuration by a stress vector
hypothetically applied to the corresponding surface in the initial configura-
tion. Such a definition of the stress permits us to reformulate the principles
stated in section 3.5 and reach similar conclusions to those of section 3.6.
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Gustav Kirchhoff (1824-1887) was born in Konigsberg.
He taught at the University of Breslau, then at Heidel-
berg and finally at Humboldt University in Berlin. He
made important contributions to spectroscopy, black body
radiation and in elasticity. He reworked the Lagrangian
description of the stress tensor previously introduced by
Gabrio Piola (1794-1850).

Fig. 3.9 Gustav Kirchhoff

3.9.2 First and Second Piola-Kirchhoff Tensors

Let t(x,t,m) be the Cauchy stress vector acting on the actual surface element
nds at  (fig. 3.10). To this vector we associate the vector T'(X, ¢, N), called
the first Piola-Kirchhoff stress vector, to the corresponding reference sur-
face element INdS, and related to t(x,t,n) as follows:

T(X,t,N(X))dS = t(z,t,n(z,t)) ds. (3.138)

Since dS and ds are both positive scalars, (3.138) implies that T' and ¢ have the
same direction. However, the stress vector T' does not represent the actual
intensity at the current time ¢; it is often called the pseudo-stress vector and is
a function of X and the normal N on dS in the initial configuration. Relation
(3.138) yields the elementary contact force applied in both configurations. In
addition, dS and ds being different in general, | T'|| and ||¢|| generally are also
different.

Introducing Cauchy’s relation (3.76) in (3.138) and then using Nanson’s
formula (2.107), we obtain

T(X,t,N)dS = t(:c,tn) ds = a(w,t)nds

= J(X,t)o(x(X,t),t)F"TNdS. (3.139)
As dS > 0, we conclude that
T(X,t,N)=P(X,t)N, (3.140)
where
P(X,t) = J(X,t)o(x(X,t),t)F " (3.141)

is the first Piola-Kirchhoff stress tensor. Equation (3.140) is none other
than an equivalent statement of Cauchy’s theorem (3.76). This result can be
deduced directly from the principle of conservation of momentum and is written
in the following form:

/ Py(X)a(x(X,1),t)dV
@ (3.142)

:/PO(X)B(X,t)dV—i— T(X,t, N)dS,
Q o0
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Fig. 3.10 Relations between the Cauchy stress vector ¢ and the first and second
Piola-Kirchhoff stress vectors T' and K

where Py(X) is the initial density defined by (3.28) and B(X,t) the volume
force density defined by (3.55).

Substituting (3.140) in (3.142) and employing the same arguments used
in the proof of (3.96), we can deduce the motion equation for a continuous
medium

divP(X,t)+ Py(X)B(X,t) = Py(X)A(X,1). (3.143)
Note that we performed the derivation here with respect to the material variable
X. Let us examine the properties of the tensor P. Using (3.100) and (3.141),
we can easily show that
PFT = FP". (3.144)
Thus, not being symmetric, P does not possess the properties of the Cauchy
stress tensor o presented in section 3.7, and the principle of conservation of
angular momentum is only satisfied if P meets condition (3.144).

Now consider the relation from Cauchy’s theorem (3.76) as seen by two
observers R and R*. Assuming that the vectors t and n are objective and that
they are transformed according to (2.195), we can reason as follows. Starting
with t* = o*n* and the objectivity of t* and n*, we can write

Qt=0"Qn. (3.145)
Moreover, from (3.76), we have

Qt=Qon. (3.146)
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Comparing these two equations, we obtain
o =QoQ". (3.147)

Thus, the Cauchy stress tensor is objective. =~ Now examine the first Piola-
Kirchhoff stress tensor P. For that, we write (3.141) for the observer R* as

P FT = o, (3.148)

Using (2.205), (2.206), (3.141), and (3.147) in (3.148), we can write, succes-
sively,

P (QF)" =JQoQ"
PFTQT = QJoQ” = QPFTQ”
P*=QP. (3.149)

Thus, the tensor P is not objective when changing observers.

Although the first Piola-Kirchhoff stress tensor P can be used for problems
in solid mechanics, it is not symmetric and is not objective for a change of
observers. To avoid these inconveniences in the formulation of the constitutive
laws of solid materials undergoing large deformations, we often use the second
Piola-Kirchhoff stress tensor S, which is objective. This tensor can be
introduced as follows.

The second Piola-Kirchhoff stress vector K applied at X and acting
on the reference surface element INdS is defined by

K(X,t,N)dS=F "(X,t)t(x(X,t), t, n(X,t)) ds. (3.150)

This is the case as, by definition, K expresses the contact force per unit ref-
erence surface “transformed” by F~* (physically, such a vector is not natural).
Then, with the same arguments used to derive (3.140) and (3.141), this vector
is written as

K(X,t,N)=S(X,t)N (3.151)

with
S(X,t)=J(X, ) F (X, t)o(x(X,t),t)F (X,

. (3.152)

=F (X, ))P(X,t).
As o is symmetric, it is easy to show that S is too. However, unlike o, S has no
physically significant interpretation. The equation of motion for a continuous
medium can also be expressed as a function of S; we see that P(X,t) =
F(X,t)S(X,t) and we only have to substitute this expression in (3.143). Note
that, when S is employed, conservation of angular momentum is automatically
satisfied due to the symmetry of S.
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3.9.3 Linearization of the Stress Tensors
Now we examine the effects on the stress tensors of kinematic linearization

introduced in section 2.9. The Piola-Kirchhoff tensor expressed by (3.144) is
written in index notation as

Poi = Fpi(P) T (Fjp) T = FminiF,;jl . (3.153)

Using (2.70) and (2.145) in (3.153), we obtain

oU. U, . OU, OU,
P = Poyy — Pin, Py m _ p . 3.154
=T = Smax, YR x, T X, 0x, (8:154)

Similarly, with (3.152), (2.145), and the second equality from (2.70), the second
Piola-Kirchhoff tensor is expressed as

ol
ik an

aU;
) Py = Pij — Prj——-. (3.155)

Finally, for the Cauchy stress tensor, we write (3.141) as

0ij = J ' Pi(Fiy)" = J ' Py Fjy. (3.156)

From (2.70) and (2.147), we have

oU;
0ij = J P | Ojr + 5o
0X;; (3.157)
= v zkan ~ Ly Zkan'

Neglecting the terms with the displacement gradient in (3.154), (3.155), and
(3.157), we end up with

Thus, the result of kinematic linearization, for small displacements and in-
finitesimal gradients, is expressed by the symmetry of the first Piola-Kirchhoff
tensor and by the approximate equality of the three stress tensors.

EXAMPLE 3.3

To understand the differences between the three stress tensors, consider the
case of a circular prismatic bar, fixed at end A and subjected to a force P;
at B, as shown in figure 3.11.
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€

Fig. 3.11 Cylindrical bar subjected to an axial force

The motion is given by the following expressions:

1 = aXq
To = bXo (3.159)
Irg = bX3 5

The length and radius before deformation are L and R, respectively. At
time ¢, these parameters become ¢ and r. For end B of the bar and according
to (3.159), we can write

t=al = a=/{/L

r=>bR = b=r/R. (3.160)
From (3.160), relations (3.159) are expressed as
4
rp = ZXl
T
o — EXQ (3.161)
r
Ir3 = EXS o
Thus, the matrix of the deformation gradient tensor (2.65) is
¢JL 0 0
[F] = 0 r/R 0 (3.162)
0 0 r/R
and its Jacobian J
L rrN\2 LA
J = det|[F] L(R) it (3.163)

where Ag and A; are the areas of the section at times ¢ = 0 and ¢, respec-
tively.
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A force P, parallel to axis 1, acts at the center of gravity of the section at
end B. Thus the matrix of the Cauchy stress tensor is defined by the force
at time ¢, P;, and the area of the section at time ¢:

1 0 0
P, P,
o]==t1 0 0 0 or oy ==*. (3.164)
A\ 0 o0 As

With (3.141) and (3.152), the matrices of the first and second Piola-Kirchhoff
stress tensors are

2 L
L0 0 L0 o0
/¢ A A 4
[P] = Jol(F] " = 2 2 0 0 0 0 & o
\ o 00 0o 0 &
100
:% 0 0 O or Pll—%
°\ o 0 0 L
[S] = JIF) o] [F]~T
L Py L
oa, (T g 0 &L 00 Lz g 0
°\o o £ 0 00 0o 0 £
pr {100 P L
:X? 0 0 O or Sllzig
v 00 0 L

These expressions show that the component of the first Piola-Kirchhoff
tensor is given by the force at time ¢ and the area of the section at time
t = 0 (or the initial section) and is often called engineering stress. The
component of the second tensor has no direct interpretation, unlike the other
two tensors. Nonetheless, it is useful for the modeling of solids undergoing
large deformations. This subject will be treated in chapter 6.

Since the deformation is homogeneous, the components of infinitesimal
strain are expressed as

¢ 1+
= = = e
I I 11
T R+ AR
—_— = = 1
R R + €22
Thus,
L 4F €11 0 0
[F] = 0 1+ €9 0
0 0 1+ e9o
When 17,699 < 1, the three measures of stress are approximately the

same since A = Ag(1 + £92)2 = Ay, S11 = A%(l +en) & A% = Pi1, and

011 = % = %, which are the results of kinematic linearization (see (2.146)
and (2.147)).
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3.10 Exercises

Show that the velocity field v; = Ax; /73, where z;2; = 72 and A is an arbi-
trary constant, satisfies the conservation of mass equation for an incompressible
fluid.

(3.2) For a velocity field v; = x;/(1 + t), show that

pr1TaT3 = poX1X2X3.

(3.3] Show that the flow given by the velocity field

- N
v = (1 —7%)cosd
2
(1+7?%)sin6
Vg = 7’72
v, =0

satisfies the incompressibility equation when the density is constant.

The state of stress in a body is given by the following stress matrix:

0 Cl‘l 0
[O’] = Cl‘l 0 —CZ‘Q 5 (3165)
0 —Cl‘g 0

where C' is an arbitrary constant.

1) Determine the volume force in order to satisfy static equilibrium.

2) Calculate at point P, with coordinates (4, —4,7), the stress vector on the
plane defined by the equation 2x; + 2z2 — x3 = —7, and on the sphere
22 + 23 + 22 = 81 passing through P.

3) Determine the principal stresses, the maximum shear stress, and the prin-
cipal deviatoric stress at P.

(3.5 In the absence of volume forces, determine if the following stress field
satisfies equilibrium:

1
11 = 4x§ + 8x1x9 — 5$§ 099 = 5x? + 3 1T + 43:%
(3.166)
0122—1l‘?—8$1$2—4$§ 0’3320'3220'3120.

Let B be a weightless three-dimensional body, subject to a uniform pres-
sure (normal) on its entire external surface. Show that B is in equilibrium.
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(3.7) For each state of stress at a point given by the following matrices:

P p D
o= p p »p (3.167)
P p P
P p P
o=l p p (3.168)
p p —2p
0 pp
ol=1» 0 p |, (3.169)
p p O

with p a constant, determine the principal stresses. To which state of stress do
each of these cases correspond?

Show that the invariants of the stress deviatoric tensor s are related to
those of the stress tensor o by the following expressions:

Ii(s) = 0 (3.170)
I(s) = %If(a) — Ir(o) (3.171)
I5(s) = %113(0') - %Il(a)lg(a) + Is3(o) . (3.172)

Note that in the characteristic equation (1.120), the second invariant I(s) is
given by the negative of (1.121). This change results in a positive definite form
of Ir(s).

If P (=, t) is an arbitrary scalar, vector, or tensor function, prove that

/8 Py opgngds = / (0pqPij.q + pPij...(0p — bp)) dv. (3.173)

Using (3.141), prove equality (3.144).

Show that the second Piola-Kirchhoff stress tensor S satisfies the rela-
tions
S=8" and S*=85. (3.174)






CHAPTER 4

Energy

4.1 Introduction

Having described the principles of conservation of mass, momentum, and an-
gular momentum, we will now introduce the principles related to the thermo-
dynamics of continuous media in motion and the conservation of energy.

We can recall that all deformations in a material produce a thermal effect
in the same way that a thermal effect produces a deformation. This is easily
observed by heating a metal bar which lengthens under the action of the heat.

In this chapter, we will generally work in the spatial or Eulerian represen-
tation. The principle of conservation of total energy is first established. It
leads to the principle of conservation of internal energy. Then, we will con-
sider the conservation of mechanical energy in the Lagragian representation.
Later, we will show that from the principle of conservation of total energy, for
which objectivity is imposed, we can infer the other conservation laws. Finally,
the chapter ends with the introduction of entropy and the second law of ther-
modynamics, which is based on the Clausius-Duhem inequality, a measure of
the irreversibility of the phenomena associated with the physics of continuous
media.

Continuous media thermodynamics is covered in detail by the following
authors: [15, 17, 18, 22, 58, 68].

4.2 Conservation of Energy

Let w(t) be the material volume of a continuous medium at the instant ¢, such
that w(t) C R, the deformed configuration of the body B. We generalize the
concept of kinetic energy by defining it as the integral over the deformed volume
w(t) of half the density, p(x,t), multiplied by the square of the local spatial
velocity, v(x,t). The kinetic energy of w(t), which we denote Ej(t), is a scalar
given by the relation

v(x,t) - v(x,t)

Ei(t) = /(t) p(w,t)f dv . (4.1)



142 Energy

To simplify, the dependence of w with respect to time will no longer be explic-
itly shown in the following. Also for the sake of simplicity in the expressions,
we will omit the arguments of the functions on several occasions. Besides the
kinetic energy, the energy in a material region contains contributions from mo-
tion at the microscopic scale such as random translational motion, molecular
vibrations and rotations, and other microscopic energy modes. All these ener-
gies contribute to the internal energy Ei.(t). For example, we know that
for two bodies By and Bs at rest (zero kinetic energy), if the temperature of
the first is higher that that of the second, then B; contains more energy than
Bs. The internal energy Eint(t) of B is expressed as the volume integral of the
internal energy density u(x,t) per unit mass. We have

Eim(t):/p(ac,t) u(x,t)dv. (4.2)

The sum of the kinetic and internal energies (the latter of which, for materials, is
the analog of the potential energy in classical mechanics) is the total energy
of B. The total energy can vary over time under the action of work done
by forces that act on B and by external contributions of heat energy. Before
discussing precisely the concept of work for a continuous medium, we will recall
its formulation in classical mechanics. Newton’s law for a particle of mass m
moving at velocity v is written as

dv

Taking the scalar product of the two sides of this relation with v, we obtain

dv  d (1, o\ d (1 5\
mvodmdt<2||v||>mdt(21)>Fv,

which is a form of the theorem for kinetic energy.

The power, that is, the variation of work with respect to time, results from
the scalar product of the force F' with the velocity. Only the force component
in the direction of the velocity increases the kinetic energy %va of the particle.
The components of force orthogonal to the velocity induce a curvature in the
trajectory, but do not increase the kinetic energy.

In continuous media, power is thus given by the scalar product of the force
and the velocity of the material.

Consider again the body B. For the volume forces, this power is written as

/ p(@, ) b, 1) - v(@, 1) dv. (4.4)

The power provided by the surface forces is given by the relation

/t~vds:/ on-vds, (4.5)
ow ow
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where we have used Cauchy’s relation (3.107). The integral on the right-hand
side of (4.5) can be transformed by the divergence theorem. Using (1.228) and
by taking into account (1.69) and the symmetry of o, we have

/ on-vds = / n-olvds = / div(eTv) dv = / div(ov)dv. (4.6)
Ow ow w

w

In index notation, we have

0 00 ;i v,
/8w oijvjn;ds = /w Er (0ijv5) dv = /w ( 830; vj + U”‘aé) dv, (4.7)

and by using the definition of the scalar product of two tensors of order 2 (1.94),
the last integral of (4.7) becomes

001\ 4 5, O _/ . _
/w<333i v;j +U”6x»>dv_ w((dlva) U+0’.Vv)d’l}. (4.8)

(3

In vector form, we write

/awan.'uds:Ldiv(av)dv:L((divg).v+a:V,U)dvl (4.9)

Heat transfer is the second way in which energy is passed to the material. We
will first take into account a production/consumption term, in the form

/ r(x,t)dv, (4.10)

where r(x,t) represents the heat produced or received per unit time and
volume. This could be the heat produced or consumed by a chemical reac-
tion in the material or heating by the Joule effect (a carbon electrode in the
material). It can also take into account the heat received by radiation from
possible external sources. Its dimensions are ML™'T™3 with the symbols M,
L, T designating mass, length, and time, respectively; the corresponding SI
unit is W/m?. The external contribution of heat is most often by conduction
through the surface dw. Of course, other forms of heat transfer can be found,
radiation for example. We will ignore them from here on.

Let ¢ be the scalar quantity that represents the heat that enters into 5 per unit
time and unit surface ds. Let n be the normal to ds. By analogy with Cauchy’s
postulate, we assume that ¢ at the point & depends only on the outgoing unit
normal at point x, that is,

q=q(z,t,n). (4.11)

Denote by ¢1, g2, g3 the heat flux obtained at a material point P when the
normal n is directed along the basis vectors ey, es, es respectively. Then,

¢ =q(z,t, e;). (4.12)
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With our reasoning based on the conservation of energy in a tetrahedral
material element, we can show in a way analogous to that for Cauchy’s theorem
for the stress tensor (sec. 3.6) that the heat ¢ is a linear combination of the
fluxes g; multiplied by the components n;

g=qgni=q-n. (4.13)

By definition, g(x,t) is the heat flux vector. The rate of heat received by
conduction for the whole body is equal to

—/ g-nds. (4.14)
ow

The negative sign introduced in (4.14) signifies that a positive heat rate is
obtained when g points into the interior of the material volume. The quantity
—q - n is thus the surface density of the rate of heat received by conduction
through Jw.

If for any evolution of the material we have ¢ = 0 and r = 0, we say that
the evolution of the medium is adiabatic; there is no heat exchange with the
exterior. If we apply the divergence theorem to the integral (4.14), we have

—/ q-nds:—/diquv. (4.15)
ow w

We are now ready to state the law of conservation of energy, which is the first
principle of thermodynamics.

FIRST PRINCIPLE OF THERMODYNAMICS The time derivative of the total energy
in B is equal to the sum of the power of the volume and contact forces and the

rate of heat received by the material.

Combining equations (4.1), (4.2), (4.4)—(4.6), (4.10), and (4.15), we write

d v . .
%/LUP(T—'_U) dv:/w(pb-v—i—dlv(av)—dlvq—l—r) dv (4.16)

or, with definitions (4.1) and (4.2), and relation (4.8),

( (t) + Elnt( ))

(4.17)
/ (pb-v+ (dive) - v+o:Vo—divg+r)dv.

Using the Reynolds transport theorem and the conservation of mass (3.41), the
D
— (Er(t) + En(t)) =
2 (B0 + B ) = [

first term of (4.16) becomes
D
; (v a+ Du> pdv

:/wp% (%%—u)dv.

(4.18)
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The body forces b can always be derived from a time independent potential
W (x). By definition,

oW
b=-VW by =— . 4.19
’ ' 8951 ( )
Thus for pb - v,
oW DW
biv; = —pU;— = —p——o . 4.20
pbiv U oz, T ( )

Combining relations (4.16), (4.18), (4.19) and using the localization theorem,
we obtain the local form of conservation of total energy

D v . .
PDi (u + 5 + W) =div(ev) —divg +r. (4.21)

If we do not take into account the potential W, in relations (4.16)—(4.18), we
can obtain

D
/(pa—pb—diva)-vdv+/ (pD;L—O':Vv—I—divq—r)dv:O. (4.22)

The first integral of (4.22) is zero due to the principle of conservation of momen-
tum (3.96). Invoking the localization theorem for the second volume integral
of (4.22), the law of conservation of internal energy becomes

Du
"Dt

The first term on the right-hand side of (4.23), which we denote as ®, can be
rewritten taking into account the symmetry of o;; and relation (2.180)

=o0:Vv—divg+r. (4.23)

D =0,— =0 =0ji—>=—-0
* 3xj 7 8117]‘ * 81‘1 2 "

avi 8112» avj 1 avi 81)]‘ -
(8% + 6$Z) = Uzjd” (424)

D=0:Vv=o0:d. (4.25)

or

This term can be interpreted as the contact force power acting on the mate-
rial. We can also write ® as tr(oL) from (1.95), or o : L, where the notation
L designates the velocity gradient tensor 9v/dx defined by (2.177). Equation
(4.23) shows that the increase in internal energy is equal to the sum of the
power developed by the contact forces, the conductive heat transfer, and the
volume production of heat inside B.

We can obtain the kinetic energy theorem by subtracting relation (4.23)
from (4.21) and taking into account (4.20)
D /v-v .
PO (T) =pb-v+ (dive)-v. (4.26)
This theorem states that the time variation of kinetic energy is equal to
the power of the volume forces (first term on the right-hand side) and the
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contact forces (second term). We note that this relation is none other than the
conservation of momentum (3.96) as a scalar product with v.

EXAMPLE 4.1
For a linear elastic body in equilibrium, subjected to volume forces b and
surface forces t, prove the following equality:

/Uzedv:/pb~udv+/ t-uds, (4.27)
w w ow

where o, e are the stress and strain tensors, p the density, and w the dis-
placement vector.

In index notation,

/Uijgij dU:/PbiUidv—i—/ tiu;ds .
@ w Ow

Using (3.76), the surface integral is converted to a volume integral as follows

0(oiju;
/ tluzd‘s:/ O'ijnjuidSZ/ Gijuinde:/Mdv
Ow dw Ow " axj

8%% B d(0i5) Ju; _/ o o
o, _/< o, u; + o ”axj dv = w(aw’]ul—ko”uz,])dv.

Taking into account the equilibrium equations (3.126), the right-hand side
of (4.27) is written as

/(Pbiui+<fij,jui+Uijui,j)dv =/(Ui(pbi+Uij,j)+0ijui,j)dv

w

= /aijui,jdv.
w

Because of the symmetry of the stress tensor, the integrand on the right
side can be modified,

1
(03U j + 0jiugi) = 5(%’%;‘ + 0ijui)

Oijtij = 5 (it + oijuis) = 5

2
1

= 50ij(uij +uj) = oijei -

2
/Uijui’de:/Jijé:ijd’U .
w w

Finally we have
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4.3 Conservation of Mechanical Energy
in the Material Representation

The analysis of the conservation of energy shown earlier was done in the Eu-
lerian representation. A similar development to describe the different energy
components can be carried out in the material representation; we will do so in
this section. To simplify, we can ignore the heat flux ¢ and the volume term 7.

Using (4.5) and (4.6), the equation of conservation of energy (4.16) becomes
D D
E Ein(t)) = — d
o B0+ Bu0) = [ 00 (%) o+ [ oo

:/pbovvar/ t-vds.
w ow

Taking into account (4.23) with ¢ =r = 0 and (4.25), we have

/ —dv—/a:Vvdv:/a:ddv. (4.29)

This last equation shows that by ignoring all thermal effects, the rate of change
of the internal energy is equal to the power of the internal forces. Since the
volume is arbitrary, we deduce the local form which is written as

pu=0o:d. (4.30)

(4.28)

Finally, the conservation of mechanical energy becomes

D /v-v
/wa< 5 )dv—l—/wa.ddv—/wpb~vdv+/awt-vds. (4.31)

In order to write this last relation in material coordinates, first consider the
kinetic energy. From (2.103), (3.33), and the equation of conservation of mass
(3.37), we deduce that pdv = Py dV. In addition, considering equation (2.20),

we have V.V
/p”'”dv:/Po v, (4.32)
w 2 Q 2

For the second term of the left-hand side of (4.31), according to (2.179), L =
FF~! Sinceo:d=o0: (FF_l)7 we obtain

/wa:ddv:/wa:(FFfl)du. (4.33)

Using tensor identity (1.97), the right-hand side of (4.33) is modified as follows:

/wo': (FF ') dv= /w(aF*T) Fdv. (4.34)

With (3.141) and (2.103), we can write (4.34) in the material configuration
with the Piola-Kirchhoff tensor P

/wa: (FF*l)dU:/w(aF*T) : Fdv

:/(JUF*T) :FdV:/P:FdV.
Q Q

(4.35)
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The contribution of the volume forces is easily expressed in material coordinates
using relations (2.20), (3.37), (3.57), and (2.103)

/pb-vdv:/P0B~VdV. (4.36)
w Q
For the contact forces, we use (2.20) and (3.138) so that
/ t-vds= T -Vds. (4.37)
Ow o0

Finally, the principle of conservation of mechanical energy is expressed in the
reference configuration as

D (V.V .
Py —_— P:F
/ Dt( 5 )dV—i—/Q av

:/POB-VdV+ T.VdS.
Q o0

(4.38)

According to (4.28), the material derivative of the internal energy is expressed
as

D Du
7Eint(t) = —dv
Di "Dt (4.39)
/ ),t) J(X,t)P(X,t)dV .
Setting u(x(X,t),t) = U(X,t), we have
/ ),t))J(X,)P(X,t)dV
(4.40)

_/QFU(X £) Po(X) dV .

Consequently, the second term on the left-hand side of (4.38) can be expressed
as

P Fdv = /Po—dV (4.41)
Q

and locally as ) '
PU=P:F. (4.42)

The expression of the internal energy can be modified using d = FTEF!
(see problem 2.8), equations (3.152) and (1.97). Then

/ o:ddv = / Jo: (FﬁTEFfl) dVv
w Q
= / J(eF™ ") (FTE)dV
Q

= /(FS) (FTE) dV:/ S:Edv. (4.43)
Q Q
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It is interesting to point out that mechanical power can be equally expressed as
the doubly contracted product of the Cauchy stress tensor and the strain rate
tensor (o : d), or as the first Piola-Kirchhoff stress tensor and the deformation
gradient rate tensor (P : F), or as the second Piola-Kirchhoff stress tensor and
the Green-Lagrange strain rate tensor (S : E) Consequently, we can write the
following equality for the power produced by the internal stresses and the strain
per unit volume

Jpu=PU=Jo:d=P:F=8:E. (4.44)

Such pairs of parameters are called conjugate parameters because their inner
(scalar) products yield an energy. This is a very important result of mechanics
of continuous media which will allow us to deduce the constitutive equations
from a potential function. This subject will be treated in chapter 6.

4.4 Interpretation of the Conservation Laws
by the First Principle

In this section, we will revisit the laws of conservation of mass, momentum,
and angular momentum starting from the principles of conservation of energy
and objectivity.

The first principle of thermodynamics can be written according to relations
(4.16) and (4.17):

D
2 (Bul) + B () = / (pb- v +div(ow) — div g+ r)dv.  (4.45)
With the transport theorem in the form (3.5), the left-hand side of (4.45)
becomes

IS

; (Er(t) + Em(1))

:/w(gtp (;v.v—ku) —|—div<p<;fu-v—|—u> v))dv.

By applying the localization theorem, relation (4.45) can be written as

Q u—l—lv v | +di 1'v v+u|v
at’ 2 VP2 (4.47)

=pb-v+r—divg+div(ov).

)

(4.46)

This last equation can easily be put in the form

pu—o:Vo+divg—r+v-(pa—dive — pb)

+ (;v-v—ku) (,z')—l—pdiV’U):Oa

(4.48)

where p denotes the material derivative of p.
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Consider two reference frames, R = (0, x,t) and R* = (0*, z*, ¢*), moving
with respect to each other such that the relative motion is described by (2.195).

If, in addition to (2.195), (2.211), (2.205), and (2.213), the following trans-
formation rules are valid:

pr=p (4.49)
u =u (4.50)
7" =Qq (4.51)
o =QoQ" (4.52)
rt=r, (4.53)

the quantities p, u, q, o, and r are said to be objective (see sec. 2.11 and 3.9).

We show that the objectivity of the conservation of energy (4.48) remains
valid if we write it with the starred quantities, implying the laws of conservation
of mass, momentum and angular momentum.

4.4.1 First Case: Uniform Translation

Choose the reference frame R* in translation with respect to R at constant
translation velocity ¢(t). Let

e(t) =u (4.54)
Q=1. (4.55)

Then relation (2.211) becomes
v'=u+wv. (4.56)

Next we rewrite (4.48) with the starred quantities, replace v* with its value
(4.56), and from the resulting equation, subtract (4.48). Using relations (4.49)—
(4.53), we have

% (p+pdive) +u-v(p+ pdive)+u- (pa —dive — pb) =0. (4.57)

If we change the scale of u to au, we can impose that (4.57) is valid for any «.
We obtain

p+pdive =0 (4.58)
Dv . . .
pﬁ—dlva—pb—l—v(p—&—pdlvv):(). (4.59)

This last relation can be put in the form

% (pv) +div(pv ® v) =dive + pb. (4.60)

Equation (4.60) is the equation of the conservation of momentum where the
acceleration term is modified by the conservation of mass (4.58).
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4.4.2 Second Case: Rigid Body Rotation

If we now consider the reference frame R* in rotational motion with respect to
R such that we superimpose a rigid body rotation upon the existing velocity
field

c(t)=0 (4.61)
Qit)=1I (4.62)
Qit)=9Q, (4.63)
the velocity v* is written, taking into account (2.57) and (2.60), as
v'=vt+wxe. (4.64)

The vector w is the dual vector of 2 (sec. 2.6.3). We apply the same reasoning
as before. The principle of conservation of energy yields the conservation of
angular momentum, such that

o=o". (4.65)

Note that, in general, the volume force term where b has the dimensions of an
acceleration, is expressed by (2.212) in the form

b* = Qb+ ¢+2Qu+ Q. (4.66)

In the case where the reference frame R* rotates at constant angular velocity
(¢ = Q = 0), this last relation becomes, taking into account (2.60),

b*=b+2Qu=b+2Qu=b+2w x v, (4.67)

where the Coriolis force term appears as w X v.

4.5 The Notion of Entropy

The entropy of a system can be considered to be a measure of its disorder. Due
to the unending incoherent agitation of the molecules in a continuous medium,
two observation levels need to be distinguished. At the microscopic (molecular)
level, the physical system (X) passes through (or can pass through) a very
large number of different states X;, whereas at the macroscopic level, where we
habitually observe the system, these states are indistinguishable. We could say
that the disorder of the system comes from the number of states &, equivalent
from the macroscopic viewpoint, and that its entropy is related to this number.
Note that the usual kinematic and dynamic values of the material particle (for
example mass, velocity, contact forces) are measured at the macroscopic level,
but in reality correspond to averages of measurements made at the microscopic
level.
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More precisely, associating with each state X; a probability p;, an exact
measurement of the disorder of X' is given by its entropy which we denote s,
defined, within a multiplicative constant, by the relation

N
s(X)=— Zpi logp; - (4.68)
i=1

Note that this definition is close to that used in communication theory to
measure the entropy of information. It is evident that in the case of IV different
states X;, the maximum entropy is attained when these results are equally
probable. Thus as p; = 1/N, the maximum is

s(X)=logN. (4.69)

Inversely, entropy is minimal (zero) if one state is certain and the others
are impossible. Another feature to notice in (4.68) is that for two independent
systems X" and A", the probability of the microscopic state (X; and X7) is p;pj,
so that the entropy of the union of X and X’ is given by

N
s(XUX) =— Z piplog(pip}) = s(X) + s(X') , (4.70)

1,j=1

as we always have
N N
D= 7 =1 (4.71)
i J

We thus see that entropy is an extensive parameter.

We also see that if a certain physical quantity takes the value A; in the
state A, its macroscopic value is given by the formula

N
A= pid;, (4.72)

which shows the mathematical relation between the two observation levels.

The concept of temperature appears first in common observation, but its
relation with statistical mechanics can be approached as follows. The internal
energy of a system is the total quantity of disordered energy that it contains,
that is, the energy differently distributed, from one state X; to another, among
its molecules.

It is important to point out that in this definition, certain components of
the internal energy present in chemical reactions (and also in gas dynamics)
are excluded. Statistical analysis shows that the kinetic energy is distributed,
on average, in an equal way to each molecule, and over each degree of freedom
of disordered motion.
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The absolute temperature T is thus, within a multiplicative constant, the
disordered energy per molecule per degree of freedom. We can interpret the fact
that two different bodies placed in contact tend toward uniform temperature by
the statistical principle: that their disordered energy per molecule per degree of
freedom must become equal as they must be equal for each degree of freedom.

A relation obviously exists between absolute temperature and entropy which
can be developed with statistical mechanics. It is expressed by the relation

du(X) =Ts(X), (4.73)

which links the increases of du(X), the internal energy, and §s(X’), the system
entropy, when all the characteristics (density, deformation, etc.) of the system
remain constant.

We do not attempt to interpret this relation, which should be taken as
fundamental when we are at the macroscopic level.

At the same time, the irreversibility of physical phenomena is expressed
by the fact that the increase of entropy of a system is always greater than a
minimum equal to the heat transferred to the system d¢g(X') divided by the
absolute temperature 7', that is, we always have the inequality

oq(X)
T

0s(X) > (4.74)
where equality only holds for reversible transformations. This inequality is
the basis for the formulation of the second principle of thermodynamics in
mechanics of continuous media.

An interesting viewpoint for the irreversibility of physical phenomena is
given by Boltzmann’s theory for hydrodynamics. Starting from a description
at the atomic scale of macroscopic systems by Newtonian mechanics, one is led
to resolve a set of N non-linear ordinary differential equations

d2:12i

where N is of the order of Avogadro’s number, Ng ~ 6 x 10?3, The symbol
m; denotes the molecular mass, v; = dx;/dt is the molecular velocity, and F;
the force acting on the i** molecule due to molecular interactions. This prob-
lem is obviously unsolvable because of its enormous size (O(N4) equations),
and we move from the atomic level to kinetic theory of N bodies, which is
established from the Newton-Hamilton equations. This theory employs dis-
tribution functions fy(x1,v1,...,ZN,vy) which give the joint probability of
finding molecule 1 at position x; with velocity v; and molecule 2 at position
xo with velocity v, and so on until molecule N. The individual trajectories
in the Newtonian approach are replaced by a notion of phase space where the
dynamics is described by a partial differential equation known as the Liouwville
equation with dimension 6N. We see that the mass of information has not
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been reduced from that of the Newtonian approach. Nonetheless, the Liou-
ville equation is a base for the application of a powerful and elegant procedure
which eliminates the redundant information. This leads to the definition of dis-
tribution functions fy; = fi2..m, M < N, which become a chain of equations
known by the name of the BBGKY (Bogoliubov-Born-Green-Kirkwood-Yvon)
hierarchy. For the interesting macroscopic quantities, such as density, pressure,
temperature, etc., distributions with one or two bodies are sufficient and we
thus choose M = 1,2 in the BBGKY hierarchy.

The most important single body equation is Boltzmann’s equation:

0 0 0
T w0 oy (4.76)

Here a is the molecular acceleration. The function f(x,v,t) is the probability
density of finding a classical point particle at position @ at time ¢ with velocity
v. The left-hand side of (4.76) represents the free motion of the particles in
the phase space, while C[f, f] is a binary collision operator in the form of
an integral that takes into account the molecular interactions; its definition is
beyond the scope of this discussion. Boltzmann’s equation is constructed on
the hypothesis of molecular chaos

f12(w1,’01,1132,'02,t) = f(mlavlvt)f(w%v%t) ) (477)

which breaks the time symmetry and reversibility that applies to Newtonian
mechanics at the atomic level, thus opening the door to irreversible behavior.
The irreversibility is measured by a quantity called H, (see [52]), related to
entropy by the relation s = —kgH, where kp is Boltzmann’s constant, which
is defined by

H:/f(acw,t) In f(x,v,t)dvde. (4.78)

The H theorem shows that dH/dt < 0. Note that the definition of entropy
that we gave in (4.68) is a numerical approximation of the value —H.

We obtain the macroscopic variables such as density and velocity by inte-
gration on velocity space

p(x,t) = m/f(w,v,t) dv (4.79)
p(x, tu(x,t) = m/f(a:,v,t)v dv, (4.80)
where u denotes the velocity in physical space and m is the atomic or molecular

mass. Starting from these equations and (4.76), one can obtain the equations
of hydrodynamics, and in particular, the Navier-Stokes equations.

4.6 Second Principle of Thermodynamics

The second principle of thermodynamics in continuous media is also known by
the name of the Clausius-Duhem inequality.
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Rudolf Clausius (1822-1888) was born in Koslin (Prus-
sia), known today as Koszalin (Poland). He was professor
at the Artillary and Engineering School in Berlin, then
at the Swiss Institute of Technology in Ziirich, then at
the Universities of Wiirzburg and Bonn. He made very
important contributions to thermodynamics, where he in-
troduced the notion of entropy, and to the kinetic theory
of gases.

Fig. 4.1 Rudolf Clausius

SECOND PRINCIPLE OF THERMODYNAMICS For a material volume, the ma-
terial derivative of entropy is always greater than or equal to the sum of the
volume distribution of entropy sources in the body and the entropy flur across
the surface.

We can generalize (4.74) for a non-homogeneous medium, which, for a
material volume w, takes the form

d r q-n
— > — — - .
dt/UJ”Sd”*/wTd” /aw T (481)

where s is the entropy per unit mass. It is necessary to take into account the
temperatures at which the components of (rdv) and (—g;n; ds) are conveyed
to w.

The local form of the second principle is obtained by the application
of the transport theorem to the material derivative, taking into account the
conservation of mass, the divergence theorem for the surface integral (the last
term), and finally, with the application of the localization theorem,

Ds T q
Do T g (7) 4.82
o =1 “V\7T (4.82)
This inequality must be satisfied at every point, at all times, by every process.
The equality sign holds only for reversible processes.

To study the consequences of (4.82), we must eliminate the term in r, the
heat produced per unit mass and unit time, using the local form of the equation
of conservation of internal energy (4.23). This elimination is necessary, because
r is arbitrary since it refers to an action at a distance. Thus we find the
Clausius-Duhem inequality:

Ds 1 Du
p >
Dt T

1
~ —o:d|+—q VT 4.
P =9 >+T2qV ; (4.83)

which must be satisfied by every thermodynamic process.
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Pierre Duhem (1861-1916) was born in Paris. He was
named professor at the University of Bordeaux. His work
. in hydrodynamics and thermodynamics shows that he
| was a pioneer in the study of irreversible phenomena in
. thermodynamics. His principal publication was Traité de
l’énergétique published in 1911.

Fig. 4.2 Pierre Duhem

If we introduce the Helmholtz specific free energy,
f=u—-"Ts, (4.84)

the Clausius-Duhem inequality (4.83) takes the form

(4.85)

The Clausius-Duhem inequality (4.83) can also be easily expressed in the
material description. In that case, the contact force power o : d (4.25) can be
expressed as P : F (see (4.44)).

In finishing this chapter we note that the second principle of thermodynam-
ics is not a conservation principle but an inequality indicating the irreversible
nature (or direction) of the physical process that must always be satisfied. The
consequences (4.83) and (4.85) will be studied in sections 6.8 to 6.11 for some
simple cases.

Hermann von Helmholtz (1821-1894) was born in Pots-
dam. He was named professor at the University of Berlin.
His work in electrophysiology led him to write a book
called Physiological Basis for the Theory of Music. He
made major contributions in the domains of physics and
chemistry: potential energy, laws of vorticity, and the
Helmholtz decomposition (Helmholtz-Hodge theorem) for
a vector field.

Fig. 4.3 Hermann von Helmholtz

4.7 Exercises

Let @ be a scalar field defined in the deformed configuration w of a body in
motion. Applying the Reynolds transport theorem and the continuity equation,
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show that J D .
T /w plx,t) Q(z,t) dv = /wp(w,t) % dv . (4.86)

Using this result, and knowing that the kinetic energy of the body is defined
by (4.1), derive the expression DFE}/Dt.

Using the Reynolds theorem and the principle of conservation of mass,
show that the temporal derivative of the total energy is written as

D
— (F Ein =
Dt( % + Eint) /

w

Du

p(v -a+ Dt) dv. (4.87)

Express the term v - @ as a function only of v and explain this result.

The second principle of thermodynamics applied to a homogeneous medium
occupying a volume w is expressed by equation (4.81).

1) State the local form of the second principle of thermodynamics.

2) Eliminate the term r for heat per unit mass, using the local form of the
law of conservation of energy, to establish the Clausius-Duhem inquality
(4.83).

3) What happens to this inequality if we introduce the Helmholtz specific free
energy (4.84)7

For a perfect fluid:

1) express the principle of conservation of internal energy for a perfect fluid
whose stress tensor is given by o = —pI ;

2) rewrite the equation using the enthalpy per unit mass, defined as h =
u+p/p;

3) show that for an adiabatic flow, the conservation of energy takes the form

Dh  Dp
— == 4.88
PDt ~ Dt (4.88)
Prove the symmetry of the stress tensor by performing the derivation in

detail for the case of rigid body rotation in paragraph 4.4.2.

Suggestion: in order to do this, first calculate v*, then write the conservation
of energy equation in the starred reference frame and substitute the expression
v*. Lastly, subtract the original equation from the expression obtained and

discuss the result.






CHAPTER 5

Constitutive Equations:

Basic Principles

5.1 Introduction

We have used tensor formalism to present the description of the properties of
a continuous medium. This permits us to reason in general terms, regardless
of the coordinate system to which we refer.

In chapter 2, we examined the local description of the motion of a medium,
which can be characterized by various tensors. Those that feature displace-
ments as variables will be more appropriate for the description of solids, whereas
tensors whose variables are velocities will be better applied to fluids.

The mechanics of continuous media is an axiomatic approach which leads
to a phenomenological model. With this tool, the objective is to predict the
motion of a material, taking into account the initial and boundary conditions.
We associate a thermodynamic variable with this motion; most often, this
variable will be the temperature.

Whichever model is chosen to describe the medium (perfect or viscous fluid,
elastic solid, viscoelastic solid, etc.), the conservation laws and the first principle
of thermodynamics must always be respected. The laws for mass, momentum,
angular momentum, and energy lead to a set of partial differential equations in
the local form. With respect to a Cartesian coordinate system, these equations
are as follows.

Conservation of mass:
Dp

i +pdive=0 (5.1)

o 0 0 0
Py 0P 0
+ vj +p z,
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Conservation of momentum:

or
c’)vi avi 8oji
p(@t +vgan) 8xj +p ( )
Conservation of angular momentum:
ol =0 (5.5)
or
Uij = Uji . (56)
Conservation of energy:
D
pfqz =tr(oL)—divg+r (5.7)
or
ou ou ov;  0g¢;
—— i— | =0 — . 5.8
p(atwﬂaxj) " on,  0m (58)

This system contains eight independent equations (1+ 3+ 3+ 1), with the
body forces, b, and the volume production of heat, r, as given for the problem.

The unknown functions are the motion vector x (2.1) and the temperature.
In the field equations we find the unknown variables p, oy, u, and ¢;. Note
that v is calculated from x. Altogether, we have eighteen unknowns : x(3),

(1), p(1), o(9), u(1), q(3).
If we assume that the conservation of angular momentum is satisfied, then

o has only six unknowns. We thus have five partial differential equations for
fifteen unknowns.

In any case, our problem is incompletely posed. Until now, we have stated
the principles of conservation in general without reference to the model for the
continuous medium. In order to characterize the behavior of a material, we need
to take into account the constitutive equations. The nature and form of these
equations are based on the results from experiments obtained in the laboratory.
Figures 5.1 and 5.2 show typical stress-strain and stress-strain rate curves. The
constitutive equations are also proposed as axioms based on mathematical or
physical arguments. These equations give the dependence of oy;, u, and ¢;
with respect to the history of the material deformation and temperature. For
a given model, we choose a certain number of kinematic and thermal variables
and express how 0;;, u, and ¢; depend on these variables.
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Fig. 5.1 Stress-strain rate relations: (a) linear; (b) nonlinear
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Fig. 5.2 Stress-strain relation for: (a) a solid elastic; (b) an elastoplastic solid; (c)
an elastomer; (d) a biological soft tissue

Together with the conservation relations, the constitutive equations estab-
lish the mathematical model of the continuous medium. This model, however,
is an idealization of the material response. Thus the behavior of a given mate-
rial should be described by various models according to the physical situation
where the models are applied. For example, at room temperature, glass is an
elastic material. In the transformation zone, around 600°C, it is viscoelastic.
In a glass melting furnace, we can consider it to be like an incompressible
Newtonian viscous fluid. Another example is that of polymers, which in slow-
motion act like a viscous fluid, but act like an elastic solid when forced into

rapid motion.
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The constitutive equations must satisfy at least the following three fun-
damental principles:

1) objectivity and independence with respect to the observer or the reference
frame;

2) the properties of material symmetry for the medium;
3) the second principle of thermodynamics.

The founding principles for the development of the constitutive equations
are also largely developed in the following texts: [12, 17, 18, 19, 22, 49, 57]. The
text by Truesdell and Toupin [60] constitutes an important and very elaborate
contribution to the theory of continuous media.

5.2 General Principles

We will now introduce many general principles (including those above) which
must be satisfied absolutely by the constitutive equations that we establish.
Recall that x represents the motion of a body B given by (2.1).

5.2.1 Hypothesis of Causality or Determinism

The stress at instant ¢ in a material is determined by the history of the motion
of the material. Thus the Cauchy stress tensor o (x,t) is given by

o(x,t) = U(X(X,t),t) = %t (X(Z,T);X,t) , (5.9)
zTEB

where the functional 3 characterizes in general the mechanical properties of
the body B. An explicit time dependence is allowed. In addition, the functional
can vary from one particle to another (dependence on X) expressing an inho-
mogeneous distribution of the material properties. In a simplified way, we can
interpret a functional as a function of another function (here, the function of
motion x). In the mechanics of continuous media, it is often represented by an
integral over the past configurations x(Z,7) (Z € B, 7 < t) thus permitting
the description of the constitutive relations for different classes of materials.
Note that the way (5.9) is written expresses non-locality since there is a depen-
dence upon every point Z belonging to the body B. To simplify, we sometimes
denote the functional with respect to o (x,t) as X(x; X, t).

5.2.2 Local Action Principle

For a given particle X of the material, the functional ¥ (x; X, t) depends only
on the neighborhood of X. For two arbitrary motions x and X that coincide
in a neighborhood V(X)) C B at any time 7 < ¢, the value of 3 is the same.
Formally, we write

S06 X, 1) = B(% X 1) | (5.10)



General Principles 163

as long as there exists a neighborhood V(X)) such that
x(Z,7)=x(Z,1) VZ eV(X) Vr<t. (5.11)

We observe that X(x; X, t) is a functional of the function x of two variables:
time 7 and the particle Z in the neighborhood of the chosen particule X. In
this case, the tensor o (x,t) is given by a relation analogous to (5.9) such that

oxt)=0c(@t)= % (x(Z,7);X,t). (5.12)

T<t
ZeV(X)

5.2.3 Principle of Objectivity

Not every constitutive equation that satisfies the local action principle is ad-
missible. It must also satisfy the principle of objectivity, or frame indifference,
which requires that the functional 3 be invariant in any change of the refer-
ence frame. We wish to write constitutive equations that are independent of the
observer, and, in particular, independent of superimposed rigid body motion.
More precisely, we have (sec. 2.11)

= x"(X,t") =c(t) + Q(t)x(X,t) (5.13)
o' (X, t") = Q(t)o (X, )Q" (1) (5.14)
t'=t—a. (5.15)

Using (5.13)—(5.15), the principle of objectivity becomes

(X, 1) = B (X(Z7)X.1) (5.16)
T*<t*
ZeV(X)
such that
Z X EZX ) =01 B (x(2,7):X,0)Q7 (). (5.17)
ZeV(X) ZeV(X)

In order to clarify the impact of this principle on the statement of the functional
3, we study three particular reference frame changes in succession.

In the following we take 7 as the time variable; ¢ will indicate the in-
stant at which the stress is evaluated. Then, Q(7)Q” (1) = Q™ (1)Q(r) = I,
det Q(7) =1, Vr.

Rigid translation of the moving observer without changing the time scale:
Let us set Q(7) = I, « =0 and

e(r) = —x(X,7). (5.18)

This means that the reference frame is in rigid translation such that,
after the frame change, the material point X at time 7 remains at the
origin. In addition, t* = ¢. From (5.13), we have for Z € V(X)

X*(Z’T) :X(ZvT) _X(XvT)
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and from (5.12), (5.14), and (5.16)
(X, t)=0(X,t)= = (x(Z,7)-x(X,7);X,t). (5.19)

<t
ZeV(X)

Change of the time scale in a fixed reference frame:
This situation corresponds to the following choice:
Q(r)=1 c(t)=0 t=a. (5.20)

The instant ¢ is the reference time after the change. Thus we have from
(5.15) and (5.20)

Fer—a=T1—1. (5.21)
At the instant t*, using (5.21) and (5.14), we have
t*=t—t=0 o’ (X,t") =0"(X,0) =0(X,1). (5.22)
From (5.13), (5.20), and (5.21) we find
x"(Z,7")=x(Z,7)=x(Z,t+7"). (5.23)

And from (5.22), (5.16), and (5.23), we obtain
o(X,)=0"(X.0)= 5 (x(Z7 +1);X,0)
TF<t*

ZeV(X) (5.24)
= = ; ) '
=, (x(Z,7); X,0)
ZecV(X)

Consequently, the functional 3 does not depend explicitly on . Now

introduce
T=1t—35 0<s< 0. (5.25)
Combining (5.19) and (5.24), we obtain
Z e V(X)

Thus the functional 3 only depends on the relative motion starting
from the reference time of all the particles Z in B, that is Z € V(X).

Rigid rotation of the reference frame:
We choose ¢(7) = 0, @ = 0, and arbitrary Q(7). This corresponds to
unsteady rotation of the reference frame. In this rotation, the stress
tensor is transformed according to the relation

o*(X,t) = Qt)o(X,1)QT(t). (5.27)
By combining (5.13), (5.14), (5.16), (5.26), and (5.27), we can write
Q(t)z(X(Z>t - S) - X<X>t - S)vX)QT(t)
=3 (x*(Z,t—s) - x*(X,t—s),X)
=2 (QUt—-9s)(x(Z,t—s)—x(X,t—59)),X). (5.28)
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This last equation is the restriction that we must impose on the func-
tional X to ensure that it is objective. We can easily see that, inversely,
all constitutive equations of the form (5.26) that obey the condition
(5.28) satisfy the principle of frame indifference. This is due to the
fact that any general change of the reference frame can be obtained
by a sequence of the three particular changes described above. Hence,
equation (5.26), satisfying the condition (5.28), is the most general
constitutive equation for the theory of mechanics of continuous media.
More precisely, we observe that the stress is represented by an isotropic
tensor function with a tensor value (sec. 1.3.11).

5.2.4 Principle of Material Invariance

Solid materials have symmetry properties because of their crystallographic
characteristics: cubic, rhombohedral, etc. Certain fluids also possess this type
of property, for example, liquid crystal fluids. In this case, the constitutive
laws will not change form when the material coordinates (X7, Xs, X3) become
(X1, X2, —X3). This represents a reflection operation on the coordinates with
respect to the plane X3 = 0. However, this condition imposes restrictions on
the equations.

Reflection through a symmetry plane including the origin 0 that is orthog-
onal to the unit vector n is defined by the tensor R. We have

X=RX=(I-2n®n)X .
In index notation we have

Rij = (Sij — Qnmj with det [R] =-—1. (529)

We denote by {O} a sub-group of the complete group of orthogonal trans-
formations for the material axes, and by { B} the group of translations of these
axes. Then the principle of material invariance is stated as follows.

The constitutive equation must be formally invariant with respect to a group
of orthogonal transformations {O} and a group of translations {B} of the
material coordinates. These restrictions come from the symmetry conditions
induced by {O} and {B} in the coordinate system X.

We then have a transformation of the form
X =0X+B, (5.30)

with
00" =0"0=1 and  detO=+1. (5.31)

These conditions express the geometric symmetries represented by {O} and
the inhomogeneities represented by {B}, at X, of the physical properties of
the material body. When {O} is the proper orthogonal group characterized by
the matrice [O] such that det [O] = +1, the material is hemitropic; we can
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not perform the reflection of the axis X; with respect to the plane X; = 0.
When {O} is the complete group (det [O] = =£1), the material is said to be
isotropic. A material that is not hemitropic is called anisotropic.

When the functions do not depend on the translations, {B}, of the origin
of the material coordinates, we say that the material is homogeneous. If these
functions change with certain translations {B} of the material axes, then the
material is inhomogeneous.

If we combine the principle of material invariance and the principle of ob-
jectivity with a transformation relative to the material coordinates X;, we have

the condition
E(X(Z7t_8)_X(X7t_S)7X) (532)
=3(x(0Z + B,t—s) - x(OX + B,t — 5),0X + B). '

5.2.5 Principle of Memory

The values of the variables in the constitutive relations in the remote past do
not have an appreciable impact on the current values of these variables.

We will return to this principle later and introduce the concept of fading
memory.

5.2.6 Principle of Admissibility

All the constitutive equations must be coherent with the fundamental principles
of mechanics of continuous media, that is, they must obey the conservation laws
of mass, momentum, and energy, as well as the Clausius-Duhem inequality.

5.3 Consequence of the Principle of Local Action

Assume, for simplicity, that the vector function x(Z,t) can be expanded in a
Taylor series about Z for every 7 < t and Z € V(X):

Ix
X(Z,7) = x(X,7) +(Z - X) 55 (X,7) + 0(|Z - X|?). (5.33)
The deformation gradient tensor F', introduced by the relation (2.65), appears
in this expression. We limit ourselves here to the case of materials that depend
only on the first order of the gradient and thus only consider the first term of
the expansion (5.33). We can then describe o(X,t) as

o(X,t) = Z]<§§_;X,t> . (5.34)

These are said to be simple materials.
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Combining what we have written for the result of the principle of local
action (5.34), as well as equation (5.26), we have

0
o(X.1)= 3 (&i‘((t—s);Z—X,X). (5.35)
In (5.35) we have written the explicit dependence with respect to the directional
vectors Z — X which have X as the origin in three spatial dimensions. More
simply, we can check that this dependence can be expressed as a function of the
vector basis e, of the material coordinates of X. This statement underlines
the dependence of the functional 3 on the choice of basis. The introduction of
Z — X in (5.35) represents the directional dependence of the material properties
at point X. When there is no ambiguity, we can drop Z — X in the arguments
of the functional. In addition, equation (5.35) expresses that the stress at time
t depends on the deformation gradient history. We have

o(X,t)= B (F(X,t-5),X). (5.36)

If we impose the objectivity condition (5.28) on relation (5.36), we obtain
QUHZ(F(X,t—35),X)Q (1) =%(Q(t—s)F(X,t—s),X). (5.37)
With the polar decomposition theorem (2.73), we have
F(X,t—s)=R(t—-s)U(X,t—s),

where R(t—s) and U (X, t—s) are the rotation tensor and the right symmetric
stretch tensor histories, respectively. If we make the particular choice that
Q(t —s) = RT(t — s), equation (5.37) becomes

R"S(F(X,t-s),X)R=%2(U(X,t-s),X). (5.38)

We can leave out the explicit dependence of ¥ with respect to X as this is
already taken into account by F'. This eases the expression without, however,
affecting the generality of what follows. Consequently, expression (5.36) for the
stress tensor can be written in the form

o(X,t)=RHZ(U(X,t—s))R"(t). (5.39)

This last relation is the general form of the constitutive equation of a simple
material. It yields the general solution of the functional relation (5.37). In
addition, it shows that the stress in a simple material is affected by the rotation
at the time under consideration, but past rotations have no influence.

Recalling the polar decomposition theorem and (2.88), we can put (5.39)
in the form

o(t)=F(Ct—ys)), (5.40)
with
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The tensor o is the transported or convected stress tensor. Defining
L(C(t—5)) =CTH(H)F(C(t—5)C (1),
then equation (5.40) becomes

o(t)=FL(C(t—s))F". (5.41)

5.4 Thermomechanical Constitutive Equations

Until now we have considered materials in an isothermal situation. As soon
as we want to take into account thermal effects, we need to introduce a new
primary variable analogous to that of motion or deformation. For this purpose,
we use temperature, which we take as

T =T(X,t). (5.42)

This means that in a thermomechanical problem, the independent constitutive
variables are motion x and temperature 7. The velocity will be obtained
simply by the time derivative of the motion and then the velocity gradient
tensor from v. The density is related to the motion by the continuity equation
(3.37) written in the form det F' = Py/P = po/p in spatial coordinates.

5.4.1 Principle of Determinism

Besides the motion history of the material, the stress is also influenced by the
temperature. Thus, equation (5.9) is generalized by the relation

o(@,t)= 2 (x(Z:7),T(Z,1); X,t). (5.43)
T<t
ZeB
Since we take into account thermal effects, we also need to define constitutive
relations for the heat flux vector, g, the internal energy, u, and the entropy
density, s. To (5.43) we add constitutive equations, such as the principle of
determinism, generalized as follows: the values of the thermomechanical func-
tions (o, q,u, and s), at a material point X at time ¢, are determined by the
motion and temperature histories for all the points in the body B. Thus we
have

o(X,t) = B(x, T; X, t) = X(x(Z,7),T(Z,7), X, t) (5.44)
q(X,t) = Q(x,T; X, t) (5.45)
uw(X,t) =U(x,T; X, t) (5.46)
s(X,t) = S(x, T; X, t) (5.47)

5.4.2 Principle of Equipresence

We assume that all the constitutive functionals are expressed as functions of
the same set of independent constitutive parameters, until proven otherwise.
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5.4.3 Principle of Local Action

The reasoning that we have applied in section 5.3 also applies to the tempera-
ture field. We perform a Taylor series expansion of T'(Z, ) around T'(X, T) to
write

T(Z,7) :T(X,T)+(Z—X)§—§+0(||Z—X||2). (5.48)

Limiting ourselves to simple materials, the functional ¥ only depends on gra-
dients of order 1. Then

T(Z,7)~T(X,7)+(Z — X)%T(
and
B ox(Z,) or(Z,r).
U(X7t) - ‘rz<:t X(Z7T)a 5X ’T(Z7T)a aX 7X7t . (549)

ZeV(X)

5.4.4 Principle of Objectivity

We have seen in chapter 2 that a scalar field is objective if and only if
T =T. (5.50)

For the rigid translation of the reference frame (5.18), the functional of o is
written as

o(X,t) = T§<)t (X(Z,T) — x(X,T),T(Z,T),X,t) ) (5.51)
Z e V(X)

The considerations related to the change of the time scale lead to the relation
o(X,t)=%S(x(Z,t—s)—x(X,t—5),T(Z,t—s),X). (5.52)

Finally, taking into account the rotation of the reference frame imposes the
condition

QU)E(x(Z,t—s) —x(X,t—5),T(Z,t—s),X)Q"(¢t)
=2 (Qt-s)(x(Z,t—s)—x(X,t—53)),T(Z,t—s),X). (5.53)

Combining the results of the principles of local action (5.49) and objectivity,
we obtain the relation

a(X,t)zE( t—3s),T(t—s) or

,aX(t—s),Z—X,X) : (5.54)

which generalizes (5.35).

When the theory takes into account thermal effects, we should expect den-
sity to vary. We can show that, in general, the use of the polar decomposition
theorem in order to impose objectivity reveals the Cauchy-Green deformation
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tensor, but also the scalar invariant associated with the deformation gradient
tensor F', that is,

det F(t — s) = (det C(t — 8))/* = ﬁ. (5.55)

(see (2.68), (2.77), and (3.37)).

Consequently, the most general equation for simple materials is of the form

o(X 1) = FL (C’(t—s),p‘l(t—s),T(t—s) T(t—s),X) FT. (5:56)

10X

which is a generalization of (5.41).

5.5 Definition of a Fluid and a Solid

We define a fluid as a simple material for which we presume that the reference
configuration is, most often, that present at the time it is being considered. A
fluid is also a material incapable of “resisting” an applied shear: subject to this
stress it responds by flowing. Classical Newtonian fluids have an infinitesimally
short memory. This means that in the functional (5.56), the stress only depends
on C(t—s), for example, for 0 < s < e with € tending to zero. The stress tensor
has a quasi instantaneous memory.

We define a solid as a simple material medium that possesses preferred
configurations. One of these can be taken as the reference configuration and
we call it the reference state. In most cases, the material is not under stress in
this state (o = 0). We call this the natural state of the material. If however,
in this reference state o # 0, we say that the material is prestressed.

5.6 Principle of Regular Memory

We assume that the thermomechanical histories x(X,7) and T(X,7) can be
expanded in a Taylor series with respect to 7 around ¢ and VX € B. We have

and .
TX,n)=T(X,t) + (r —)T(X,t)+--- (5.58)
with the notation 5 or
¢ = 2X| | 7= . (5.59)
ot | x ot | x

Recall that the first relation of (5.59) is identical to (2.17). To obtain the
principle of regular memory, we suppose that the functionals are as regular
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as possible in order to smooth the discontinuities in these functions and their
time derivatives. Consequently, the axiom of regular memory leads to the
replacement of (5.56) by

o(X,t) = Fﬁ(C,C’,C’,...;
or oT (5.60)
L p . T 2 =y, X | T
p 9 p7 p’ ) ) ) ) ) aX ) aX ) b )
where the time derivatives of various variables appear.

The concept of fading memory makes use of functions that vanish over
time, introduced in the constitutive equation in order to give more weight to
recent events near the present time ¢ and less to the distant past. Typically
these functions are written in a form like e™”* with 3 constant. They are
especially useful in viscoelasticity to take into account the phenomena of creep,
that is, strain under constant stress; and stress relaxation, strain maintained
constant under time variable stress. Although the subject is important for a
large class of materials, it is beyond the introductory scope of this book.

5.7 Exercises
5.1) Let u(x,t) be an objective vector field. Show that its spatial gradient is
also objective, i.e., that it satisfies
(Vu)" =QVuQ", (5.61)

where (Vu)* = du*/0x* denotes the spatial gradient of the vector u*.

Prove that the strain rate tensor d (and the rotation rate w) is (is not)
objective.

(5.3] Let T be an arbitrary spatially objective tensor of order 2. Is the material
derivative of T" objective?

(5.4] Let T be an arbitrary spatially objective tensor of order 2. Prove that the
expression )

T+ Tis — T (5.62)
is objective, where T' denotes the material derivative of T and @ the rotation
rate tensor.

5.5) Prove that the tensor T of order 2, defined by the relation
T =2d+2dL +2L"d (5.63)

is spatially objective. The tensor d is the rate of deformation tensor and d is
its material derivative. The tensor L is that for the velocity gradient. For the
proof, use the equation (also to be proven)

d" = QdQ" + QdO" +QdQT. (5.64)






CHAPTER 6

Classical Constitutive Equations

6.1 Introduction

In this chapter we will examine the classical constitutive laws of Newtonian vis-
cous fluids, elastic and hyperelastic solids, and heat conduction. We will evalu-
ate some of these constitutive equations in the context of the second principle of
thermodynamics to verify that their formulations satisfy that inequality. The
section on the thermodynamics of an ideal fluid establishes the methodological
link between thermodynamics of continuous media and classical thermodynam-
ics in order to show that these two points of view are complementary. This
chapter ends with some considerations on the subject of thermoelasticity.

For the behavior of fluids, additional reading is proposed in [2, 12, 24, 38,
42, 57, 59, 60]. For solids, the reader is referred to [4, 6, 7, 15, 20, 32, 36, 41,
42, 47, 55].

6.2 Simple Fluids

In general, we can say that a fluid is a continuous medium such that in any
deformed configuration that leaves the density unchanged, the fluid retains no
memory of its past states. We can then propose the following definition: a fluid
is a material such that each configuration of the body that leaves the density
at a prescribed value may be considered to be the reference configuration [12].

If we limit ourselves to first-order partial derivatives (with respect to time
or space) in (5.60), we have the equation for simple thermomechanical materials

o(X,t)=FC <C, C, o7 p T,T, g—; g—;, X) FT. (6.1)

Since every configuration can be a reference configuration, we choose the cur-
rent deformed configuration as the reference configuration and we can write
x = X = x with p given. From (2.179) and (2.181), it follows that

F=1I C=1I C=FF+F'F=2d (6.2)
or  oT T oT
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Using the equation of conservation of mass, p = —pd;; (3.41), we eliminate the
dependence with respect to p. Relation (6.1) thus becomes

(6.4)

. 9T oT
o(x,t) =K <d, p LT, T, ‘;76, %, ac)

In the following, we assume that the fluid behavior is independent of the tem-
perature gradient 97 /0x and of its temporal variation aT/aa:. This simplifi-
cation is consistent with experimental observations of fluid behavior. Equation
(6.4) becomes

o(xz,t)=K(d, p ', T, T, ). (6.5)

The steps from (6.1) to (6.5) caused the objective character of (6.1) to disap-
pear. We can restore it by applying the principle of objectivity to (6.5) which
shows that the functional K does not depend explicitly on &. We consider
that the stress depends on the instantaneous value of the temperature, and
that the history term, 7", is obtained from the principle of conservation of en-
ergy. Consequently, a fluid is a medium where the constitutive law is of the
form

o(z,t)=K(d,p ', T), (6.6)

with the condition imposed by objectivity

QKQ" = K(QdQ",p7'.T). (6.7)

Condition (6.7) imposes that the functional, now reduced to the function K,
be an isotropic function of the symmetric tensor d. By application of the rep-
resentation theorem (sec. 1.3.11) for isotropic functions of symmetric tensors,
relation (6.7) becomes

o(x,t) = KoI + K1d + Kyd” . (6.8)
The scalar functions K; (i = 0, 1,2) will be functions of the invariants of d, p~!
and T'.

When the fluid is incompressible, its density is invariant. Thus, py = p
and det FF = 1. In addition, the first invariant of d is zero. Therefore, the
constitutive equation of an incompressible fluid has the form

o(x,t) = —pI + K1 (Is(d),I3(d))d + K> (I2(d), I3(d))d” (6.9)

with p, the undetermined scalar pressure. We note that when the fluid is
at rest, d = 0 and o0 = —pI. The behavior of the fluid is obtained from
hydrostatic equilibrium (eqn. (3.133)). Note also that the dependence of stress
on velocity is a function only of the symmetric strain rate tensor. This is a
direct consequence of the principle of objectivity which excludes the use of the
rate of rotation or vorticity tensor, as the latter is not objective and is also
antisymmetric.
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We notice that equation (6.9) is non-linear in d. It is in this case a non-
Newtonian fluid as opposed to a classical Newtonian fluid. The relation de-

scribes a fluid known by the name of a Rivlin-Ericksen fluid of complexity one
(see [59]).

6.3 Classical Fluids or Newtonian Viscous Fluids

A classical fluid is a medium for which the components of the stress tensor
are linear functions of the strain rate tensor. This definition imposes Ky = 0 in
equation (6.9). We note the particular case of perfect fluids, or inviscid fluids,
for which, by definition, the stress tensor is independent of d. The stress tensor
is thus spherical (non-diagonal components are zero). We write

o=—pl (6.10)
p=ppT). (6.11)

In (6.11), we have used the definition that 1/p = v with v being the specific
volume as encountered in the laws of the physics of gases. If the fluid is incom-
pressible, the pressure is determined by the solution of the equations of motion.
Conversely, if the fluid is compressible, the pressure is given by a state equa-
tion derived from thermodynamic considerations. If the fluid is not perfect, it
is called viscous. We pose

o=—-pl+T, (6.12)

with T, the deviatoric part of the stress tensor that is called the extra-stress,
such that T = K1 (Il(d), 12 (d), Ig(d))d

For classical fluids, T is a linear function of d and it can be shown that T'
is necessarily of the form

T = \trdl +2ud, (6.13)

where A and p are scalar coefficients. The tensor T' depends on the strain rate
tensor (and not the strain tensor) in a way such that it vanishes when the fluid
is in rigid body motion (that is, zero deformation rate). The pressure is a scalar
field which does not depend explicitly on the strain rate. The coefficient A is the
volume wviscosity, while u is the coefficient of shear or dynamic viscosity. We
will see that A\ and p are always positive. These coefficients have dimensions
ML™'T™! and the corresponding SI units are N's/m? or Pa -s.

Table 6.1 Material constants for viscous fluids

p (Pa-s) p (kg/m?) v(m®s71)
air 1.776107° 1.225 14.5107¢
water 0.0011 999.2 1.13810°°
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For example, in table 6.1 we give the material constants at room temper-
ature of two fluids widely used in industrial applications: air and water. The
kinematic viscosity v is defined by v = p/p. In index notation, the constitutive
equation for a compressible Newtonian fluid is written as

0ij = —p0ij + Adkk 055 + 211 dsj (6.14)
with
p=p(p,T)
A= Ap,T)
w=pu(p,T)
1 avi 61/]'
0= 5 : 1

The constitutive equation of an incompressible viscous fluid reduces to
oij = —pdij +2udi; (6.16)

with p being an undetermined scalar field and p is a constant in most cases.
Note that taking the trace of (6.16), we obtain p = —(1/3) tro and thus that
the pressure is the mean of the diagonal components of the stress tensor.

EXAMPLE 6.1 (Simple Shear Flow)

Consider a simple shear flow established between two parallel walls. The
lower wall is fixed and the upper wall moves along its plane at a constant
velocity U. The velocity field is such that

Ulzkmg
122:0
’03:0.

Only the component di5 of the tensor d is non-zero. Then, at an arbitrary
point M in the fluid, as shown in figure 6.1, we have 095 = —p and 015 = pk.
The fluid above point M exerts on the fluid below a shear force proportional
to p and to the velocity gradient k in the direction z5. Due to the presence
of viscosity, the fastest upper layers of fluid tend to speed up the lower layers
that they are in contact with; inversely, the slower moving layers tend to
slow down the faster flowing layers.

This physical interpretation confirms that it is reasonable to suppose that
1 > 0. This also shows that in a perfect fluid the different layers of fluid
exert no accelerating or decelerating influence on each other. They only
experience the forces due to pressure.
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U
M o9 = pk
)
p
€
I I 77

e I

Fig. 6.1 Shear flow

It is understood that we have presented a drastic idealization of reality as
all real fluids are viscous and they may also be turbulent. When they are
slightly viscous, we can model them using the concept of a perfect fluid.

6.4 Isothermal Isotropic Elastic Media

We have seen previously that a solid has a special memory: it remembers its
reference configuration.

An isothermal elastic medium is a simple material such that, by (5.36),
o(X,t)=S(F(X,t—s),X). (6.17)

Taking into account the fact that F' is the deformation gradient tensor that
relates the reference state to the deformed state, for an elastic material, we can
write

o(X,t)=%(F(t)). (6.18)

To simplify, in the following we consider that the dependence of o on time ¢
is carried by F' and we will no longer explicitly note ¢ in o. The principle of
objectivity requires

o =%(F"). (6.19)

Using (2.205) and (3.147), we obtain
o* =3%(F*) = £(QF) o =QoQ" = QX(F)Q" (6.20)

or

2(QF) = Q(F)Q". (6.21)
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With the polar decomposition theorem and by setting @ = R, this last equa-
tion becomes
Y(QRU) = R"S(F)R (6.22)

and
o=3%(F)=RX(U)R" (6.23)

VF and R. Relation (6.23) expresses the result of imposing objectivity on
(6.18). The constitutive equation (6.23) expresses the Cauchy stress tensor
in terms of the deformation tensor U or C since C = U? . Other forms of
constitutive equations can be written by means of the Piola-Kirchhoff stress
tensors P or S. Indeed, by combining (6.18) and (3.141), we obtain

P=JoF T =JS(F)F T =PF), (6.24)

where P is a tensor function of F. Following steps similar to those that led to
(6.23) and taking into account (3.149), we obtain

P(F) = RP(U). (6.25)

To write the constitutive equation as a function of the tensor S, we introduce
(6.23) in (3.152) and we proceed in a similar way to arrive at

S=JF 'eF T =JF'RE(U)R"F . (6.26)

Employing the polar decomposition theorem, this last relation can be written
as
S=JUu ')y’ (6.27)

or

S =8(U), (6.28)

where S is a tensor function of U. Since U* = U and S§* = S, the conditions
imposed by objectivity are satisfied. Equation (6.28) can be expressed as a
function of the Cauchy-Green tensor C' since C = U>.

In the following we will construct a theory of isothermal, isotropic elastic
media. If the material is isotropic with respect to its reference configuration,
by the material invariance principle, we must have (sec. 5.2.4)

3(F)=3%(F), (6.29)

where F is the deformation gradient tensor calculated for a material coordinate
system

X=0X+B, (5.30)

arelation in which {O} and { B} take into account, respectively, the symmetries
and the translations of the material axes (sec. 5.2.4). The deformation gradient
tensor F', according to (5.30), can be expressed as

ox 0X _FOT.

Fe o™ (6.30)
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Combining (6.29) and (6.30), leads to
S(F)=%(FO"). (6.31)

The polar decomposition theorem yields the following solution: F = VR
(= RU). To make V appear in the functional 3, we must choose O such
that FOT = V', thus O = R. We see from the polar decomposition that this
is an appropriate choice and we obtain, according to (6.18),

o=%(V). (6.32)

From objectivity (5.28) and isotropy (6.31), for every orthogonal matrix O, we
have

Ox(U)0" =x(0U) = 2(0UO0") = =(FO") =X(V). (6.33)

We conclude that the functional ¥ is an isotropic function of V. For an
isotropic material, constitutive equations (6.18) and (6.32) can also be writ-
ten in other forms.

Taking into account that V? = FFT (eqn. (1.134)), the constitutive law
of an isotropic elastic material can be expressed by one of the equalities

o=3%(V) o=H(V? o=K(e), (6.34)

where e is the Euler-Almansi tensor defined by (2.83). As the tensor functions
3 and H are isotropic and depend on symmetric tensors, we can write, for
example (see (1.140))

g = k() (Il(e), 12(6), 15(6))_[ + kl (Il(e), 12(6), Id(e))e

+ka(Ti(e), Ta(e), Ts(e)) e (6.35)

with
kp = kP(Il(e)a 12(6)7 13(6)) p= Oa 172 )

which are scalar functions of the invariants of the tensor e. We can also notice
that the stress tensor o and the strain tensor e have the same principal direc-
tions. In addition, relation (6.35) shows that for an isotropic material, three
parameters are necessary to characterize the constitutive response.

6.5 Hyperelastic Materials

Relation (6.35), presented in the preceding section, is the most general form
of the constitutive equation for an isotropic elastic material. We obtained this
constitutive equation from purely theoretical considerations without any refer-
ence to thermodynamics. This theory of elasticity, developed around (6.35), is
called Cauchy elasticity in the literature and the corresponding material is a
Cauchy elastic material. In this section, we develop a theory of constitutive
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equations based on the hypothesis of the existence of an energy function. The
theory is adapted to non-linear elastic materials where the deformations can
be large, that is, finite. It is normally called finite hyperelasticity or simply
hyperelasticity. The materials that it describes are called hyperelastic, or
Green elastic materials.

Assuming that the processes are isothermal and considering only mechani-
cal effects, we introduce the free energy function per unit volume in the material
description. Thus, we define the energy function W(X,t) such that

W(X,t) = Py (X)U(X,t). (6.36)
From (4.44), we obtain
W =W(X,t) = P(X)U(X,t)=P: F. (6.37)

A hyperelastic, or Green elastic, material is one for which the elastic energy
is given by the free energy function such that

W(X,t) :PO(X)U(F(XJ),X) , (6.38)
which, for a homogeneous material, becomes
W(X,t) =W(F(X,t),X) =W(F). (6.39)

The free energy is zero for the reference configuration, that is W(I) = 0, and
also satisfies the condition W(F') > 0.

In order to establish the relation between the energy and the stresses, we
proceed as follows. First, we express the time derivative of W(F') defined in
(1.167)

_ DW(F) DW(F) DF OW(F)

W(F) = === = Z5 o = T o (6.40)
Then, we combine (6.40) with (6.37) to obtain
OW(F) . . OW(F) b
oy F=P:F ( g~ P) i F=0. (6.41)

Relation (6.41) is valid for arbitrary values of F. Thus, for a hyperelastic
material, the constitutive equation is written as
_ W)

-~ OF

P (6.42)
Strictly speaking, both linear and non-linear elastic materials are hypere-
lastic. However, the name hyperelastic is conventionally used for non-linear
elastic behavior.

Expressing o as a function of P as in (3.141), the constitutive equation

becomes OW(F)
=Jl—rFT, 4
o=J 3 (6.43)



Hyperelastic Materials 181

We assume that the strain energy function is independent of the reference
frame. This implies that for two observers in relative motion as described by
(5.13), we have

W(F) =W(F*) = W(QF). (6.44)

Replacing F' by its right polar decomposition F' = RU and setting Q = R”,
we obtain
W(F)=W(R"RU)=W(U) , (6.45)

which expresses the necessary and sufficient conditions for the objectivity of
the energy function W(F). Recalling that U = C/2, we can write

W(F) = W(U) = W(C). (6.46)

In solid mechanics, we focus our attention on the formulation of the constitutive
relations as a function of the metric tensor C. It is thus necessary to express
OW(F)/OF in (6.42) or (6.43) as a function of C'. Differentiating (6.46) with
respect to time, leads to

OW(F) .. OW(C)

5F F = 5C :C. (6.47)

Taking into account C = CT = FTF and using (1.95) it can be shown that

(e e

FT. (6.48)

Due to the symmetry of C, 817\/\(0) /OC is also symmetric. Consequently, we
have —~
OW(F) oF oW(C)

oF oC (6.49)
and we write (6.42) in the form
oW(C)
P =2F . .
9C (6.50)

Inserting (6.50) in (3.152), the constitutive equation as a function of the second
Piola-Kirchhoff tensor becomes

—

aW(C)
ac -

Equations (6.50) and (6.51) represent the general forms of the constitutive
equations for a hyperelastic material that satisfies objectivity.

S§=2 (6.51)

6.5.1 TIsotropic Hyperelastic Materials

Let us examine the constitutive equations of an isotropic elastic medium. Since
the symmetry of the material is not taken into account in the preceding equa-
tions, we will now study its consequences on the constitutive equation. Accord-
ing to (6.30), the strain energy must satisfy the relation

W(F) =W(F) =W(FO™). (6.52)
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As O can be identified with @ (sec. 5.2.4), we can also have F = FQ’, so
that
C=F F=QF'FQ" =QCQ". (6.53)

Taking into account (6.46), a material undergoing the transformation (5.30)
satisfies the following equalities:

W(F) = W(C) = W(QCQ") (6.54)
W(C) =W(QCcQT). (6.55)

Relation (6.55) is the isotropic condition for the strain energy function (see
eq. (1.141)). It also implies that YW(C) is an isotropic scalar function of the
symmetric tensor C. Because of the representation theorem for invariants [17],
the scalar function (6.55) can be written as a function of the principal invariants
of its argument C. We can thus replace (6.55) with the function

o~

W(C) = @(1,(C), I2(C), I5(C)) . (6.56)

Since the principal values of C are A2, A3, A2, the corresponding invariants are
given by
L(C) =M+ + )3
L(C) = NA3 + A305 + A3\] (6.57)
I3(C) = NIA3)N:.

To simplify, we use the same symbol for the energy function ®, and the invari-
ants (6.57) will be specified without reference to the tensor C.

Inspecting function (6.56) and relations (6.50) and (6.51), the next step
in the formulation of the isotropic material constitutive equations is to differ-
entiate ®(C) with respect to the invariants (6.57). Assuming that ®(C) has
continuous derivatives with respect to the invariants, we have

oB(C) 0% oI, 0® O, 0D Ol

9C oL, 9C " oL, 9C " of, oC (6.38)
The derivatives of I; (i = 1,2,3) with respect to C are given by
oL _ 4 0L _;r_¢, % _por (6.59)

oc " oC oc
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EXAMPLE 6.2
For example, to prove the third equality, we proceed as follows. From
relations (1.144) and (2.110), we write the successive relations

0l ia(m%) (4, ® A

aCc T 4~ on
= MA2(A; @ A1) + A202(A; ® Ag) + M2A2 (A3 ® A3)
ANAIAT2H (AL ® A1) + ANIA2A2X52(A2 ® Ag) + A2A2N2N % (A3 © A3)

3
s Z MA@ A)=LC™.
1

By substituting (6.59) in (6.58), we have

09(C) 0 <a<1> aq>> ;0 (6.60)

ac = ban ¢ tlan than ) o

And inserting (6.60) in (6.51), the general form of the constitutive equation of
a hyperelastic material becomes

0P 0P 0P 0P
= — 41T I— — .61
S = ( 5510 <81.1 + 1%) 312C> (6.61)

Note that when the deformation is zero, S = 0. In this case, C = I, or
A1 = A2 = A3 = 1, or even, using the invariants of the tensor C, I; = 3, Iy = 3,
Is = 1. In addition, for § = 0 and C = I, the constitutive equation (6.61)
leads to the following condition for the partial derivatives

05 00 0D

6711—'_ 8712—’_87[3_ (662)

Combining (3.152) and (6.61), we obtain the the constitutive equation for the
Cauchy stress

S <13(c) 0% ( 0P o ) o

—_— — C2 .
o3(c) o oI(c) ) (6.63)

ante T 19550
where ¢ is the Cauchy-Green deformation tensor (2.89). We recall that the
tensors C and ¢ have the same principal stretches \? (i = 1,2,3). Thus the
corresponding invariants are also equal.

Consequently, when the energy function of a certain hyperelastic material
is known, its constitutive relation is established either by (6.61) or by (6.63).
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For an isotropic material, the strain energy (6.56) can also be written as a
symmetric function of the principal stretches A; (i = 1,2,3)
W(C) = $(A1, A2, As) (6.64)
Differentiating (6.64), we obtain
IV(C) _ 9 N2 1 9 0N

OC  9X?2 9C  2); 9N, OC (6.65)
From the tensor analysis relation
ON?
L A® A, .
e, ® (6.66)

where \? are the principal values of C, and A; are the corresponding prin-
cipal directions, we obtain
OW(C) i d¢

5 o o A e A (6.67)

Combining this last relation with (6.51), we have
3
1 9¢
S=> 57 Ai®A;. 6.68
> ® (6.68)

From the spectral decomposition of a tensor (1.125), we have for the principal
values of the second Piola-Kirchhoff stress tensor S; (i = 1,2, 3),
1 0¢

Ai 0N

Recalling the relation between S and P and the developments in section 2.7.3,

the corresponding constitutive equation using the principal values of the first
Piola-Kirchoff tensor is obtained as follows:

P:FS:F( L 99 , ®A>

S; = (6.69)

i OA;
(6.70)
3 1 ¢
;7 (FA); ® A; = Zw bi® A;.
Thus,
_9¢
Fi=on (6.71)

The principal values o; of the Cauchy stress tensor are obtained using (3.141),
(2.113), the property (1.70), and F'A; = \;b; (see exercise 2.11),

3
oc=J'FPT = J'F ( gf (b; ® Ai)T>
i=1 "

3 3
_ ¢ _ 09
_ 71 _ )=y aars .
=J (H 2y FAZ®bZ> J <;)\16/\i bl®bl> )

(6.72)
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Then,
9¢

C— 71y
o, =J )\la)\i.

(6.73)

The constitutive equations (6.61) and (6.63) are valid for an arbitrary hypere-
lastic material. However, hyperelastic materials for which the behavior in strain
is quasi #ncompressible do exist. This means that their volume remains al-
most unchanged during a deformation (i.e., isochoric motion). Such materials
include rubber and rubber-like materials as well as soft biological tissues. For
these materials we extract from (3.38) and (3.7)

dv
J= = Adeda =1 (6.74)

The incompressibility condition also introduces the following relation:
Iy =A% =1, (6.75)
In this case, the constitutive equation (6.61) becomes

o 0P o
_ —1
S=-pCl+2 (811 +5 812> I-25-C, (6.76)

where I30®/0I5 = 0®/JI3 is replaced by —p/2 with p being a parameter
similar to pressure. When the Cauchy stress tensor is used for an incompressible
material, relation (6.63) becomes

o0d o0®

0% ,

oL, c (6.77)
In addition, when the strain energy function is expressed as a function of

the principal stretches, the constitutive relations (6.69), (6.71), and (6.73) take

the form

99 p, 09

P P——

TEL 2 00
)\iQ A O\ Ai 2%

N

Si=-—

and o;=—-p+ N\ (6.78)

The parameter p is a constant which produces no work during the motion. It is
generally associated with a hydrostatic pressure and is calculated from the
equilibrium conditions and the boundary conditions.

It is often very useful to express the principal stresses as functions of the
principal stretches. This is easy to do since for an isotropic material the di-
rections of the principal stresses and stretches coincide. Consequently, as the
principal values of the Cauchy-Green deformation tensor ¢ are A%, A3, A\, the
principal stresses resulting from (6.77) are

oP oP oP
=-—p+2 + (A2 4+ 224+ N2 A2 —2—— X i=1,2,3. (6.79
s (6‘] (i +22+ )312> o, N P L3 (679)
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6.5.2 Forms of the Strain Energy Function

The constitutive equation is specified once the energy function has been identi-
fied. The mathematical conditions imposed until now are based on objectivity
and isotropy. Other requirements can come from the type of boundary value
problem, the experimental configuration, and the uniqueness of the solution. In
general, the explicit definition of the energy function is based on methodological
developments, experimental data, and/or the material microstructure.

We have already shown that the strain energy of an isotropic material
can be expressed as a function of the three invariants I; (i = 1,2,3) or as a
symmetric function of the principal stretches A\? (i = 1,2,3) of C. Assuming
that the function is of class C*°, (6.56) can be expressed as an infinite series of
powers of Iy — 3, I, — 3, I3 — 1

(I, I, I3) = Z Cije(I1 — 3) (I — 3)7 (I3 — 1) (6.80)
i, J, k=0

where Cjj, are material parameters, independent of the strain. In the reference
configuration, that is, in the case of no applied stress, [y = I, = 3, I3 = 1,
and ®(3,3,1) = Cpooo = 0. In addition, from a physical point of view, the
energy function should increase with the strain such that ®(Iy, I, I3) > 0.
Alternatively, (6.80) can be written as

(I, Iy, Is) = Z CijoIi —3)' (I —3Y + Y (Is — 1) (6.81)
i,j=0 k=1

In practice, only a limited number of terms are necessary in (6.80) or (6.81)
in order to correctly express the strain response of a particular material. For
incompressible materials, I3 = 1, and (6.80) or (6.81) becomes a function of
the first two invariants

O(I, 1) = i Cij(I1 — 3)"(Iy — 3)7 . (6.82)
,5=0

To obtain a state without stress for zero strain, the first coefficient Cyg must be
zero. Note that the material parameters are necessarily evaluated by a detailed
experiment with specific identification procedures, a process which becomes
more difficult when the number of parameters in the energy function increases.

In the recent past a certain number of energy functions have been pro-
posed. Among them, we retain a few for incompressible materials. The simplest
is the neo-Hookean model, which results from (6.82) with (4,7) = (1,0)

(1) = Cro(l1 - 3). (6.83)

This model has its origin in the statistical theory of rubber elasticity and
gives satisfactory results for stretching ratios less than 2. The constant is
expressed by Cyg = nkpT where n is the number of chains per unit volume,
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kg = 1.381 x 10723 JK~! is Boltzmann’s constant, and T is the absolute
temperature. This constant is normally related to the shear modulus of the
material.

Another often-used model for rubber elasticity is known as the Mooney or
Mooney-Rivlin strain energy function. From (6.82) for (i,5) = (1,0) and
(i,7) = (0,1), we obtain

(I)(Il, Ig) = 010(11 — 3) + 001(12 — 3) . (684)

This model played an important role in the development of non-linear elasticity.
It can be used for stretch ratios up to 4. For larger stretches, the model becomes
inaccurate.

The model proposed by Valanis and Landel assumes that the strain energy
function can be written as the sum of three parts, each of which is a function
of a single stretch:

¢()\17)‘27)\3) = w()\l) +w()\2) +w()\3). (685)

Here, w();) indicates a function of A\; (i = 1,2,3). The decomposition (6.85)
corresponds to the Valanis-Landel hypothesis.

A general form of the energy function was proposed by Ogden [36]. It is
expressed as a function of the principal stretches as follows:

N
$(A1; A2, Az) = ZZ— (A& + 5" + A5 —3), (6.86)
i=1 "

where «; and p; are the material parameters. This model has been tested
for simple and biaxial tension and simple shear of rubber. Excellent results
are obtained for a large range of stretch ratios with the choice of N = 3.
Note that the models mentioned above, as well as many others available in the
literature, are special cases of (6.86). It reduces to the neo-Hookean model
with N = 1,1 = 2, C19 = p11/2 and using the expression for the first invariant
(6.57). We obtain the Mooney-Rivlin form (6.84) with N = 2, a1 = 2, ap = —2,
Cio = p1/2, Co1 = —p2/2 and using the expressions for the first and second
invariants (6.57). Note that with the Valanis-Landel hypothesis, the strain
energy (6.86) takes the form

«

3 N
S A2 As) =Y wh)  and  w(h) =D (A —1). (6.87)
k=1 i=1 "

For additional models of incompressible and compressible hyperplastic materi-
als the reader is referred to [4, 20, 36]. We finish this section with the definition
of the Saint-Venant-Kirchhoff model.

From the representation theorem (1.140) and with (6.51), we can write

S = BoI + 1C + C?, (6.88)
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where the parameters g, 81, 82 are scalar functions of the invariants (6.57).
Assuming that S = 0 in the reference configuration for which C' = I, we can
show that near the reference configuration

S=AMrEI+2uE+o(E), (6.89)

where FE is the strain tensor (2.82) and o( E) are the higher order terms that are
negligible. We see that there are two parameters, A\, u, in the approximation
of order 1; they are the Lamé coefficients or parameters.

Gabriel Lamé (1795-1870) was born in Tours. He was
sent with Clapeyron to Saint Petersburg to teach applied
mathematics and physics to the students at the School of
Public Works. Returning to Paris, he was named profes-
sor at the Ecole Polytechnique and subsequently at the
Sorbonne. His main contributions were in applied math-
|| ematics and elasticity. He notably wrote Lecons sur la
| théorie mathématique de l’élasticité des corps solides.

Fig. 6.2 Gabriel Lamé

Note that we should not confuse this constant A with the stretch parameter
since in (6.89), we use the strain tensor E and not the invariants (6.57). When
we take the term o( E) to zero, we obtain

S=MMrEI+2uE, (6.90)

which is the constitutive equation of a Saint- Venant-Kirchhoff material.
Relation (6.90) represents the classical non-linear model for compressible hy-
perelastic materials. It is adequate for the analysis of relatively small strains
of isotropic homogeneous elastic materials. It can also be applied in non-linear
analysis of large displacements with the displacement-strain relations given by
(2.86). Further discussions on the suitability of this model can be found in
[7, 20]. Tt can easily be shown that such a material is hyperelastic with the
strain energy function given by

o~

W(E) = g (tr E)’ + ptr B (6.91)

We can also express (6.90) as a function of the first Piola-Kirchhoff tensor using
(3.152)
P=FS=\trE)F+2u,FE. (6.92)

6.5.3 Reduction to Simple Stress States

In this section we express the Cauchy stress tensor (6.79) for some simple cases
of loads applied to isotropic, incompressible materials. The reader is referred
to [4, 20, 36] for examples of compressible materials.
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Biaxial Stretch

This type of motion is encountered in the case of thin plates with a plane load
in two orthogonal directions; it is defined such that we have two independent
principal stretches A1, As, and, by (6.74), A3 = /\1_1/\2_1. The corresponding
stresses are o1, 03 # 0 and o3 = 0. Setting o3 = 0 in (6.79), we obtain for the
parameter p

1 00 A2+ )2 90
P=232 o, 22 an
112 1 172 2

Introducing (6.93) in (6.79) and after a few algebraic manipulations, we can
write the following expressions for the stresses:

(e L[ o0
o= 2<A1 oz ) \an TV

1 0P o
— 22— 2 ) (& ).
72 ( ? A%%) (311 " 13[2)

Equibiaxial Stretch

This type of motion is a special case of the preceding case with o7 = o9 and
o3 = 0. Consequently, Ay = Ay = A and 01 = 03 = 0. Using (6.94), the stress

o becomes . 0% 00
=2(N - = | == +N—). 6.95
4 ( >\4) (8[1 + 312) (6.95)

Such loads are found in spherical shells under pressure where the two stresses
tangent to the middle plane of the shell are equal and the third, normal to the
shell surface, is considered to be zero.

(6.93)

(6.94)

Uniaxial Stretch

When the material is loaded in only one direction, we have A\; = X and from
the incompressibility condition Ay = A3 = A~1/2. The stresses are 07 = o and
o9 = 03 = 0. With these values of the parameters and (6.94), we obtain

_ofye_1) (022 K 102
U—2<)\ VACT RS TIE (6.96)

EXAMPLE 6.3
Inflation of a Balloon

As an example of hyperelasticity, we will present the case of inflation of
a balloon made of a rubber material. We will use here the neo-Hookean
and Mooney-Rivlin models to describe the pressure in a spherical balloon
as a function of the stretch and assume that the material is isotropic and
incompressible. The spherical balloon has an initial thickness e; and a
radius R such that R > e¢;. In the deformed configuration, the thickness
and the radius are e and r, respectively as we can see in figure 6.3.
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Fig. 6.3 Inflation of a balloon: (a) geometry and (b) boundary conditions

Because of the spherical symmetry of the load and geometry, the two princi-
pal stresses are equal, 01 = 02 = o, while the third, o3 = 0. Thus the state
of stress is equibiaxial. To relate the internal pressure, p;, to the stress,
o, consider the equilibrium of a hemisphere in the deformed configuration.
The projection of the force due to the pressure onto the plane through the
center is in equilibrium with the stresses in the thickness of the balloon,
7r2p; = 2rreo, from which we obtain

pi=2%. (6.97)

r
To describe the deformation of the balloon, we define the stretch ratio
by A = r/R. The incompressibility condition is expressed by setting the

material volume equal in the deformed and undeformed conditions, that is,

47r?e = 4w R%e;. Thus
e 1
i vE (6.98)

Combining the above expressions we obtain for the neo-Hookean model

1) 0@ 1
o= 2<X2 — )\4> o= 2C10 </\2 — > (6.99)

and the pressure

€; 1 1
3 =4 ——[(1-=. 1
pi(A) =404 § ( )\6) (6.100)
Taking C1g = 0®/0I; and Cy; = 0P/II5 in the Mooney-Rivlin model, we
obtain for the stress

o= 2()\2 = /\14> (010 = )\2001) 5 (6101)
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Using (6.101) and (6.98) in (6.97), we obtain
€; 1 1 2
pi(d) =4Cw5 - (1- 35 (14+n2%), (6.102)

with 7 = Cp1/Chg. Setting e;/R = 0.01, the normalized pressure p;(\)/C1o
according to (6.102) is shown in figure 6.4 as a function of stretch ratio A
for different values of 1. The curve corresponding to 1 = 0 represents the
neo-Hookean model (6.100).

0,16 y
0,14 L

0,12 - o

Normalized pressure

0,10 L
0,08 =
0,15

0,06 /

0,04

Stretch ratio

Fig. 6.4 Normalized pressure in a balloon as a function of different values of n

6.6 Linear Infinitesimal Elasticity

Since in many cases the displacements and strains of elastic solids are small, we
use the linearized theory developed for infinitesimal displacements and strains
introduced in section 2.9.

Classical elasticity is thus a theory linearized around the natural state of a
material considered to be homogeneous and isotropic. For this case we showed
that the difference between the Green-Lagrange and FEuler-Almansi tensors is
proportional to the terms of order 2, which are considered negligible in the
linearization. We thus use the infinitesimal strain tensor e defined by (2.150),

such that L /U ou 1 /8 5
ot i j _ 2t Uy Uj
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With this approximation, the Piola-Kirchhoff tensors reduce to the Cauchy
tensor o (sec. 3.9). In addition, the principle of objectivity is satisfied (sec.
2.11). Also with these linearizations, the Saint-Venant-Kirchhoff equations
become

o= Mrel +2ue, (6.104)

where the scalar coefficients A and u are the Lamé coefficients of elasticity,
whose dimensions are force per unit surface (Pa). Thus, linear elasticity relates
the stress to the infinitesimal strain with a linear equation known as Hooke’s
law.

Robert Hooke (1635-1703) was born in Freshwater on the
Isle of Wight. The portrait is an artist’s impression. He
was a scientist and primarily an experimentalist. He con-
tributed to the domains of architecture, mechanics, chem-
istry, physics, etc. He is especially known for his law of
elasticity (ut tensio, sic vis).

Fig. 6.5 Robert Hooke

It is very easy to invert relation (6.104) in order to obtain € as a function of o
as follows. The trace of o is obtained by

tro = omm = (BA 4 20)emm - (6.105)

With (6.104) and (6.105), we have

—-A o
=——trol + —. 6.106
© = a2 T o, (6.106)
This relation exists only if
3IN+2u#0 and w#0. (6.107)

Equation (6.106) can also be written as

1
E:—% tro-I—l—( ;V)0'7

(6.108)

where E is Young’s modulus (Pa) and v is Poisson’s dimensionless ratio. These
coefficients are related to Lamé’s by

w(3X+2p) A
o ) S 6.109
A+ p v 2(N + p) ( )

Table 6.2 shows values of Young’s modulus, Poisson’s ratio, and the density
of a few elastic materials used in engineering.
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Table 6.2 Material constants for elastic solids.

E (Pa) v | p(kg/m®)
steel 200 10° 0.27 7850
glass 69 10° 0.19 2500
rubber | 0.0510° | 0.50 850

We will offer an interpretation of the elastic coefficients by considering a
few simple cases. The first example is that of simple traction (fig. 6.6). A bar
is subjected to traction in direction z;. We assume that the lateral surfaces of
the bar are free with no contact forces acting on them.

.

o1 o1

€ i

it
T

Fig. 6.6 Simple traction

The stress tensor has only a single non-zero component, namely o11. To
calculate the strains, we use equations (6.106). We obtain

S 7 S,
13X+ 2p)
€99 = €33 = —7/\ 011 = — A Atp 011 (6.110)
20(3X\ + 2u) 20 + 1) p(BA+2p)

€12 = €23 = €31 = 0.
With (6.109), equations (6.110) become

1 v
€11 = = €99 = €33 = —— = —very . 6.111
11 E 011 22 33 E 011 11 ( )
Poisson’s ratio thus corresponds to the lateral contraction of the sample under
traction. We can express the Lamé coeflicients as functions of E and v. This
follows by inverting (6.109)

FEv E

S (7 R (Eh

(6.112)

The modulus E is positive because experience shows that if 017 > 0, then &1
is also; the part stretches under traction. From experience we also see that v
is also positive.
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Fig. 6.7 Simple shear

The second example is that of shear applied to a block (fig. 6.7) such that
the components of the stress tensor are written

T12 = 091 (6.113)
with
0 =0 V(i,5) # (1,2) and (2,1).
The strain tensor (6.106) with (6.113) gives
012
= =5 114
€12 = €21 25 (6 )

the other components being zero. As the component &1 is half the complement
of the angle formed, after deformation, by directions initially oriented along the

directions z; and xg by (2.158), we have
012

o b2 . (6.115)

We call the Lamé coefficient u the shear modulus, or also the modulus of
rigidity in shear.

The third example is that of uniform local contraction such that the stress
tensor is diagonal (or spherical) with

oij = —pdij, (6.116)
where p denotes the pressure. Then by (6.106), we calculate
p
N S 6.117
6".7 (3)\ + 2#) ) ( )
or )
p= —g (3)\+2H)5kk = —Kepy . (6118)
The coefficient defined by the relation
342 1 FE
K= AT (6.119)

3 31-2v
is the bulk modulus. For a given value of pressure, the volume variation ey
will be smaller when K is larger. Experience shows that K is positive, which
leads to v < 0.5. The special case v = 1/2 is that for incompressible elastic
materials for which K — co. An example of this type of material is rubber,
which we take to be incompressible.
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6.7 Heat Conduction

We have seen in section 5.4.1 that the heat flux is written as
q(X,t) = Q(x, T, X,1). (6.120)

Applying the general principles of the constitutive laws, we arrive at the equa-
tion

Xt)—Q(F T a—T X> (6.121)

q( ) - ’ ) 6X ) N .

We note that the heat flux depends on the temperature gradient. When we
study conductive heat transfer in fluids and solids, we can show that q depends
mostly on the temperature gradient 07'/0X and only weakly on F'. This is
confirmed by experience. We should thus write, in the Eulerian representation,

G =K or

Furthermore, we can specialize equation (6.122) for the case where the heat
flux is given by Fourier’s law with K;; = —kJ;

oT

q=—-k(T)VT g =— 9z,

(6.123)

Parameter k is the coefficient of thermal conductivity. Its SI units are Wm™!
K~1. Fourier’s law is valid for both fluids and solids.

Joseph Fourier (1768-1830) was born in Auxerre. A bril-
liant student at the Ecole Polytechnique, he became a pro-
fessor at the age of 16. He participated in the Egyptian
campaign with Champollion. After returning to France,
Napoleon named him prefect of Isere. Elected to the
Académie des Sciences in 1817, he became its perpetual
secretary in 1822. Fourier wrote Théorie analytique de la
chaleur, where he introduced the partial differential equa-
tion for heat diffusion. He solved it with the series of
periodic functions which are named after him.

Fig. 6.8 Joseph Fourier

6.8 Second Principle of Thermodynamics
for Viscous Fluids

Inequality (4.83) is applied to Newtonian viscous fluids by introducing the forms
(6.14) for the stress field and (6.123) for the conductive heat flux. We also add
forms for the internal energy per unit mass, u, and the entropy per unit mass,



196 Classical Constitutive Equations

s, taken as functions of only temperature 7" and density p. We will establish
the state equation:

pldu—Tds)—Ldp=0. (6.124)
P

We also propose to show that the three coefficients x, i, and k must always be
positive, with the coefficient x defined by

1
K=y (BA+2u). (6.125)
To start, we state the following postulate.

POSTULATE The Clausius-Duhem inequality (4.83) is satisfied at all times, for
arbitrary histories and independently of the temperature, density, deviatoric
strain rate, d?, and the thermal gradient, (0T |0z ).

These quantities are called the thermodynamic model variables. Their
history, that is, their values as functions of time, for a given material point, is
called a thermodynamic process. We note that the constitutive equations
express oy, ¢;, U, and s as functions of the thermodynamic process (the history
of p giving that of tr d by the conservation of mass). First, consider the following
relations, in index form:

1
diy = dij = 3 dmm 05 (6.126)

ov; 1 Dp
—dy=—-2L 6.127
ox; p Dt ( )

1
d jd d d
dij db] = dij (dij T3 mm 6U> = dz‘j dij ,

since trd? = 0. The constitutive equation (6.14) can be rewritten with (6.125)
and (6.126):
0ij = —p0ij + Kdr by + 2ud; . (6.128)

We can then extract the following development from (4.24), (6.128), and (6.123):

o Qv @ OT
]Zaxj T 8xi

k (0T oT
— pd 2 dgd 4 K

_p Do > popalal+ X (1) (50
— + £ (dmm) +2ﬂdijdz’j+T(axi ox; )

The Clausius-Duhem inequality (4.83) is thus written in the following form,
valid for any Newtonian viscous fluid:

Du Ds p Dp 9 d .  k[(OT oT
== )£ < 2uds dé +—= [ — — . (6.1
g <Dt Dt) p Dt =) F 2 At G )\ oy ) - (B130)
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This inequality must be satisfied for an arbitrary thermodynamic process (within
the limits of the model’s applicability). Hence, we can also require that it
be valid at any arbitrary time, regardless of the thermodynamic variables
(T, p, d;, OT /dx;) and their material derivatives (eqns. (6.1) and (6.6)). Let

ﬁ 0, d”7 T7Z be the values of the thermodynamic variables and T, 57 ..., be

those of their material derivatives. Then, by Taylor series expansion in time
about the values of the terms in inequality (6.130), we must have

(2 o)
-7 dp dp (T,p)

p(Borl)  FordD;
(T.p)

)

or oT p
) L
<K 3 +2ud; di; + = = T’lT)i . (6.131)

According to the adopted postulate we can, without changing T D, T and
p, let the arbitrary values d and T,2 be zero in (6.131). This amounts to
considering an identical thermodynamic process, but without heat flux nor a
deviatoric rate of deformation at the material point being followed. We thus

have the following inequality:
p
E< /{(—A) . (6.132)
p

We can then, following the same postulate, multiply T and/g by an arbi-
trary quantity e, either positive or negative, without changing T nor p (which
amounts to slowing the process at the instant under study or to considering
a slow process in the opposite sense). We thereby obtain, for any ¢ € R, the

inequality
ek < 2k —g\ ,
p

and thus inevitably the equality

D D D
B=(p(22 _p=2) 2P =0. (6.133)
Dt " Dt) pDt)zs75

By writing (6.133) in differential form, we find the relation (6.124) we sought.
As soon as (6.124) is satisfied, the left-hand side of (6.131) becomes identically
zero. For the right-hand side to remain positive, it is necessary and sufficient
that the coeflicients k, u, and k be positive. We observe then that we have
a linear combination of squares of independent expressions which must be a
positive definite quadratic form, and thus with positive coefficients.
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The right-hand side of inequality (6.130),

k (0T (0T
2 d d i
£ () + 2 djy di + <8$i) <(’)wi) , (6.134)

measures the local irreversibility of the process being studied.

6.9 Ideal Gas Thermodynamics

In this section we establish the relation between the thermodynamics of con-
tinuous mechanics and classical thermodynamics. For the latter, we refer to
the book by [35].

We introduce the definition of the enthalpy per unit mass

h=u+ ‘g (6.135)

for a Newtonian viscous fluid.

The constitutive equation (6.12), coupled with the hypothesis that the in-
ternal energy per unit mass does not depend on the density, and thus u = u(T),
yields the ideal gas model. This gas satisfies Boyle’s law, or the Boyle-Mariotte
law, that is, “at constant temperature, the product of the pressure p and the
volume V' is constant”. We deduce from (6.135) that the enthalpy per unit
mass does not depend on density either, so that we have the equations

p = pRT (6.136)
u = u(T) (6.137)
h = h(T). (6.138)

If we introduce the notion of specific volume v = 1/p, then the state equation,
(6.136), corresponds to pv = cnst in an isothermal process. Differentiating, we
define the specific heat capacities at constant volume and pressure

du = ¢ (T)dT dh = ¢, (T)dT . (6.139)

Also, differentiation of (6.135), taking into account (6.136) and (6.137), leads
to
dh =du+ RdT, (6.140)

from which we obtain
ep(T) —c(T)=R. (6.141)

R is the ideal gas constant expressed in Jkg=! K~!. Various expressions of ds
are found by combining (6.124) and (6.137):

¢y d(logT) — Rd(log p)
ds =< ¢, d(logT) — Rd(logp) (6.142)
¢y d(logp) — ¢p d(log p) .
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Note that physical observations reveal that for an ideal gas, the coefficients
of viscosity and thermal conduction generally depend only on the absolute
temperature.

Important simplifications can be made if we assume that, for a certain
temperature range, the heat capacities are constant. In this case we can write,
within an additive constant, in the given temperature range

u=c,T (6.143)
h=c,T (6.144)
5 =cylogp —cplogp.

An isentropic flow is one for which

p% — cnst | (6.145)

with the definition of the heat capacity ratio:
y=2 (6.146)

Cy

A fluid in isentropic flow is a barotropic fluid for which the density is only a
function of pressure such that p = p(p). In this case, we easily show that

1 dp
— Vp= V/— . 6.147
p(p) p(p) (6.147)
So, for a given function f(p), we have
df
= — . .14
OBFAZ (6.145)

Setting

_ [ 4
ﬂ@—/mm, (6.149)

then it follows that of )
_ = . 6.150
dp  p(p) ( )

Finally, within a constant, we can write

_S%P_ 7

= 6.151
Rp -1 (6.151)

kS

The speed of sound a is defined by the relation

0
a2 = P

= %0, (6.152)

In the special case of an ideal gas, (6.152) takes the form, with use of (6.145)

a? =~%, (6.153)
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so that with (6.151) we obtain, to within an additive constant,

(6.154)

For air considered as an ideal gas, we have the following constants at 300°K:
R =287 Jkg ' K1, 4 = 1.401, ¢p = 1006 Jkg='K~!. Air conducts heat
as predicted by Fourier’s law, (6.123), with & = 0.0262 Wm~! K=!. The speed
of sound in air is 340 ms~! at standard temperature (288 degrees K). For
comparison, the speed of sound in sea water is about 1500 ms~1.

6.10 Second Principle of Thermodynamics for
Classical Elastic Media

We examine an elastic solid subjected to small displacements and infinitesimal
strains (sec. 2.9). Thus we express all quantities in terms of their material
description and use lowercase symbols for convenience. We also assume that
geometric changes are negligible and that the deformation process takes place
slowly enough so that thermodynamic equilibrium is maintained in the entire
body at all times. In this case, the internal energy and free energy defined by
equation (4.84) take the forms

u=u(e,T) f=feT). (6.155)

Classical elasticity assumes the reversibility of the thermodynamic phenom-
ena, given that the solid is not subject to permanent deformation. Then, the
Clausius-Duhem inequality (4.83) becomes an equality, that is,

Du Ds 1
— - T—)=0:d— —=q- I. 1
p< . t> o q-V (6.156)

Assume an adiabatic process (g = 0). Using (4.84) and since for small defor-
mations d = &, relation (6.156) becomes

Du _Ds . (Df DT
P(5i-Th) = eme(Fr ) o

From the second equality of (6.157), we obtain
1
—ode—sdTl =df. (6.158)
p

Accounting for (6.155), it follows in index notation

1 of of
Jij =
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The free energy is thus a potential for the tensor o /p and also for the entropy,
s. If we reduce the dependence of f to be only on ¢;;, by considering only
isothermal processes, then we can expand f in the neighborhood of the natural
state of the elastic material. We have

_ of | .
f_f°+£jos”+ , (6.160)

where the index zero denotes the unstressed natural state. From (6.159);, the
coefficients of the linear term are zero (o;;|, = 0). Thus, (f — fo) is quadratic
in €;5, and, in the identity

0
8sij

(0lF — J0)) = P+ (f ~ fo)

dp
Ders , (6.161)
the second term on the right-hand side is negligible by the linear theory. In
fact, if we combine (2.147) and (3.37) we obtain p = py(1 + O(g)) = po (since
there is no distinction between the material and spatial description when the
strains are infinitesimal). Thus p ~ pg and density can be considered constant
during infinitesimal deformation. The first relation of (6.159) can be written

as

oW
Oij = a ) (6.162)
with
W =p(f — fo) (6.163)

being the strain energy per unit volume with o;; and ¢;; as corresponding
conjugate parameters. With equation (6.104), the potential energy W can be
set in the form (compare with (6.91))

A
W = 5 Eii€kk T HEG;Eij - (6164)

6.11 Thermoelasticity

We make the assumption of small strains and displacements and consider small
deviations from a reference temperature Ty. Since we are developing an approx-
imate theory, we will expand f(e,7T) in a Taylor series in the neighborhood of
e = 0 and T = Ty which we truncate after the quadratic terms. As (6.163)
gives zero stress for € = 0 and T' = Ty, the expansion has no linear term in
only e. It is appropriate to work with pf rather than with f [27]. We have

A
pf = pfo—pso(T —To) + 5 EiiChk
C
+ peisei +eijei(T — To) — o (T = To)?,
27T,

(6.165)

an expression for which the coefficients fo, so, c;j, and c are still to be de-
termined, and in which the factors p and p/Ty have been added to simplify
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subsequent steps. If we apply (6.165) to the case where e = 0 and T = Ty, we
observe that fy is the free energy of the natural state.

If we impose isotropy on the elastic material, the tensor c;; must be isotropic
and of the form ad;; with a a scalar. Taking this scalar as a = —(3A + 2u)«,
with a yet to be determined, we obtain

Cij€ij (T — TO) = —(3)\ + QM)OZEkk(T — T()) . (6166)

We can easily calculate o;; with the relation (6.159) applied to (6.165) and
accounting for (6.166) we obtain

)
oy — pagf_ = N 81y + 2u2; — (3A + 2)a(T — Ty) b5 (6.167)
ij

This is the generalization of Hooke’s law (6.104). We can invert the relation to
obtain € as a function of &

1 A
= — 2ua(T —Ty) — ——— I). 1
€ o (U+ ( o 0) o tr o-) ) (6.168)

This equation resembles (6.106) except for the additional term a(T — Tp) d;4
which comes from the thermal effects. It corresponds to a uniform extension
a(T — Tp) in all directions, that is, to a dilation of volume 3a(T — Tp). The
coefficient « is the thermal expansion coefficient. It has dimensions of an
inverse temperature.

If we now apply (6.159)2 to (6.165) and (6.166), we can evaluate the entropy
pc

0
ps = —p% = pso + (BA + 2p)acky + T (T —Tp). (6.169)

The quantity sq is the entropy of the natural state.

Having evaluated f and s, respectively, with (6.165) and (6.169), we can
obtain the internal energy

pu=p(f+Ts)
A 6.170
= puo + 3 (tr e)2+ue;e+(3A+2u)aT0trs+%(T2—T3) ( )
0

with ug being the internal energy in the natural state. Equation (6.170) shows
that the internal energy cannot be obtained simply by a linear combination
of the strain energy (first three terms of the right-hand side of (6.170)) and
a thermal energy (last term of (6.170)). Its structure is more complicated
implying a coupling between mechanical and thermal effects. Calculating the
partial derivative of u with respect to the temperature, we obtain

ou

_ = 171
3T |, c, (6.171)

which is the heat per unit mass at the temperature T = Tj.
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6.12 Exercises

Prove that C = 2d, from equations (6.2), is valid for a simple fluid.

Express the energy equation (4.23) for the case of a Newtonian viscous
fluid (6.14).

Simplify this expression for the case of a perfect fluid. If the fluid is an
ideal gas, what happens to the energy equation?

Express the energy equation (4.23) for the case of an incompressible New-
tonian viscous fluid (6.16).

Simplify this expression for the case of a perfect fluid.

Prove that

1) the tensors U, C, and S have the same principal directions;
2) the tensors V, ¢, and o have the same principal directions.

From (6.61), (3.152), and relations (2.88)—(2.90), prove relation (6.63).

Use the Cayley-Hamilton equation, (1.123), to show that the stress rela-
tions (6.61) and (6.63) can be written as

Y Y Y YY) b _,
=2 I I I—- |1 — 172
o (( thon t 2813) ( "o, 62>C+3130) (6.172)

o6 0 o0 0%
_ -1 —1
o=2J <<12312 + 136[3) I+ e ligc ) . (6.173)

Using (6.80), prove that the energy is zero in the reference configuration
when Cppg = 0 and that it is stress free when the coefficients satisfy the condi-
tion Cgg + 2Cp10 + Coo1 = 0.

Using the expressions of the invariants (6.57) and relation (1.144), prove
the first two equalities of (6.59).

For the neo-Hookean model, find the stretch ratio for which the maximum
pressure is obtained in the case of a balloon under internal pressure (6.100).

Use the Ogden model (6.86) to express the stress components for the
cases of uniaxial, biaxial, and equibiaxial stretching of an incompressible ma-
terial. With the choice N = 3 and the material parameters a; = 1.3, ag = 5,

3 = —2, pp = 0.63 MPa, us = 0.0012 MPa, us = —0.01 M Pa, sketch the
stress components as functions of the corresponding stretches for uniaxial and
equibiaxial stretching.

Calculate the free energy in a bar of linear elastic material subject to a
simple tension load 1.
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Calculate the induced strain in a rectilinear bar of length L along the
axis z1 in a temperature field T = Ty + (71 — Tp)x1/ L.

Given Fourier’s law of conduction and the ideal gas state equation for
a perfect compressible fluid, write the conservation of energy equation with
temperature as the principal unknown of the problem.

Written in index form, Hooke’s law (6.104) is,
Oi5 = AEkk 57;]‘ +2u €ij - (6174)

1) Decompose the stress and strain tensors into their hydrostatic and devia-
toric parts

1 1
0 = (T;iJ + O’o(sij og = 5%’“ O'idj =04 — *Ukktsij (6.175)

3
d 1 d 1
€ij = €4 + 6061'_7' g0 = g Ekk €45 = Eij — gekkéij . (6.176)
Show that (6.174) is equivalent to
ol = 2ue; o0 = 3Keq, (6.177)

where the bulk modulus K is defined in (6.119).
2) Show that the principal axes of the stress and strain tensors coincide.
3) Show that the potential strain energy is

1 9
Wie) = B} Aern)? + peijei; = 3 K(g0)* + ,u&?‘iijsfj . (6.178)

4) Show that the stability condition W (e) > 0 Ve # 0 amounts to imposing
the conditions K > 0 and p > 0.

Consider a Hookean solid for which the stress-strain relation is given by
(6.104) and its inverse by (6.106).

1) If the state of stress is that of hydrostatic compression, that is,
oij =08, (6.179)
show that the corresponding deformed state is given by
€ij = €055 e=— (6.180)

with K defined in (6.119).
2) If the state of strain is that of simple shear, that is,

1
€ij = 5'7(mmj + mjm) mm; =n;n; =1 myn; =0, (6.181)
show that the corresponding stress state is given by
oji = T(myn; + m;n,;) T=uy. (6.182)

Thus p is also called the modulus of rigidity.
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3) If the stress state is that of simple tension, that is,
045 = 0NN nn; = 1, (6183)

show that the corresponding state of strain is given by

€ij = EnNyNj + 5T<6ij — nmj) En = % ET = —VEy, (6184)

where Young’s modulus and Poisson’s ratio are found as defined in (6.109).






CHAPTER 7

Introduction to Solid Mechanics

7.1 Introduction

In a typical solid mechanics problem we are interested in the calculation of the
displacement, stress, and strain (which, in general, are functions of time) for
every point in the body. Often, for several materials, the stress-strain behavior
is non-linear, inelastic, and anisotropic and the corresponding mathematical
formulation is difficult. Many theories have been developed and are currently
used in engineering. Among these, we will mention linear and non-linear elas-
ticity, viscoelasticity, plasticity, and viscoplasticity. Their development has
been stimulated by the use of new materials. Each of these approaches aims to
model certain specific aspects of the material behavior. In solid mechanics one
of the simplest stress-strain relations is the case of linear dependence between
stress and strain. Such linear relations can be applied to all materials for small
loads or displacements and often yield satisfactory results. Also linear elastic
theory is the basis for the study of solid mechanics. For a large number of
materials, such as metals and ceramics, the strain remains small and obeys
Hooke’s law when the applied loads are not too large. In addition, the study of
linear elasticity is justified as a first step to the study of dissipative phenomena
such as viscoelastic and elastoplastic. In this chapter, we present the elements
of linear elastic theory of a homogeneous and isotropic medium subjected
to simple loads. The discussion is focused firstly on solids subjected to static
loads (i.e., independent of time) and secondly on the description of waves in
linear elastic media subjected to time dependent excitations. Representative
examples are given in both cases.

Additional reading can be found in the following texts: [6, 7, 30, 43, 47,
48, 54].

7.2 Fundamental Equations of Static Linear Elasticity

In this section we describe the deformation of a solid subjected to volume
forces as well as loads imposed on its boundary. We only consider isothermal
and stationary (static or elastostatic) problems.
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7.2.1 Static Linear Elastic Field Equations

In the context of static linear elasticity, the strains and the stresses are governed
by the system of equations composed as follows:

1) six equations that define the strain-displacement (2.150)
1 T
e=3 (Vu+ (Vu)"); (7.1)
2) three equilibrium equations (3.125)

dive + f=0, (7.2)

with f = pb being the volume force;

3) six equations that define the homogeneous isotropic constitutive law (6.104)

vE
= AMtrel +2ue = ———— trel .
o rel +2ue AT re +1+V€ (7.3)
or its inverse (6.108)
-2 o v (14+v)
=—————trol+ —=——=trol 7.4
€ 21N+ 20) ro +2M 7 o + 7 7 (7.4)

where the elasticity coefficients A, u, E and v are independent of position.

A simple count shows that there are fifteen unknowns (three displacement
components u;, six strain components ¢;;, and six stress components Ul'j) and
fifteen equations; the problem is thus well posed. We have shown in section
6.10 that a linear elastic solid satisfies the second principle of thermodynamics
and that there exists a potential function which, in this case, has a quadratic
form in the strains (6.164) or the stresses.

There are two ways to combine the preceding fifteen scalar equations. Tak-
ing first the three displacement components u; as the primary unknowns and
introducing (7.1) in (7.3), we obtain

Oij = Mg 055 + pr(wgj +uj;) (7.5)

and by substituting into (7.2)
(A4 p)ug ki + p g5 + fi = 0. (7.6)
Relations (7.6) are Navier’s equations which we can also write in the form
A+ p)V(divu) + plhu+ f=0, (7.7)

where the displacement must be continuously differentiable at least two times.
These equations can be solved when we impose the boundary conditions in
terms either of the displacement or the contact forces expressed as functions
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Claude Louis Marie Henri Navier (1785-1836) was born
in Dijon and died in Paris. Navier graduated from the
Ecole Polytechnique and became an ordinary engineer for
the Ponts et Chaussées in 1808. His expertise was the re-
sistance of structures and bridges, for which he established
the equations of elasticity. His memoir was read at the

\ » Académie des Sciences in May 1821 and published in 1827.
\ei = 4 Following this work, he made the synthesis of inviscid fluid
dynamics proposed by Euler and with viscous effects. In 1822 at the Académie,
he presented the equations for the flows of viscous incompressible fluids. This
memoir was also published in 1827.

Fig. 7.1 Claude Louis Marie Henri Navier

of displacement with (7.5). Once the displacements are known, the strains can
be obtained by (7.1) and the stresses by (7.3).

We can also consider the six stress components o;; as unknowns. Then,
substituting relations (7.4) in the six compatibility equations (2.174)

€ij,kl T Eklij — Ejl ik — Eik,jl = 0, (7.8)
we obtain
(1 +v)0ijkk = VOmm,nn 0ij + Oppij — (L +v)(0ig,qj + 0jrri) =0. (7.9)

At the same time, from the equilibrium equation (7.2) we have the result
that

Oiqqj + Ojrri = —fig — [ji- (7.10)
Thus, (7.9) becomes

(L4 v)0ijkk — VOmmnn 8ij + Oppij + (1 +v)(fi; + fi:) =0. (7.11)
Taking the trace of this equation, leads to

(1 = v)ommnn = —(L+v) fek (7.12)
which allows the simplification of relation (7.11) knowing that v # 1

1 v
Oijkk + 1o Omm,ij + fij + [+ 1 frnn0ij =0. (7.13)
These expressions are the Beltrami-Michell compatibility equations. If
the volume forces are constant, (7.13) reduces to

Oijkk + Omm,ij = 0. (7.14)

1
1+v
Note that equations (7.14) are trivially satisfied when the components o;; are
affine functions of . Subsequently, the stress field inside the body must sat-
isfy the three equilibrium equations, the Beltrami-Michell equations, and the
boundary conditions of the problem. When the stresses are known, the strains
are calculated with (7.4) and the displacements with (7.1).
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7.2.2 Boundary Conditions

The preceding system of equations can only be solved if the appropriate bound-
ary conditions are imposed. Let a solid occupy a domain §2 in R3 with boundary
09). In general, we can divide the surface 02 into two parts: 02 = S, U .S,
with S, N'S; = 0, where

S, represents the part of 02 on which the displacement components u; are
imposed, that is,
W; = U; on S, , (7.15)

¢ S; represent the part of 92 on which components of the stress vector t; are
specified, that is,
ti = 04Ny = El on St 3 (716)

where n; are the outgoing unit normal vector components on S;.

We can classify elastostatic problems into three types according to the
imposed boundary conditions:

o type I, where we only have displacement boundary conditions (7.15) and
Sy is not empty;

« type II, where we only have stress boundary conditions (7.16) and \S; is not
empty;

o type III, or mixed, where the boundary conditions specify both displace-
ments and stresses with S, and Sy not empty at the same time.

Note that stress and displacement cannot both be imposed at the same
location.

Having formulated the boundary conditions, the questions of existence and
uniqueness of the solution to the linear elastic problem are posed. A discussion
on this subject can be found in [47].

Saint-Venant’s Principle

Although it is relatively easy to define the boundary conditions and their type,
it is often more difficult to specify them precisely, especially when we consider
surface forces. This is because information on the exact distribution of contact
forces is not easily known. In order to overcome this difficulty, the elasticity
boundary problem is replaced with another for the same body but with the sub-
stitution of boundary conditions by statically equivalent conditions. According
to Saint-Venant’s principle, the effects from this replacement of the real con-
ditions by statically equivalent conditions are local and sufficiently removed
from the boundary, and so the solution to the original problem is practically
identical to that of the equivalent problem. The distance at which the differ-
ences are no longer significant depends on the characteristic linear scale of the
structure under consideration. This principle has proven to be very useful in
many problems of practical interest.
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7.2.3 Superposition Principle

It is worth noting that in linear elastic theory, the fifteen equations (7.1)—(7.4),
as well as the boundary conditions, are linear. This leads to the formulation
of the superposition principle, which is stated as follows for a type II problem.
Let a body occupying the domain  of R? be subject to forces #;(1) on 9Q and
to volume forces f;(1). The stress field produced in this body by these forces is

denoted US). The same body subject to surface forces #;(2) and volume forces

£i leads to the stress field ¢;;(2). The simultaneous application of the surface
forces (£;(1) + ;@) and the volume forces (f;(1) + f;(2)) results in the stress
field (0;;(V) + 0;;(?)). Consequently, the strains in the body are obtained from
equations (7.4) by inserting the stresses (o;;(1) + 0;;(2)).

The superposition principle applies equally to type I and III problems.

7.3 Plane Isotropic Linear Elasticity

Many important practical problems do not require the solution of the three-
dimensional problem for the state of stress and strain. Because of the particular
geometry of the solid and the form of the loads, the elasticity equations can
be considered as functions of only two spatial variables. The problem is then
reduced to a plane problem.

In this section, two important cases of plane linear elasticity are defined.
They are the cases of plane strain and plane stress.

7.3.1 Plane Strain States

Let a long prismatic bar be subject to lateral forces (fig. 7.2). We assume
that the volume force component along x3 is zero while the components in

Fig. 7.2 The case of a long prismatic structure loaded in plane strain
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directions z; and xo are functions of x; and x,. Because of the long length of
the bar along the axis x3, we can assume that the displacement ug at a certain
distance from the ends is a function only of the coordinate z3 and that the
displacements u; and us only depend on x; and x4

Uy = ’LL1(£C1,.’E2) Ug = u2(:c1, SUQ) Uz = ’LL3((L'3) . (717)

For a prismatic structure of infinite length or when its ends are fixed, we can
assume in addition that ug = 0 in each section. The strain components are
then given by

Ouy Oug 1 /0u; Ous
ful o0x1 £22 0xo c12 2 (8962 + 8;101) (7.18)
and

= T3 _

33 = Dzs
o 1 8u1 81&3 o

513—5 (%‘f‘am) =0 (719)
- 1 8u2 8u3 -

523—2(%4-%) =0.

The strain state so defined is called plane strain. Using Hooke’s law (7.3),
we obtain that the stresses o171, 099,033, and 015 are functions only of x; and
Zo, and that o93 and o3; are zero everywhere. Consequently, the equilibrium
equations (7.2) become

do11 0o12 0021 0022
=0
Oxr, Oz +h Oxr1  Oxa

Knowing the strains (equations (7.18) and (7.19)), we can employ the stress-
strain relations (7.3) to calculate the stresses as follows:

+fo=0. (7.20)

E
= 1— 21
o11 1+ —2v) (611( v) + 1/522) (7.21)
E
= 1-— .22
022 A+ )1 —20) (622( v)+ 1/511) (7.22)
E
= 2
012 1+v) €12 (7.23)
E
= . 7.24
033 O+ —20) v(en + e22) ( )
Inversely, the strains are given by
1+v
€11 = E ((1 — I/)O’ll — 1/0'22) (725)
1+v
€99 = E ((]. — I/)O’QQ — 1/0'11) (726)
1+v
€12 = 012 - (7.27)

E
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We impose the same restrictions on the surface forces (fig. 7.3). The surface
forces t1 and t, must be functions of only x; and 5, with 3 = 0, in order that
the strain be truly plane. Thus, for conditions of type II, we write

t1 = o1n + o12ne ty = 01211 + 022n2 , (7.28)

where 11 and ng are the components of outgoing unit normal n on 02. When
the stresses are chosen as unknowns, the compatibility equations must be used.
Under the plane strain assumption, the only compatibility equation that is not
automatically satisfied is

82811 82622 o 82512

61‘22 61‘12 B 28:618272 ' (729)

(0] T,

Fig. 7.3 Boundary conditions for plane elasticity

Thus, in the case of plane strain, eight quantities, €11, €22, €12, 011, 022, 012,
uy, and ugz, must be determined to satisfy equations (7.18), (7.20), and (7.25)—
(7.27) as well as the boundary conditions, (7.28). The eight preceding scalar
equations can be reduced to three in the following way.

1) Introducing equations (7.25)—(7.27) in (7.29), it follows that

‘i(u_y) —v )+i2((1_y) —voy) =2 Po1o (7.30)
0x3 o 722 oz? 722 on) = 0x10zs '

2) Differentiating the first and second equations of (7.20) with respect to z1
and xo, respectively, and adding the two resulting equations, we obtain

2 2 2
9 0%019 _ 0011 n 0099 i afi + of2 . (7.31)
(9(171 axQ

axlal’g 81’12 857522
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3) Substiting (7.31) in (7.30), we have

( 0? + 82> (0’11 +0’22) = — 1 (a‘fl + (9f2> , (732)

873:% 03 1—v \dx, Oy

which is the compatibility equation as a function of the stress components.

After the preceding analysis, we now have a set of three equations: two
equilibrium equations (7.20) and a compatibility equation (7.32). These three
equations have 011, 0292, and 012 as unknowns. This system of equations, with
boundary conditions (7.28), can be used to obtain a solution for a plane strain
problem. We note that the solution satisfying this system is unique. After hav-
ing determined the stress components, the strains are calculated with equations
(7.25)—(7.27) and the displacements with (7.18).

Stress Function for Plane Strain Problems

The plane strain problem can be simplified to one equation with a single vari-
able. If we assume that the volume forces are derived from a potential V' (z1, x2)

ov

fi:_axi>

i=1,2, (7.33)

it is not difficult to show that the equilibrium equations are met if the stress
components are the derivatives of a function ®(x1,xs), such that

%P 0?® 0?®
— V _ = V _— = - . 7.34
ou + 61‘22 722 + 81‘12 12 83318.132 ( )
Introducing these components in equation (7.32), we obtain
o*e e 0 1-2w (9°V 0%V
—F +275—+ 57 =0 7.35
oz i 023023 * x5 R (8x12 8x22) (7.35)
or L9
AND + 1_:AV:0. (7.36)
When the volume forces are negligible, the stresses are given by
0?® 0?® 0%®
= — = — =———F 7.37
ou 81‘22 722 63:12 12 (91‘16%‘2 ( )
and equation (7.36) becomes
AND =0, (7.38)

which is a btharmonic equation. The plane strain problem in linear elasticity
is thus reduced to seeking a function ®, called an Airy stress function,
satisfying (7.38) for the appropriate boundary conditions. The knowledge of
this function permits the determination of the stresses with (7.34), the strains
with (7.25)—(7.27), and the displacements with (7.18).
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7.3.2 Plane Stress States

Now we consider figure 7.4 where we have the opposite of the long bar of figure
7.2. We assume that the body has one dimension, along x3, that is very small
with respect to the dimensions in the plane x1z5. We also suppose that the
surface forces are applied parallel to the plane x1x5. The volume forces along
x3 are zero while in the directions x1 and x5, they are functions only of z; and
9. In view of the geometry and the applied loads, we can assume that the
stress components o33, 013, and oa3 are zero everywhere and that the other
components 011, 0o, and 012 remain almost constant across the thickness of
the plate. Such a stress state is called plane stress and is written as

o11 = 011(21, x2) 022 = 022(T1,%2) 012 = 012(21, X2) (7.39)

0'3320'1320'2320. (740)

The equilibrium equations are given by (7.20) and the boundary conditions by
(7.28). To obtain the stress-strain relations, we use relation (7.4) which reduces
to

1
€11 = E (0’11 - V022) €22 = E (022 - V0’11)
(7.41)
- 1+v
€12 = E 012
v
€13 — €23 = 0 £33 = _E (0'11 + 0'22) . (742)
Ly
h
O Ty

Fig. 7.4 Thin plate with plane loads
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Inverting these relations, we have the stresses

011 = m (511 + V€22)
E
090 = ﬁ (522 —+ 1/611) (743)
— UV
E
012 = €12 .
12 1+uv 12

Extracting (11 + 022) from equations (7.41) and inserting the result in the last
equation of (7.42), we obtain

1%
€33 = — — (811 + 522) . (744)

1

This equation gives the normal strain “out of the plane” as a function of the
tangent strains “in the plane”. Note that £33 is not among the quantities that
characterize the plane stress. Nonetheless, we can obtain it independently
using the last equation. We can naturally obtain uz using £33 = dug/0x3. The
displacements u; and us are independent of x3 and the strain-displacement
relations are given by (7.18).

As for the compatibility equation, we have at our disposal relation (7.29)
and the following equations which come from the non-zero component £33

Oess Oess 82533
= = =0. 4
8:61 8;U2 8%18%2 0 <7 5)

The integration of the last relation imposes the following condition on e33
e33 = Ag + A1x1 + Ao . (746)

In the solution of plane stress problems, this condition is generally too re-
strictive and is not satisfied; only equation (7.29) is considered. Although the
resulting solutions are approximate, they are satisfactory as long as the plate
thickness remains very small as compared to the planar dimensions.

As in plane strain, the equations for plane stress reduce to three equations
in which the three stress components 011, 022, and o1 appear. This is evident
as equations (7.18) and (7.29) also apply to plane stress. The substitution of
the strain components (7.41) in (7.29) and the use of the equilibrium equations
(7.20) yield

0?  9? ofi | 0f2
— + = =—(14v)|—+=). 7.47
(89&% + 8&:5) (o114 022) (1+v) <6x1 + Oy (7.47)
This last equation and the equilibrium equations form a system of three equa-
tions in three unknowns. We also note that for a given problem, the solution
to this system is unique.
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Stress Function for Plane Stress Problems

Substituting equations (7.37) in equation (7.47) and neglecting the volume
forces, we again end up with a stress function satisfying

AAD =0, (7.48)

To summarize, we have shown that one single differential equation governs
the stress function for the two cases of two-dimensional linear elasticity: plane
strain and plane stress. The distinction between these two cases appears after
the stress calculation, when the solution for the strains with equations (7.25)-
(7.27) and (7.41)—(7.42), respectively, for the states of plane strain and plane
stress is carried out.

Using the appropriate combinations of elastic constants, the plane strain
equations can be converted into the plane stress equations. That is:

From plane strain to plane stress:
the stress-strain relations (7.21)—(7.24) for the plane strain case can
be converted into those for plane stress (7.43) if we replace Young’s
modulus F in (7.43) with E(1 + 2v)/(1 + v)? and Poisson’s ratio v by
v/(1+v).

From plane stress to plane strain:
similarly, the stress-strain relations (7.43) for the plane stress case can
be converted into those for plane strain (7.21)—(7.24) if we replace
Young’s modulus E in (7.43) with E/(1 — v?) and Poisson’s ratio v
with v/(1 —v).

Then, the solution of a plane stress problem can be determined from the
corresponding problem in plane deformation, and vice-versa.

7.4 Solution Methods in Linear Elasticity

We have shown in section 7.2 that the solution of a three-dimensional isotropic
linear elasticity problem requires the treatment of fifteen equations in fifteen
unknowns satisfying the specified boundary conditions. These fifteen equations
are combined such that: (a) three unknowns are the displacement components,
solutions of equations (7.6), (b) six unknowns are the stress components, solu-
tions of equations (7.13). Plane elastic problems, either plane strain or plane
stress, can be reduced to eight equations in eight unknowns. The number of
equations and unknowns can also be reduced in a way similar to the three-
dimensional case.

Directly obtaining analytical solutions in elasticity problems is not easy, and
often, is not even possible. Consequently, methods based on the rigorous use of
applied mathematics are proposed to handle the different classes of problems,
while other techniques permit approximate solutions based on intuition and
experience. Below, we present a list of the methods most often used in linear
elasticity.
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o Inverse Method. In this method, the displacement or stress field is assigned
to the body and we determine all the other quantities, including external
forces. Although the solution to inverse problems pose no particular diffi-
culties, it is not always possible to find a solution that the engineer finds
interesting [6, 54].

Method of Potential. To simplify the elasticity equations, we introduce
potential functions. Potentials for the displacements yield the solution to
Navier’s equations and those for stress yield systems of stress in equilibrium
[15, 47, 50, 65].

Semi-Inverse Method. In this method, part of the stress and displacement
fields are specified. Then, knowing these elements and applying the elastic-
ity theory, the equations which must be satisfied by the remaining stresses
and displacements are determined. These equations are normally easy to
integrate, and combined with the portion of data originally specified, they
yield a complete and precise solution for many interesting problems in en-
gineering. Saint-Venant applied this method to the bending and torsion of
prismatic bars [6, 54, 61].

Complex Variable Methods. This method uses analytic functions defined in
the complex plane to solve elasticity problems. It can only be applied to
plane problems [47].

Variational Methods. These methods are based on the fact that the elastic-
ity equations can be obtained by minimizing a generalized energy function;
for example, see [15, 47].

Others. Other methods include integral transform methods and numerical
approaches such as the finite element method; for example, see [15, 21, 48].

In this chapter we present the method of potential and semi-inverse method
for the solution of representative problems with the principal objective of high-
lighting the classical formulations of elasticity theory. The application of other
methods for the solution of various problems is abundantly treated in the lit-
erature [15, 47, 48, 54, 61].

In the preceding sections, we have shown that an elasticity problem can be
formulated in terms of displacements with Navier’s equations (7.6) as field equa-
tions. Another formulation is based on the stresses, for which the compatibility
equations (7.8) and the equilibrium equations (7.2) constitute a system of nine
equations. In this section, we develop a general context where the displacement
or stress functions are introduced in order to satisfy Navier’s equations (7.6) or
the Beltrami-Michell compatibility equations (7.13) and the equilibrium equa-
tions (7.2) respectively. We show that such functions provide the solution to
certain elasticity problems. For simplicity, we only consider the case where
there are no volume forces. When volume forces are taken into consideration,
the methodology becomes more difficult and is beyond the scope of this text.
The reader can find more advanced and pertinent complements in references
[15, 47].
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7.4.1 Displacement Functions

To solve Navier’s equations, potential or displacement functions are introduced
in such a way that the displacement vector in Navier’s equations is obtained
from the derivatives of these functions. These potential functions are governed
by Laplace’s equation or the biharmonic equation, well known in mathematical
physics. To advance further in that sense, we introduce Helmholtz’ decompo-
sition theorem; see [8] for a proof.

Helmholtz’ Theorem

A finite and continuous vector field a, that is zero at infinity, can be repre-
sented as the sum of an irrotational field b and a solenoidal field ¢

a=b+c (7.49)

with
Vxb=0 and dive=0. (7.50)

To formulate the solution to Navier’s equations in terms of potential func-
tions, we state the following definitions.

« For an irrotational field, there exists a scalar potential ¢ such that b = V.
Since the gradient operator only involves first derivatives, the function ¢ is
determined to within an arbitrary additive constant.

« For a solenoidal field, there always exists a potential vector ¥ such that
¢ = V x ¥. This potential is determined to within an additive vector
function.

Thus a finite, continuous displacement field u, that goes to zero at infinity, can
be represented, following Helmholtz’ theorem, by the sum

u=Veo+V x¥ (7.51)

with the conditions that V x Vi = 0 and div(V x ¥) = 0. Note that u
has three scalar components while ¢ and ¥ together have four. We can thus
impose the following condition without loss of generality:

divl =0. (7.52)

It is interesting to examine the divergence and the curl of the displacement
expressed in (7.51). Using (7.52), (1.179), (1.188), and (1.190), we obtain

divu = div Ve + div(V x ) = divVp + 0 = V¢ (7.53)
Vxu=VxVp+Vx(Vx¥)=0+Vx(VxWU)
= V(div¥) - V¥ = V¥ . (7.54)

Note that with (2.163), divu = &; and thus V29 = g;. The curl of the
displacement vector, i.e., V X u, is related to the body rotation vector, whose
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components are those of the antisymmetric infinitesimal rotation tensor w,
multiplied by the factor 2 (see eqn. (2.168)).

As was previously justified, we assume that f = 0 in (7.7). Introducing
(7.51) in (7.7) and with (7.53), also the vector identities (1.180), (1.188), and
relations (1.236), (1.237), we obtain

(A +20)V(V3p) + uV x (V2P) =0 . (7.55)

Then, every pair of functions ¢ and ¥ satistfying (7.55) produces a displacement
field, given by (7.51), that is a solution to Navier’s equations. Inversely, for
any displacement u that satisfies Navier’s equations, there exists at least one
set of functions ¢ and W satisfying (7.51); for example, see [6, 15, 65].

Lamé Strain Potential

Particular solutions of (7.55) are generated from the two equations
VZp =cnst and VW = cnst . (7.56)

When
VZp=cnst and ¥ =0, (7.57)

the function ¢ is called the Lamé strain potential and the displacement is

obtained from
u=Vyp, (7.58)

which satisfies Navier’s equation. To simplify the solution in the applications,
it is very common to write (7.58) in the form

1

=5, V% (7.59)

u
Thus any function that satisfies Poisson’s equation (7.57) can serve as a strain
potential. When ¢ is known, the displacement vector is obtained with (7.59),

the strains with (7.1), and the stresses with (7.3). Note that all these quantities
are expressed as first and second derivatives of . As examples, we have

1
W= 5 (7.60)
1
gij = 5 (wij +uji) = ﬂ‘ﬂ,ij (7.61)
1
= =5 7.62
Ekk = Uk,k 2M§0,kk (7.62)
A
Oij = )\5ij€kk¢ + 2#5” = Z<p7kk6ij + Pij - (763)

In many practical elasticity problems, the objective is not to obtain a gen-
eral solution, but a particular solution. Thus, for simplicity, consider

Vip=0, (7.64)
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which is Laplace’s equation, and ¢ a harmonic function. Below we list a few
useful harmonic functions for the solution of certain practical problems:

o(r,0) = Cr'cosnf, r*=a?+ a3, (7.65)
p(r) = Cln%, r? =af + 3, (7.66)
o(0) = CO, 0= tan™" %’ (7.67)
o(R) = %7 R? = 2% + 23 + 23 . (7.68)

When we use spherical coordinates from Appendix B in the following ex-
amples, we replace r with the symbol R. The two Poisson type functions below
are useful for the solution of the hollow sphere and cylinder subject to internal
and external pressure when combined with (7.66) and (7.68):

¢(R) = DR?, R? =a? + a3 + a2, (7.69)
o(r) = Dr*, r?*=2a% a3 . (7.70)

Hollow Sphere Subject to Internal and External Pressure

Let a hollow sphere with internal and external radii r; and r. (fig. 7.5) be
subject to internal and external pressures P; and P., respectively. The volume
forces are considered negligible.

Ty

/I
Pe/ /AT\\

Fig. 7.5 Hollow sphere subject to internal and external pressure loads

R 7

Because of spherical symmetry, we use spherical coordinates (R, 6, ). In
this system all the shear stresses and strains are zero, and of the three compo-
nents of the vector displacement ug, u,, ug, only ug is non-zero.

The solution to this problem can be obtained by combining the two poten-
tials (7.68) and (7.69)

o(R) = % + DR? . (7.71)
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This potential satisfies Poisson’s equation (7.56); and yields the stresses and
strains that fulfill all the geometric characteristics of the problem. With (7.60)
and the equations in Appendix B, the displacement components are

1 C
uR = % <_R2 + 2DR> . Upg=1up,=0. (7.72)

With the displacement (7.72), the strains are obtained using relations (B.22)—
(B.24) from Appendix B

1 2C 1 C
6RR_2,U,<]%3+2D>’ ELPLP:EQQZQM(—W—FQD)

€hp = EYR = EpR = 0. (7.73)

Inserting these components into Hooke’s law, (7.3), we obtain the stresses

2C 1+v C 1+v
TRR = pg TET g, Tee SO0 = T T
09p = 0gr = 0,r =0 . (7.74)

The constants C' and D in (7.74) are determined by imposing the boundary
conditions

O'RRZ—Pi at R:Ti
URR:_Pe at R:Te. (775)

Applying these conditions to the expression for orp, leads to

C — 17"27’?(}38—131')
2 rd—rd

11-2vrdP; —r3P,
D= Phii 7 Tece (7.76)

21+v 313

Substituting these expressions in (7.74), we obtain the stresses

1 r33(P.—P) 3P —1riP.
ORR = "3

3 _ 3 3 _
T i r

3
7'3 7'-3
Pi(R—g—l) Pe(l——g,,)

SAT _ E (7.77)
(5= (%)
Con = 79 = — 1 r2r3(P. - P) n 3P, —r3P,
2R3 3 —r3 rd—r?

) . (7.78)
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The non-zero component of the displacement becomes

R ( 1 mr}(P.— P) 1—21/7"5’]%-—7"3]%)
UR — + 3

2u\ 2R3 343 1+v 73—
178 1-20 178 | 1-2u
R{ i+ 1o+
— 27 R 2 i3 1+v Pe 2 R3 7;4»11 ) (779)
H w5 1 =75

It is interesting to notice that if r. > r;, the stresses and displacements are
approximated by

3 3
ORR — —Rszg — Pe <1 — 13> (780)
Prd Po(r
009 = Opp = ?1R713 - 76 (RZ?’ +2> (7'81)
R (P13 1—-2v 173
- (i _p (224 21 . 7.82
v G n(ram) o

On the internal surface of the sphere, R = r;, the stresses and displacements
become

P, 3P,
000l R=r; = Opp|R=r, = 5 T 9 0 IRRIR=r = —P; (7.83)
R Pi 3Pe 1—v
= — == . 7.84
uR|R=r, 2#(2 2 1+y> (7.84)

When R — oo, r;/R — 0 and equations (7.80)—(7.82) simplify to

RP, 1—-2v
2 " 1+v

ORR = 000 = Opp = —Pe and UR = — (7.85)

Hollow Cylinder with Fixed Ends under Internal and External Pressure

A hollow cylinder with internal and external radii ; and . (fig. 7.6) is subject
to internal and external pressures P; and P,, respectively. The volume forces
are assumed to be zero.

Because of the cylindrical symmetry, it is in this case useful to use cylin-
drical coordinates (r, 0, z) (Appendix A). In this system, all the shear stresses
and strains are zero, and of the three displacement vector components, only
the component u, is non-zero. Here we are in the case of a plane strain prob-
lem, since no deformation is allowed in the direction of the axis of the cylinder,
subject to the boundary conditions

Opr = =P, opp=0 at r=m (7.86)
Opr = —P., 0,g=0 at r=r.. (7.87)
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Ty
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Fig. 7.6 Hollow cylinder subject to internal and external pressure loads

The solution to this problem can be obtained by combining the two poten-
tials (7.66) and (7.70)

¢(r)=Ciln % + Cor? (7.88)
where C7, K, and Cy are constants to determine from the boundary conditions.

Applying the procedure from the preceding example, the stress and displace-
ment components are

r2r?
Opp = 5 3 <T¢2Pz —’I"zPe—F 226 (Pe —Pi)>
r2 — p? r
€ ¢ (7.89)
_ 1 2 2 T?TE
UQG—W TiR—TEPe— 7"2 (PE_PZ)
’I“?Pi — rgPe
Oyy = 2”W (790)
Org = 0py =0p, =0 (7.91)
r 1 r2r2(P.— P)  1?P,—12P,
Uy = E <_T2 2 rf + 22 (1- QV)) (7.92)

This problem is also solved with two different methods, example 7.4, for the
case of a plane stress state.

Galerkin Vector

The displacement vector (7.51) is represented by a sum of first derivatives, via
the differential operator V(o) = 9(e)/0x;, of a scalar function ¢ and a vector
function W. To be able to construct solutions devoted to general applications,
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the use of second order differential operators is more appropriate. The operators

of this type are the Laplacian V? (sec. 1.4.8) and V(div(e)) = a‘zi (%g:})

These operators can be expressed in an arbitrary coordinate system and are
applied to a vector function.

Let V be a vector function related to the displacement u by the expression
2uu =2(1 —v)V2V — V(divV) . (7.93)

The factor 2u is introduced for simplicity in the applications. The vector V
is the Galerkin vector which yields a general solution of Navier’s equations.
Introducing (7.93) in (7.7), using vector identities (1.188), (1.191), and (1.236),
and bearing in mind that 2(1 — v) = (A 4 2u) /(A + p), we obtain

VZ(VPV) =0. (7.94)

Consequently, any biharmonic vector function can serve as a Galerkin vector,
and the displacement w in (7.93) will satisfy (7.7). Thus relations (7.93) and
(7.94) are equivalent to Navier’s equations. The comparison of (7.93) and (7.51)
allows us to write

1
p = “o divV (7.95)
2(1 —
VxW = (2MV)V2V . (7.96)

If we also impose the condition that V' be harmonic, i.e., V2V = 0, then (7.96)
leads to V x ¥ = 0. In addition, because of vector identity (1.191), it follows
from (7.95) that ¢ is a harmonic function, VZp = 0. Thus, ¢ is a Lamé strain
potential, defined earlier.

Love’s Strain Function

A particular case of the Galerkin vector appears when V' = Vzes. Then, we
have Love’s strain function. Condition (7.94) becomes

Vv (V?V5) =0, (7.97)
and (7.93) is written as

oV
2w = 2(1 — v)(V*Va)es — V(%) . (7.98)
81‘3
The three displacement components are easily expressed in Cartesian coordi-
nates

0?V3 0?Vs

9 = — 0?V3
813165637 fik2 = 8&?28.%37

ox
(7.99)

2uuy = — 2uus = 2(1 — V)VQV?, —
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Love introduced this particular form of the vector for the study of solids of
revolution under symmetric loads. In such cases, the displacement components
are expressed in terms of this function in cylindrical coordinates

0%V,
0z2

V., 10%.
ooz’ M T T heoz

iy = — 2uu, = 2(1—v)V3V, — . (7.100)

Kelvin’s Problem: Concentrated Force Inside an Infinite Body

An application of this strain potential is the problem of a single force concen-
trated inside an infinite body. This application is known as Kelvin’s problem,
defined in figure 7.7(a) [15].

HHJHlHHﬁH&

(b)

Fig. 7.7 (a) Infinite solid subject to a concentrated force (b) View of a section

A force P is applied to point O parallel to the axis z3. It satisfies the
following boundary conditions:

« all the stresses are zero at infinity;

« the singularity at the origin is equivalent to the applied force P. Thus the
concentrated force can be considered as the limit of a system of forces that
are applied to the surface of a small cavity situated at the origin.

The solution to this problem is obtained in cylindrical coordinates. Then,
because of angular symmetry, Love’s strain potential is independent of 6, i.e.,

V., =V.(r,z) . (7.101)

Using the strain-displacement and stress—strain relations (see Appendix A),
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the stress components are expressed by the relations

0 2 02V,
Vot (,,v ) a0
0 ( o2y _1OV. 10,
79 = 5, ( ViV L TR e ) (7.103)
) 2 >V,
oz = 5~ ((2 —v)V?V, — 52 ) (7.104)
o3 V.
7m0 = T 90002 <r> (7.103)
190 ) a2vz
00 = — 25 (( v)VV, — ) (7.106)
S—) (1—-v)V?V, — (7.107)
zZr 8"" .
The particular form of function (7.101) must satisfy (7.97) and its third deriva-

tives, which appear in the stress components (eqns. (7.102)—(7.107)), with the
latter going to zero at infinity with a singularity at the origin. A function that
meets these requirements is given by

V., = K(r?+ 2312, (7.108)
Using (7.108) in (7.100) and (7.102)—(7.107), we have

Krz
2‘LI/UH,~ = W, 2/,“10 = 0, (7109)
5 B 2(1 —2v) 1 22
Huz = (7,2 4 z2)1/2 + (TQ T z2)1/2 + (T-Q 4 Z2)3/2
(1—-2v)z 3riz
= - 7.110
g {(Tz T 2232 (12 1 22)5/2 ( )
(1-2v)Kz
Ogg = W (7.111)
B (1-2v)z 323
0. = =K [(72 T 22)3/2 + (12 1 22)5/2 (7.112)
(1-2v)r 3rz? ]
Opy = — _ 7.113
|:(712 + 22)3/2 (712 + 22)0/2 ( )
o9 = 09, =0 . (7.114)

Note that the stresses are undefined at the origin where there is a singularity,
and that they go to zero at infinity. To determine the constant K, it is necessary
to consider the force equilibrium in the vertical direction. Consider a symmetric
horizontal band of height +h that contains the horizontal axis and the point O
(fig. 7.7(b)). The equilibrium of the forces is written as

P:/ 27rrdrcrzz|2=_h—/ 27 rdro .| s=tn - (7.115)
0 0
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Inserting (7.112) in (7.115) and integrating, we find the value of the constant

P

K= e R (7.116)

This parameter is substituted in (7.109)—(7.113) to obtain the displacement
and the stress components, respectively.

Cerruti’s Problem: Tangential Force at the End of a Semi-Infinite Body

Using the potential method, we can solve certain problems by combining a
Lamé strain potential and a Galerkin vector. A well-known problem which
uses such an approach is Cerruti’s problem, where a tangential force P acts on
the surface of a semi-infinite solid body as exhibited in figure 7.8 [15].

Fig. 7.8 Semi-infinite solid body subject to a tangential surface force

This problem can be solved with the combination of a Galerkin vector with
components

Vi=AR, Vo=0, V3= Bzxln(R+ x3) (7.117)
and a Lamé strain potential
C.’L‘l
= 7.118
TRy’ ( )

where the coefficients A, B, and C are constants and R? = 27 + 23 +2%. In this
case, the displacement vector is given by the superposition of equations (7.59)
and (7.93)

2uu =V +2(1 - v)VV - V(divV) . (7.119)
The three constants A, B, and C are determined by the boundary conditions,
which are (fig. 7.8)

0011373:0, 0332023:0,
e along z1 and Va3 > 0 the sum of the forces is zero:
P+ fj;: fjooj 013 dCEl d:IIQ =0.
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These conditions yield

_ P _ P(1-2v) _ P(1-2v)
Asvioy Prmasy O (7.120)

These constants can be inserted in (7.117) and (7.118) to calculate the dis-
placement. The strains come from (7.1) and the stresses from (7.3).

The Papkovich-Neuber Presentation

Note that equation (7.55) is of third order, while that which governs the
Galerkin vector, (7.94), is of fourth order. In the formulation we will now
present, we propose a system of equations of second order that is equivalent to
Navier’s equations. More precisely, the displacement vector is expressed by a
combination of harmonic functions [6, 13, 65]

2= o — V {5+ 48‘_3} , (7.121)

where av and 3 are vector and scalar fields, respectively, and « is the position
vector. Introducing w with f = 0 in (7.7), and using vector identities (1.188),
(1.236), and (1.240) as well as the relation between elastic constants (6.109),
we obtain the following equation:

uVia — (A +2u)V(V26) — (A;“) V(z-Va)=0. (7.122)

This last equation is satisfied when
Via=0, V?B=0. (7.123)

These equations are of second order, not higher as were equations (7.55) and
(7.94). It should be noted that the four scalar functions in (7.123) are not
independent. It can be shown that, for all convex domains, the number of
independent functions is reduced to 3 [13]. In addition, the vector v and the
scalar 3 are related to the Galerkin vector as follows:

=21 -v)V3V (7.124)
[0 2
5:V.V—m. (7.125)

A special case for these four functions, in cylindrical coordinates, is given
by relations

Qpr = Qg = Oa oy = aZ(T7 Z)v ﬁ = ﬁ(rv Z) ) (7126)

which we will use to solve the following, very important, elasticity problem.
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Boussinesq’s Problem: Vertical Force at the End of a Semi-Infinite Body

Let a semi-infinite solid body be subject to a force P acting in the direction of
the vertical axis, normal to the surface as is shown in figure 7.9.

Fig. 7.9 Semi-infinite solid body subject to a concentrated vertical force on its sur-
face

The boundary conditions for this problem are

e 0., = 0 everywhere on the surface,

o the resulting vertical force on a horizontal plane due to o,, at depth z is
equal to the applied force P. Note that ., is undefined at the origin.

Referring to figure 7.9, we define the distance R? = r2 + z2. The solution to
this problem is obtained by considering the following functions:

a, = ap=0

a, = 4(1— 1/)% (7.127)
B =Cln(R+2).

The substitution of (7.127) in (7.121) gives

41-v) K 1 Kz
== ‘e, ——V|(Cl —= 12
U o R o (C n(R+z)+ R) ) (7.128)

for which, in cylindrical components, the displacements are

Cr Kzr B-4w)K-C Kz2?
— = O = . 7.129
SuR(R+2) ours M0 D ok e (1129

Up =

Inserting (7.129) in the strain—displacement relations, (A.24)—(A.26), and the
resulting strains in the corresponding stress—strain relations (7.3), the stresses
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that are necessary to apply the boundary conditions are

r 3K 22
3K 23
vy = — e . 7.131
0 = (7131)
The first boundary condition stated above leads to
C=K(1-2v). (7.132)

In order to determine K, the accumulated force at depth z due to o, is equal
to the applied force P

r=00 B[ 3
P = / = orrdr . (7.133)
o K
r=0

The integration of (7.133) yields
K = P/2r (7.134)
and relation (7.132) leads to
C=P(1-2)/2r . (7.135)
Inserting (7.134) and (7.135) in (7.129), the displacement components are
P zr (1=2v)r P 22
r = Ry 5 =0, z = 2(1 - D2
" 47mR<R2 R+z ) 1o " 4WR(( )+
(7.136)
With the displacements known, we can calculate the strain using (A24)—(A26).

These strains can be inserted in (7.3) to express the non-zero stress components
as follows:

P 3r?z  R(1-2v)
_ _ 1
TS R ( B T Rti. ) (7.137)
(1—-2v)P [z R
_ 2 1
00 9tR2 \R R+ (7.138)
3P23 3Prz?
_ _ s 1
75 T Torgs 7T T onRS (7.139)

To end this section, it is necessary to mention that many important practical
problems (for example, contact of solid bodies) imply the analysis of stresses
and strains in semi-infinite domains subject to loads applied on free surfaces.
The solutions to this type of problems are obtained by integration of Boussi-
nesq’s and Cerruti’s solutions as presented in this section. The reader can find
such solutions in the literature [23].
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7.4.2 Stress Functions and Airy Solutions for Plane Problems

In section 7.2, we showed that the stress field at every point in a body in
equilibrium is governed by equations (7.2), the Beltrami-Michell compatibility
equations (7.14), and the boundary conditions. In a manner similar to the
study of displacement functions, we proposed functions that yield stress fields
satisfying the systems of equations mentioned above. However, since the stress
is a second order tensor, the function we seek should also be a tensor. For
simplicity in the following exposition, we ignore the volume forces.

We introduce a tensor stress function ®(x) that is symmetric and that
expresses the six stress components as follows:

32(1)22 82(1)33 32(1)23

_ 9 7.140

o Oz i 0z3 0z2013 ( )
0%®33  0?®y 0?®3y

— -9 7.141

722 ox? * 0% 03014 ( )
32@11 82(1)22 324)12

_ 9 7.142

o33 Oz * 0z 021022 ( )

82‘1)23 82<I)31 B 82@33 B 82‘1)12
0x30x1 Ox30xry 021072 0z3

82‘1)31 82<I)12 82(1311 82‘1)23
= — — 144
723 021022 + 0x10x3  Ox90x3 0x? (7.144)
82‘1312 82<I)23 B 82(1322 B 82(1)31

0203  Ox90x1 O30T 0z3

g12 (7143)

031 (7.145)

It is easy to verify that the equilibrium equations (7.2) are satisfied with these
stress components (7.140)—(7.145) when there are no volume forces (f = 0).
Two alternatives have been proposed to generate complete solutions from the
stress functions [6, 30]. These are the Maxwell and Morera functions. More
precisely, if we keep only the diagonal components ®;;, we define a Maxwell
system; in the case where we keep the off diagonal terms, we define a Morera
system. Each of these sets of stress functions is complete, in the sense that for
every stress distribution that satisfies the equilibrium equations there exists a
set of Maxwell functions and a set of Morera functions. In this section, we will
only discuss Maxwell functions.

We point out that if the component ®33 is the only non-zero component in
the Maxwell formulation, then we have the Airy function for plane problems.
Since in plane problems we make the distinction between plane stress and plane
strain (sec. 7.3), we examine these two problems in terms of stress functions.

Starting from the single component ®33 = ®33(x1,x2), independent of z3,
equations (7.140)—(7.145) yield
82‘1)33 82(1)33 82(1)33
- 4 == =— 7.146
o oz% ' 722 oz3 "’ 712 021022 ( )
033 = 0 (7147)

023 = 031 =0, (7.148)
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which corresponds to the case of plane stress since o33 = 0. In order to further
examine the nature of ®33, we must turn to the Beltrami-Michell compatibility
equations. The six equations (7.14) are all written explicitly as

Vo + 5 i - 8;;’%’“ =0 (7.149)
V200, + liyaéig’“ =0 (7.150)
V2033 + liyaggg’“ ~0 (7.151)
Vo + 5 i - 88;1‘3“;2 =0 (7.152)
V2033 + - Jlr - ai‘gjg =0 (7.153)
Vo5, + 1%} gggl =0. (7.154)

Note that, using (7.146), equations (7.151), (7.153), and (7.154) are satisfied,
while (7.149), (7.150), and (7.152) are not. This is because of the approximate
nature of the plane stress problem (sec. 7.3.2). Nonetheless, inserting (7.146)
in (7.149) and (7.150) and then adding them, we get easily that ®33 satisfies
the biharmonic equation

AAD33 = 2
3= 58 T 0:20:2 T o

=0. (7.155)

For plane strain problems, the stress component o33 is related to compo-
nents o117 and og9 with
033 = V(0'11 + 0'22) . (7156)

To satisfy this requirement in a Maxwell formulation, it is necessary to include
components ®1; and P95 in addition to P33 and to impose the conditions

(I)ll = (1)22 = I/©33 with @12 = (1)23 = @31 =0. (7157)

In this case, each compatibility equation (7.149)—(7.151) leads to the bihar-
monic equation (7.155), while satisfying relations (7.152)—(7.154).

Comparing the results of this section with those in section 7.3, we notice
that the stress function ®(x1,x2) defined in section 7.3 is a special case of the
Maxwell formulation.

Thus, for plane problems, when ®33 is known and satisfies the biharmonic
equation (7.155), the stress components for plane stress (7.146) and those of
(7.146) and (7.156) for plane strain satisfy the equilibrium equations. We con-
sider that such a stress state is a solution to the problem if it satisfies the
boundary conditions.

Before presenting a few examples, we note that it is relatively easy to
find a stress function that satisfies (7.155). However, satisfying the boundary



234 Introduction to Solid Mechanics

conditions is not always simple. In general, we should be guided by our intuition
and experience as to the nature of the necessary function. A common practice
consists of using polynomial forms and finding the appropriate combinations
which satisfy the boundary conditions. Replacing ®33(x1,x2) with ®(xq,z2),
an appropriate polynomial function can be written as

b(x1,x0) = alx% + asxr1T9 + agxg + blx‘;’ + bgl‘%.’bg + bgmlxg + b4x§
terx] 4 coxdag + c3xiad + cqmi xS +eszy + - . (7.158)

Note that all polynomial terms of degree less than or equal to three satisfy
(7.155). Terms of higher order should not be considered, but if they must be
included, their coefficients should be chosen with care to satisfy the biharmonic
equation. This approach proves to be effective in many problems with rectan-
gular domains. However, polynomial functions cannot easily describe discon-
tinuities in the geometry and load distribution. Thus Saint-Venant’s principle
is often used to replace the real boundary conditions with statically equivalent
conditions. Note that the solution method that is based on a stress function
satisfying (7.155) is a semi-inverse method, since the polynomial function is
given and we seek a problem that can be solved with this function.

Because of the rotational symmetry of many practical problems, the Airy
functions are generally presented in cylindrical coordinates. The function pro-
posed by Michell [48] offers a solution to (7.155) for plane problems:

O(r,0) = Ag+ Aylnr 4+ Agr® + Azr?Inr
+ (Ag+ Aslnr + Agr® + Az Inr)d

A
+ (Allr + Apprlnr + a8 Aar® 4+ A1570 + ArgrfIn r) cos
r

B
+ (3117‘ + Brorlnr + 22 4 Biur® + Bisrf + BigrfIn 7‘) sin
r
+ Z (Apar™ + Apor®™™ + Apar™" + Apar®™") cosnf
n=2

+ Z (Bn1r™ + Bror®™ + Busr ™" + Bpar® ") sinné . (7.159)
n=2

Here, ®33(r,0) has been replaced with ®(r,0). The coeflicients Ay, ..., Az;
Aq1,...,A16; Bi1,...,B1is; Ant, ..., Apa; Bui, ..., Bpa are constants and n is
an integer. We choose various terms in (7.159) to solve many different problems
in polar coordinates. A few examples are given below.

Normal Linear Load on the Flat Edge of a Semi-Infinite Plate

Consider a plate of unit thickness subject to a load P distributed along a line
across its thickness as shown in figure 7.10.
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(a)

Fig. 7.10 (a) Semi-infinite plate subject to a concentrated vertical force on its edge
surface (b) Circle of diameter d for each point of which the stress is the same

The plane stress problem has stress components in cylindrical coordinates
Orry 009, 0rg. The boundary conditions for this problem are

« the stress components ogp = 0.9 = 0 for § = £7/2;

« the vertical force is in equilibrium with the vertical component of the radial
stress at a distance r.

The solution to the problem is obtained by setting the following Airy function:
O(r,0) = Crosing . (7.160)

Knowing @, the stress components obtained from relations (7.146) in cylindrical
coordinates (A.28)—(A.30) are

Opp = ———, 0gg=0r9=0. (7.161)

Applying the second boundary condition, the constant C' is determined from
the relation

+7/2 +7/2 P
P —|—/ orr cosO(rdd) = P+ 2C cos?0df =0 and C=-——.

—7/2 —7/2 ™
(7.162)
Thus, the stress components are
2P cos @
Oy = — B0 = =0 . (7.163)
T

We note for the circle of diameter d tangent to the surface at the origin, whose
center is on the vertical axis, that » = dcos 6, and that the stress (fig. 7.10(b))

2P 1
Orp = —— 5 (7164)
T d

is the same for all points on the circle.
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Once the stresses are known, the strains are obtained from Hooke’s law
(7.4) (see (A.24)—(A.26))

ou,. g cos

Err = or  wE r
u, 10ug 2Pvcosf
- i .1
T + r 00 E r (7.165)

1/10u, 0
o L(10 20w}

€06

2o\ra0 " or r

These equations can be integrated to calculate the displacements. The integra-
tion constants are then evaluated in order to eliminate the rigid body motion
of the plate. This is done by imposing ug(r, 8)|p=¢0 = 0 and u,(r, 0)|g=0,r=» = 0,
where b is an arbitrary distance along axis 27 (fig. 7.10(a))

2P b (1-v)P, .
Uy = F—Ecoseln;—TesmH
1 P 2P b 1-v)P
wp = LD g 2P Gioml m =P 0 (7.166)
mE mE T

Hollow Cylinder with Free Ends Subject to Internal and External Pressure

Given the cylindrical geometry of the body and applied loads, and by taking
the ends of the cylinder to be free, we can show that o,, = 0. Thus it is a plane
stress problem. The boundary conditions are independent of ; in addition, as
the stress distribution is symmetric with respect to the axis x3, it is implied
that 0,9 = 0. The boundary conditions of the problem are given by (7.86) and
(7.87).

This problem is solved by two methods. In the first method, we use Navier’s
equations (7.6). In the second method, we define an Airy stress function ap-
propriate for the problem, and we use it to calculate the stress, strain, and
displacement components.

In the first method, we consider that an element of the cylinder cannot
move axially because of the symmetry of the load and the geometry. Thus the
only non-zero component of displacement is u,, and the strain—displacement
relations in cylindrical coordinates become

du,
rr — 7.167
£ . (7.167)
cop = “7 (7.168)
1 [dug ug
g==|—--—|= 7.169
Ero 2 ( dr r ) ( )

£2o = T (con +em) - (7.170)
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In the case of plane stress, the stress—strain relations (7.41) are

1 1
Eprpr = E (O’rr - VU@@) Epp = E (099 — VJTT) . (7.171)
Solving these two relations for the stresses and using (7.167) and (7.168), we
have

FE du, Uy

Oppr = m (d’l” +V’I“) (7172)
FE Uy du,

Opyp = 1= .2 <7” “+ v ar > . (7173)

With ug = u, = 0, and u, # 0, only one of Navier’s equations is not satisfied.
Assuming no volume force, this one is written as

Pu,  1du,  u,

Sl =0, (7.174)
the solution of which is given by
u, = Cyr + % . (7.175)
Using (7.175) in (7.172) and (7.173), leads to
T = % <01(1 ) — 021;2”> (7.176)
oo = % <01(1+u)+021;2”>. (7.177)

We determine the constants C; and Cy with the boundary conditions (7.86)
and (7.87), which yield

2 2
l-vrP—r;P

14w r?rg(Pe - P)

= 1
Gy 5 22 Cs I 22 (7.178)
Finally, the stresses and displacements take the form
2.2
Opp = 2 Q(T?Pi_'l"gpe“‘rlge (Pe_Pi)>
r2—r; r
5 o (7.179)
L (R -e2p -l P
0—99*742_7‘1_2 ity —Tele — 2 (e* z)
ur:l*I/T?Pi*TgPe _1+V(Pe*Pi)Tz‘2T§. (7.180)

r
2 _ 2 2 _ 2
FE r—r; FE re—r; T

Now, let us verify the assumption o,, = 0. If the ends of the cylinder are free,
then €., = cnst. Consequently, the stress—strain relations give

0sr = V(0p +0gg) + Fe,, = c. (7.181)
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The constant ¢ is determined by imposing that the total normal force at the
end of the cylinder is zero

/ <0'z227T’I“ dr = ﬂc(rg — rf) =0=1c¢=0 and 0..=0. (7.182)

i

In the second method, we define an appropriate stress function. Taking
into account the symmetry of the load and the geometry, the stress function ®
is independent of 6 and is then only a function of r. Therefore, a stress function
is taken in the form

®(r) = Alnr + Br? + Cr?lnr + D. (7.183)

Although this function is a general solution of the biharmonic equation (7.38),
(7.48), or also (7.155), the analysis of the radial displacement w,. leads to the
conclusion that C' = 0. The constant D does not affect the components of
stress. Thus, we only retain the two first terms of (7.183) in the following.
With this function, the biharmonic equation (7.38) in cylindrical coordinates
(A.27),

dd 2d°® 1 d*® 1 do

d7‘4+7"d7"3 TQW_FF’%_

is automatically satisfied and the stress components are

0, (7.184)

1d® A

rr— T3 T o 23
7 r dr r2+

d’® A 7.185
O'QGZW: *2+2B ( )
Org — 0

With the boundary conditions (7.86) and (7.87), we obtain the constants

r2r? r2P, — r2P
A:ﬁ(Pe—Pi) B:ﬁ. (7.186)

Then the stresses are expressed

| 2,2
Orr = 35— (rfPi —7r2P, + i Ze (P, — PZ)>
r2 —rs r
¢ . (7.187)
=L (R -e2p -l o p
Jae_rg_rg ri i_re e T2 (e_ ’L) }

which are the same as seen in expressions (7.179 ) and (7.89). The reason that
the stresses are the same in the two problems comes from the fact that the
Airy stress function is identical for plane stress and plane strain problems. The
difference only appears in the stress—strain relations and the displacements.
The stresses known, the strains are evaluated with (7.171).

The integration of the latter directly yields the displacement w,., (7.180).
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In the case of a thin-walled container under pressure with thickness e =
re —1; and e K r;, we can make the following approximations:

12— 712 = (re — 1) (re +13) & 2er;

e )
Tfpi_rgpe zr?(Pi_Pe) (7188)
Tg’kﬁ’f‘? 7’2%7’1-2.

Taking these approximations into account, the stresses (7.187) reduce to the
expressions

Q

0 (7.189)

3 Pi_Pe
ooy ~ 7”(76) . (7.190)

UTT

In the solutions given in texts on introductory material properties [54], it is
supposed that o, is zero, because e < r;, while gy is obtained by equilibrium
of an element of the container.

We must point out that the solution given in this example is only valid for
sections sufficiently far from the ends of the cylinder.

Long, Thin Beam with a Uniform Load ¢

A long, thin beam with length [, height h, and thickness d = 1 is subject to a
uniformly distributed load ¢ (N/m?) (fig. 7.11). We propose to determine the
stresses, strains, and displacements when the beam has simple supports. The
thickness d of the beam is assumed to be small relative to its plane dimensions,
(that is, h,l > d) and the load ¢ is parallel to the plane (x1,x2). In this plane
stress problem we neglect the weight of the beam.

ql/Q]------------------_ _.qu/2 h

/2 Ly /2
Fig. 7.11 A long, thin beam with a uniform load

The boundary conditions are
Ty =—75 O22 = —q 012 =10
(7.191)

0'2220 0'12:0.

The evaluation of the axial force Ny (along z1), the total moment Mz (with
respect to axis x3) and the tangential force Ny parallel to the section (along
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29) at the ends x1 = £1/2 of the beam, leads to

h/2
N1 :/ 011 d.l?g =0

—h/2
h/2
M3 = / 01122 deQ =0 (7192)
—h/2
h/2
NQZ/ 021dx2:_gl.
s 2

A stress function that yields a solution to the problem is written as

2

®(x1,20) = Az (x% - I;) + Bxizg + Cxs + D7, (7.193)

where A, B, C, and D are constants which are determined later from the bound-
ary conditions (7.191) and (7.192). First we verify that this function satisfies
the biharmonic equation (7.38). Using equations (7.37), the three stress field
components are given by

011 = 6Ax2:1:f — 4Axg + 6Cx9
2Ax3 + 2Bz + 2D (7.194)

012 = —6A£L‘§LE1 — 2B.”L‘1 .

022

With boundary conditions (7.191), we obtain

3
- ATh —Bh+2D = —q
3
ATh +Bh+2D =0 (7.195)
3Ah?

2

+2B=0.

This sytem of three equations in three unknowns has the following solution:

__4 _3q __4
A= o3 B_4h D=—7. (7.196)

The constant C' is obtained from the condition M3 = 0 (N; = 0 is satisfied for

all values of the constants)
q l2 h2
C = L 7.197
2415 (2 5)° ( )

where I3 = h3/12 is the moment of inertia of the section with respect to 3.
It can easily be shown that the two remaining integrals of (7.192) are verified.
Inserting these values of the constants in (7.194), the stresses in the beam
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become

_q 12 x% q 2, h2
011213x2<4 2 ) Tan ™ \3"2 " g

3 h2 h3
O = 4 <x2 _ T2 ) (7.198)

q h? 2
= ——x1|— —2x3|.
12 o; "'\ 4 2

The first term (of the equation for o11) results from elementary beam theory.
The second is an additional term resulting from taking into consideration oos,
which does not depend on z; and which becomes negligible when [ > h. Note
that the solution is only valid for sections sufficiently far from the supports.
With the stresses (7.198), the strains are given by (7.41). The displacements

are calculated by integrating relations (7.18) with the following boundary con-
ditions:

e at x1 and x9 =0,

Ouz

=0 =
U1 up = f 0,

eat 1 = +1/2 and xo = 0,
us =0, (7.199)

where f is the maximum deflection at the center of the beam which we
determine next.

We have

w — q l2x1_:ﬁ - Lx%_thz -
YOI 4 3)7? 3 0 )
T N S
3 4 T12)
4 2,..2 3 2 4 2,..2
_ g xy  hixy  hta la o\ a3 , @ hoxp
v = 2E13<12 T +”<(4 )9 T T 0

2
q 1?22 21 h22? 1\ h2a?
- Sl S 14 = .

2E13( s 1 20 TUtyY) )t

(7.200)
The deflection f at the center of the beam is obtained by using the expression
obtained for us in the first condition (7.199)

5 ql* 12h% (4 v
=——(1+—=(|=+=]). 7.201
f 384E13<+5l2 5+2 ( )
Note that the first term of (7.201) is the deflection resulting from elementary
beam theory. The second term appears because we have taken o292 into account

along x5. This term is especially important for short beams (that is [ ~ h).
For long, thin beams, we have [ > h and this term becomes negligible.
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7.5 Wave Propagation in a Linear Elastic Medium

In this chapter up until now, we have presented static elastic problems. That
is, the solid is considered to be at rest under the loads which were applied
sufficiently slowly, such that the dynamic effects could be ignored. Such an
approach is justified for many practical elasticity problems; this is known as
“linear elastostatic” analysis. However, there are many problems in solid me-
chanics where we take into account the dynamic effects, that is, the inertial
forces. These emerge when the external loads are applied at high rates, in-
cluding vibrations, impacts, and explosions. Sudden displacements also create
dynamic effects such as the slipping of a seismic fault. Such dynamic loads pro-
duce stress and strain waves which are transmitted across the body at different
velocities dependent on the deformation mode.

To understand and analyze the dynamic response of an elastic medium,
the static equilibrium equations (7.7) must be replaced by motion equations
thus defining the linear elastodynamic problem. In this section we present the
general three-dimensional equations of motion for a linear elastic solid as well
as the wave propagation solutions in simple structural elements.

The reader can also consult [16, 54] for complementary information.

7.5.1 Shear and Dilatation Waves

The motion equation in terms of displacements can be obtained from Navier’s
equations (7.6) by adding an inertial force component and by taking the dis-
placements as functions of x; and ¢, u; = w;(x;,t). Assuming, as in the case of
static analysis (sec. 7.4), that there are no volume forces, the motion equations
(7.7) are

(A4 ) V(div w) + pV3u = pa | (7.202)

which in index form is
(AN + 1) upg ks + pus j; = pa; . (7.203)

The acceleration can be expressed in terms of the displacement vector as
a = 0?u/ot? or a; = 0%u;/Ot?. Note that because of the hypothesis of small
displacements in section 2.9, the non-linear acceleration term in (2.33) is of
second order in ¢ (equ. (2.139)) and can thus be neglected. Consequently,
relation (7.203) becomes

82ui

o
Since the deformations are small, the motions examined in this model are small
elastic oscillations or elastic waves. According to the type of deformation, we
can distinguish two types of waves as follows. First, assume that the load

produces waves which are associated with no volume changes. Then ¢;; =
div u = 0 and (7.204) can be replaced by

(A + 1) g i + Pty 55 (7.204)

82ui
= . 7.205
Hug, 55 = p o012 ( )
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The waves described by this last equation are called shear waves or distor-
tion waves. Next we assume that the deformation produced by the applied
load is irrotational. In other words, the rotation tensor (2.166) is zero, or

1<8U3 (9@@) 1 <6U1 8“3)
ws2 = — 75— ]=0, wiz= — - —] =0,

5 8%2 &m - 5 81’3 8901
wor = L (Ouz _Oui) _
T2\ 0 Oay)
or finally
8u2 aul 8u1 8’[1,3 81@, 811,2
dua _du1 _ o gt dus_ o 9U 92 7.206
8I1 8%2 ’ 6I3 8171 ’ 8;1:2 31‘3 ( )

These relations imply that w can be derived from a potential function ¢(x;,t)
u=Va¢. (7.207)
We can easily see using (1.236) that relation (7.207) leads to the expressions

aui 62¢

— _ 2 : 2, — 2
9z, ~ Owi0m. V¢, and V(divu)=Vu=VVi. (7.208)

Using these expressions in (7.202), we obtain the irrotational or dilatational
wave equation

62
(A + 2) Vu = pa—t"; , (7.209)
or 82
u;

It is interesting to express equations (7.205) and (7.209) in a similar form

2y’
oz’

e A+2p E(1-v)
\/ , ¢p<1—2u><1+u>’ T2

for dilatational waves, and

e B E
c=cy \ﬁ (7)) (7.213)

for shear waves. Note that ¢; and c; have dimensions of a velocity, since
(MLT2L72M~'L3)Y/? = (L?T~2)"/2, and ¢; > ¢y, thus showing that elastic
dilatation waves travel at a higher speed than elastic shear waves. Note that
the general case of wave propagation in a linear elastic medium can be obtained
by the superposition of dilatation and shear waves.

C2V2 I

(7.211)

where we have
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To express the motion equations in terms of scalar and vector potentials
, ¥, it is necessary to insert (7.51) in (7.202). To do that, we deduce the
second time derivative of w and its divergence as follows:

W =Vyp+Vx¥ (7.214)
div u = div(Vyp) + div(V x ¥) = VZp (7.215)

Viu = V3(Vp + V x ¥) = V3(Vyp) + V3(V x ¥)
= V(V%p) + V x (V) . (7.216)

We used identities (1.188) and (1.180) to deduce (7.215), and relations (1.236)
and (1.237) to obtain (7.216). Thus the motion equation (7.202) becomes

A+ 1) V(V20) + 1 (V (V) + V x (V2))
=p(Vp+V x W), (7.217)

which we can rewrite in the form
V (A +20)V2%p — p@) + V x (,NQ\I: - pxi:) —0. (7.218)

Equality (7.218) is satisfied if

A +2u)V3p — pp = 0 (7.219)
uVie — p = 0. (7.220)
Finally, we can write
0%
(A +2u)V3p = T (7.221)
0w
uVie = p 57 (7.222)

It is interesting to note that (7.221) and (7.222) resemble relations (7.210)
and (7.205), respectively (see also exercises 7.5 and 7.6). Furthermore, using
representation (7.51) for the displacement field, the elastodynamic problem
reduces to the resolution of the wave equations (7.221) and (7.222).

7.5.2 Rayleigh Surface Waves

In the previous section, we examined the case of wave propagation in an infinite,
isotropic linear elastic body. Often, however, we must treat waves along free
surfaces or interfaces between two bodies. In this case, wave propagation be-
comes more complicated. Surface waves were analyzed by Rayleigh (fig. 7.12)
and involve longitudinal and transversal wave types at the same time. Surface
waves also appear after earthquakes, explosions, and impacts. In this section,
we summarize the essential equations for waves of this type. For a detailed
analysis, the reader is referred to more elaborate treatments of the subject [16].
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Lord Rayleigh (John William Strutt), born in 1842, stud-
ied mathematics at Trinity College in Cambridge. He in-
herited the title of Lord upon the death of his father in
1872 and devoted part of his time to the management of
the domain while being at the same time an active scien-
tist. In 1879, he became director of Cavendish Laboratory
at Cambridge, succeeding Maxwell. He died in 1919. His
contributions are numerous in the study of sound, vibra-
tions, electrodynamics, electromagnetism, and fluid and
solid mechanics. His text The Theory of Sound which ap-
peared in 1877 constitutes a classic reference in the domain. His most important
discovery was that of argon in 1894, for which he was awarded the Nobel prize
for physics in 1904.

Fig. 7.12 Lord Rayleigh

The schematic of a half space is shown in figure 7.13. The wave propagates
in the x; direction, such that the displacement field is given by
uy (21,23, t),uz(x1, x3,t),us = 0. To solve this problem using representation
(7.51), we assume that

¢ =p(x1,r3,t) and W= —Uy(xy,x3,t)es . (7.223)

Fig. 7.13 Propagation of a Rayleigh wave in direction z;

Based on these expressions and (7.51), we deduce the displacement com-
ponents

0 ov 0 ov
uy(xy,w3,t) = 87;301 + %j, ug(r1,z3,t) = GTZ; - 512 (7.224)
diva = 2% 9 _ Gy (7.225)

Tﬁ 8903
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as well as the components of the infinitesimal rotation tensor

_ 1 (0w Ous) _ 1.,
w13 = (83:3 81‘1) - Zv \IIQ

W1 = W32 = 0. (7226)

For this plane problem, the motion equations (7.203) reduce to

o [0 0 0? 0? 0?
A+ p)— (ul—%u?’)+u( he m):p “

8x1 81’1 8:03 8:5% Bxg 8t2
0 6’&1 8“3 62U3 82u3 - 82u3
A+ p)— oz ((,hl + &rg,) + @ ( (9:E% + 8x§ =p o2 (7.227)

Using (7.224)—(7.226) in (7.227), leads to

0 2 2y
Ot 2V () = (02 D00

Ox, Ot2 ' Oxz Ot2

) ) 0 2y 0 U
A2 20— (2 = — 2) (7.
A+ 20) 5 Vo =g (V) (ax 92 on, o ) (7.228)

Note that these last equations are satisfied with (7.221) and (7.222). To con-
tinue further, we consider only harmonic forms of ¢(z1, z3) and Uy (1, x3) with
a wave propagating in direction x

p(x1,w3,t) = H(wg)e'Fr ="
\1’2($1,$3,t) = G(l‘g,)ei(kzl_wt) 5 (7.229)
where H(xz3) and G(x3) are functions to be determined, k¥ = w/cs with cs

the wave speed on the surface, and i2 = —1. Inserting (7.229) in (7.221) and
(7.222), we obtain two ordinary differential equations of the form

d’H w?

(kK2 H = 2
da} ( C?> (7:230)
d’G 2
(- )e=0. (7.231)
dzxs s

Defining the symbols

w2 w2
G = (k2 - c%> , G = <k2 - c§> , (7.232)

the solutions of (7.230) and (7.231) are written as follows:

H(x3) = Aje” %17 4 BjeSt®s (7.233)
G(r3) = Age™ 273 4 Byet2™s (7.234)

Reasoning about the phenomena from a physical viewpoint, the terms with a
positive exponent yield waves with unlimited amplitude, which is unrealistic.
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Thus the corresponding constants are zero: B; = By = 0. Using (7.233) and
(7.234) in (7.229), the solution takes the form

<P(:C1,x3,t) = A167C1I36i(’m17wt)
Wy, a3,1) = Age 000 im0 (7,235

For this problem, the following boundary conditions must be satisfied on the
free surface
033 = 031 — 032 = 0 at T3 = 0. (7236)

To apply these conditions, we need to express the stresses (7.3) in terms of the
functions (7.51). Using the displacements (7.51), we calculate the strains and
inserting them in (7.3), we obtain

82(,0 32\112
= AV + 2u—"> — 2
733 Viet “axg u8x38$1
82g0 82\:[/2 82\1/2
= 2 — . 2
731 M( Or30r,  Ox? + 3 ) (7.237)

The component o3y is zero, since the displacement field is independent of zs,
which eliminates all the derivatives with respect to z5. With assumptions
(7.223) and solution (7.235) known, (7.237) for 25 = 0 yields two homogeneous
equations

Ay [(A+20)CE — AP + 2iAspok = 0 (7.238)
—2iA1Gk+ As [+ K] = 0. (7.239)

A non-trivial solution for A;, As, requires that the determinant of the system
of equations be zero, which leads to the following characteristic equation:

(C>b _g <C)4 4 (24— 16572) <C>2 F16(k2—1)=0,  (7.240)

C2 2 C2

with k72 = c3/c2 = pu/(A +2u) = (1 — 2v)/(1 — v). Thus, the wave speed
cs depends on the material via Poisson’s coefficient. The polynomial equation
(7.240) is treated as a reduced cubic equation with (cs/c2)? as unknown. In
the interest of simplicity, we consider a material with v = 1/4. In this case
k=2 =1/3, and the roots of (7.240) are

Al =4,2+2/V2,2-2/V2. (7.241)

Among these three roots, two are not realistic, as they lead to imaginary values
for the parameters (; and (5. Therefore, we retain the third root, which yields

¢s/c2 = 0.9194 or
co = 0.9194\/5 . (7.242)

For the case where v = 0.5, corresponding to the largest value of Poisson’s
coefficient, we obtain ¢ = 0.95534/p/p. Thus the speed of a surface wave is
slightly smaller than the speed of the shear waves (7.213).
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The next important parameters to calculate are the displacement compo-
nents (7.224). Knowing the solution (7.235), we can easily express the displace-
ment as follows:

dp OV
Ul(.’ﬂl,l’g,t) = 67;701 Wj
= (iA1ke™ 9 — Apoke™2"3) etkma=wh) — (7.243)

Using (7.239) to eliminate As and Euler’s formula to replace the exponentials,
we have

261C2
G+ h

uy (1, 23,t) = —Ark (eﬁm - 642”) sin(kzy — wt) . (7.244)

Similarly, we obtain a complex function for us(z1, zs,t) of which the real part
is

&p 8\112
us(@1, a3, t) = 925 921
=-AG <e‘<1w3 - 2k 6_42x3> cos(kxy — wt) . (7.245)
G+ A

The motion we have calculated describes the displacement of a particle in the
vertical plane Ox1z3. We display in figure 7.13 schematics of these motions for
particles along the vertical axis. Note that the motion of a particle traces an
ellipse with the long axis normal to x; and the short axis normal to z3. Recall
that the parametric equations of an ellipse are expressed as u; = C; sin € and
uz = C3 cosf, where C; and C3 are the ellipse’s semi-axes. This is due to the
fact that dilatation waves and shear waves are both present in surface wave
propagation. In addition, the solution expressed by (7.244) and (7.245) shows
that the amplitude of the Rayleigh wave diminishes very rapidly along the axis
x3. The rate of this decrease depends on the values of (; and (; defined by
(7.232).

7.5.3 One-Dimensional Elastic Plane Waves

When a dynamic perturbation occurs (impact load, earthquake, explosion, etc),
the waves propagate in all directions. At relatively large distances from the per-
turbation, we can consider the generated waves to propagate in a plane. Thus
the material particle is displaced either in the propagation direction or perpen-
dicular to it. These waves are called longitudinal and transversal waves,
respectively, and correspond to the dilatation and shear waves previously de-
fined.

Take a longitudinal wave travelling in direction x1. In this case, us = uzg =0
and wu; is function only of ; and time ¢, and (7.209) reduces to
82U1 82u1

2 = . .24
“ 0z? ot? (7.246)
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This last equation can be solved by the well-known method of separation of
variables which is presented in the next section. For this particular equation
however, there exists a special method called d’Alembert’s solution which is
described below.

We assume that there exists a function f with continuous first and second
derivatives. We obtain the first and second derivatives using the chain rule

6f(x1 — Clt) — 8f(:v1 — Clt)

7 -~ , (7.247)
82f(9c1 — Clt) o 282f(:r1 — Clt)
o e . (7.248)

Obviously, from the second equation, f satisfies the wave equation (7.246).
Similarly, we can show that for a function g, with continuous first and second
derivatives, g(z1 + cit) is a solution of (7.246). Given that (7.246) is a linear
equation, the sum of f and g,

up(x1,t) = f(z1 — e1t) + g(x1 + e1t), (7.249)

must also be a solution of (7.246). The solution (7.249) represents the prop-
agation of perturbations, to the right (function f(x; — ¢1t)) and to the left
(function g(z1 + c1t)). For example, consider a cord stretched from —oo to
+o00. The function f(z1 — c1t) is constant when zq — ¢;t = constant. Thus
an increase in time is necessary to compensate for the increase of x; to main-
tain the function constant as shown in figure 7.14. This behavior represents
propagation of an undeformed perturbation to the right along the cord as time
increases. Similarly, g(x1 4 ¢1t) represents a perturbation travelling to the left.
To continue further in this analysis, it is necessary to define the functions f
and g.

Uy

C1

T

Fig. 7.14 Propagation of a perturbation given by f(x1 — c1t) in (7.249)

The specific forms of f and g are determined by the initial displacement
described by the function ¢(x1) and the initial velocity of the cord, 8(x1), at
every point z;. With these two functions and (7.249), we obtain

uy(21,0) = p(21) = flz1 —aat)|,_y + 9(z1 + eat)],_,
= f(z1) +g(21) , (7.250)
Of(x1 — c1t) dg(x1 + c1t)
B e A
of (1) dg(1)
A 8l‘1 ta 6331 '

8’&1 (xl, t)

8t |x1,t:O = 9(3)1) ="

(7.251)
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Integrating (7.251) with respect to x4, leads to

—f(x1) + g(x1) / 6(x))dx] . (7.252)

Combining (7.252) with (7.250), we find

Z1

flxr) = % {(ﬁ(m) — é G(xll)dx’l} (7.253)

g(a1) = % {¢(x1)+cll /I 9(1'1)01;5'1} . (7.254)

0

With the forms of f and g known, the complete solution is written as

ur(x1,t) = f(z1 — at) + gz + ait)

N ™

2 201
t 1 x1+cit
L [glatal) | —/ o(z))dz!, (7.255)
2 201 Z0
_ ¢($1 + Clt) + ¢($1 — Clt) n i /w1+61t g(xll)dxll .
2 201 z1—cit
ExXAMPLE 7.1
An infinite cord is subject to the initial conditions
0.02
= 0 =0. 7.256
o) = g ) (7.256)

Find the expression of the subsequent motion of the cord. We assume that
the wave speed is 220 ms "

Using (7.256) in (7.255), we obtain

1
5 [p(z1 + c1t) + d(x1 — c1t)]
1 0.02 0.02

+

1
- §1+9(l’1 76175)2 §1+9($1 +Clt)2

’11,1(.’1}1, t)

(7.257)

The motion is shown schematically in figure 7.15. The configuration at
time top = 0 shows the initial perturbation (7.256). Then, it splits into two
waves that propagate to the left and right as indicated in solution (7.257)
and shown in figure 7.15 for tg < t; < to < t3.
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Fig. 7.15 Propagation of a perturbation along an infinite length cord in the initial
configuration (to = 0) and later times (t1,t2,t3)

7.5.4 Propagation of a Wave in an Elastic Cord

The vibration of a cord is a physical problem which illustrates many aspects of
wave propagation. It allows us to examine d’Alembert’s solution (7.249) and
has many applications in the study of musical instruments. In addition, the
mathematical analysis of a cord in tension has applications in the study of high
tension power transmission lines.

Consider an elastic cord subject to tension T between two points on the
axis as shown in figure 7.16(a). In the following formulation of the problem,
we make several hypotheses.

o The motion is entirely in a plane, and every particle of the cord moves at a
right angle with respect to the position of the cord in equilibrium. In this
case u; = uz = 0 and usy is only a function of z; and time ¢. For simplicity
in the expression of the equations, we set us(x1,t) = v(x1,1).

e The cord can only transmit force in the direction of its length.
o The slopes of the deformed cord are small.

e The deflections of the cord are supposed small so that they do not signifi-
cantly affect the tension 7 and there is no energy dissipation.
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T,

Q‘T]JrA,l:]

(b)
Fig. 7.16 (a) Deformed profile of a cord in tension (b) A segment of length Az

The mass of the cord per unit length is a known function m’(x;). In addition
to the elastic and inertial forces inherent in the system, the cord can be subject
to a distributed load w(z1,v,v,t). Now consider a segment Az; (fig. 7.16(b)).
Applying Newton’s law to the segment in figure 7.16(b), we can write

2

/ v . .
m Axlw = Ts1na|wl+Aw1 - ’Tsmoz|w1 +wAzy . (7.258)
The third hypothesis implies that sin a!ml = tanoz‘acl and sinoz|ml_~_A:c1 =
tana|w1+Awl. Inserting these approximations in (7.258) and dividing by Az
we have | |
%y tan a —tan«
/ z1+Az z1
— = . 7.259
mor =T Ay T (7.259)
Then, by taking the limit Ax; — 0 and by observing that tano¢|w1 = 5% and
that tan a’wﬁAﬁ = ;—;’1 + g%%’dxl, relation (7.259) reduces to the following dif-
ferential equation:
Pv T 0%v  w
= (7.260)

= mwa T
In the majority of practical problems, the external forces are negligible and
m/(x1) is constant along the cord. Thus w(xy,v,v,t) can be considered to be
zero and m/(x1) is replaced by a constant my. In these conditions, (7.260)
further reduces to 52 o2 -
v 207V 2
o2 &= 7.261
oz~ ¢ 0z? “ my ( )
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where a has the dimensions of a velocity, since (MLT~2M~'L)Y/? = (L?T~2)"/2.
Thus (7.261) is the equation of wave propagation (7.246) for which the solution

v(z1,t) = f(x1 —at) + g(x1 + at) (7.262)

represents two waves propagating along the cord at speed a, one to the right,
and one to the left as seen in figure 7.15.

It is worth noticing that in addition to describing the waves on a cord,
equation (7.261), or (7.246), is applicable to different types of wave propagation.
In particular, a sound wave v(z;, t) represents the displacement of a gas where
a wave propagates. In the case of electromagnetic waves, v(x1,t) represents
the electric or magnetic field component.

Now consider the solution of the partial differential equation by the method
of separation of variables. The solution by this method allows us to directly
treat the boundary problem encountered in many engineering and physics ap-
plications. According to this method, the solution of (7.261) is expressed in
the form

v(xy,t) = X(x1)T'(t) . (7.263)

By substitution of (7.263) in (7.261), we obtain

X/} T/ _

7.264
X T (7.264)
Then, from (7.264) we have two ordinary differential equations
’X v
— — =X =0 7.265
dz?  a? ( )
d*T
— - =0. 7.266
preaat] (7.266)

The solution of these equations depends on the positive, negative, or zero value
of the parameter v. If v > 0 or v = 0, the solution of (7.261) is not periodic
and cannot describe the undamped vibration of a cord. The only values that
produce a periodically vibrating cord are those corresponding to v < 0.

Since v is negative, it is customary to define v = —w?. Then (7.265) and
(7.266) take the forms

ng (%)QX:O, %JﬂﬁT:O, (7.267)

for which the solutions are
X(z1) = Acos %xl + Bsin %xl (7.268)
T(t) = Ccoswt + Dsinwt , (7.269)

such that

v(xy,t) = (A oS %xl + Bsin %xl) (C coswt + Dsinwt) (7.270)
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where A, B,C, and D are arbitrary constants and w can be interpreted as a
circular frequency that depends on the boundary conditions and which must
be evaluated. Note that the solution (7.270) is periodic since it is the same with
an increment of time by a factor 27 /w. The first part of the expression defines
the form of the cord, the second, its motion.

Equation (7.270) can be rewritten in the following form
v(z1,t) = AC cos Exl coswt + AD cos garl sin wt

a a
+ BC'sin Exl coswt + BD sin Exl sinwt . (7.271)

a a

Using elementary trigonometric identities, we express (7.271) as
v(z1,t) = Bysin (Exl + wt) + By sin <8x1 — wt)

a a

w w
+ Bscos (—xl + wt) + By cos (—xl — wt) , (7.272)

a a

where B;(i = 1,2, 3,4) are arbitrary constants. It is interesting to note that this
last equation resembles d’Alembert’s solution (7.249) and expresses harmonic
wave propagation along a cord in tension. For example, one term of this solution

v(x1,t) = Bycos (%wl — wt) (7.273)

represents a wave propagating in direction x; at speed a as we show in figure
7.17. Tt is clear that the other terms of (7.272) can be similarly interpreted.

\ I,

Fig. 7.17 Transverse deviations at successive time intervals as result of wave prop-
agation (7.273)

Now let us examine the energy components during wave propagation. As-
suming that there is no energy dissipation, the cord contains kinetic and po-
tential energies of deformation. From (7.273), the speed and deformation are
expressed as

0
a—qtj = —Bjwsin (%xl — wt) (7.274)
1 Ov lw w
- - _B,-Y (7 - ) 2
€19 5 0 157 sin axl wt (7.275)
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Let S be the area of a transverse section of the cord. Using (7.273), the kinetic
and potential energies of an element dx; are

1 aw\> 1 o g (W
dE = idexl <3t> = ip(B4w) sin (Ezl — wt) Sdxy  (7.276)
1 w2 w
_ 2 I had in2 (2. —
dU = 2uSefydry = u2 <B4a> sin (aa:l wt) Sdz, . (7.277)

Eliminating the parameter for the wave speed a with (7.213), it is obvious that
dE = dU.

EXAMPLE 7.2

Vibration of an Elastic Cord

Now consider an elastic cord stretched between two points separated by
a distance ¢ (fig. 7.18). The general solution to this problem is given by
(7.270).

To obtain the solution for the cord in figure 7.18, we need to determine
the four constants A, B, C, and D and the parameter w for the boundary
conditions v(0,t) = v(¢,t) = 0 and the initial condition. In order to do so,
it is useful to choose the velocity of the cord as zero at time ¢ = 0 and to
assume that at ¢ = 0 the cord in its initial form is in a normal, or principal,
mode. We will define such a mode later in this section.

The two boundary conditions specified above lead to
0 = A(Dsinwt + Ccoswt) ,
0= (A oS %E + Bsin %E) (C coswt + Dsinwt) . (7.278)
These must be satisfied at all times, thus
. w
A=0, Bsin—(=0. (7.279)
a
For a non-trivial solution, B cannot also be zero, thus sin 2/ = 0, from
which we obtain w
—{ =nm, (7.280)
a

with n =1,2,3,.... Therefore w is given by

w=—a, (7.281)

f=l Ny po-_1Z (7.282)
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v \

| Ty
) I

Fig. 7.18 Deformed elastic cord between two points separated by a distance ¢

We will study two initial conditons in the following. Differentiating (7.270)
with respect to time, we find for the velocity

ov

LW :
i (B sin gl‘l) (D coswt — C'sinwt)w . (7.283)

By imposing zero velocity at ¢ = 0, we obtain D = 0 since B # 0. Conse-
quently the solution reduces to

v(x1,t) = BC'sin gwl coswt . (7.284)
a
At t = 0, this last equation yields
. W
v(21,0) = BC'sin —x (7.285)
a

which defines a principal mode configuration for the initial condition.
Finally, the solution to the vibrating cord is expressed by

v(x1,t) = Asin Exl coswt = Asin n%:z:l cos %t , (7.286)

a
where A represents the maximum value (or amplitude) of the deviation
v(z1,t) and n = 1,2,3,.... Note that the first term in the product (7.286)
represents the configuration, and the second, the motion of the cord. The
wavelength x, is defined by the length of a sinusoidal wave for sin *x;, or

20
Exl =27 or x)y=—. (7.287)
a n

Figure 7.19 shows the forms of the three principal vibration modes according
to (7.286). They are

(a) n:I,xA:2€,w:%a;
2

(b) n:2,x>\:€,w:7ﬂa,

(¢) n:3,x>\:g£7w:3—ﬂa
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Fig. 7.19 The first three principal vibration modes (a), (b), and (c) of a stretched
cord

The results of the analysis show that the cord’s motion goes up and down
passing through the equilibrium position. This kind of motion is called
a stationary wave. We also point out that (7.286) is the result of the
interference of two waves, one progressive, the other regressive, propagating
in opposite directions. To show this, we can use trigonometric identities to
rewrite (7.286) as follows:

Ar/. w w
v(ml, t) = — { (Sln —x1 coswt + cos —x1 smwt)
2 a a
.o w w .
+ (sm —21 coSwt — cos —x1 sin wt) }
a a

=A {sin %(ml + at) + sin %(xl - at)} . (7.288)
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Also, since the stationary wave solution (7.286) represents a typical term of
(7.271), we can say that the general solution for the propagation of a wave
(7.272) can be derived from the solution for a stationary wave (7.271).

The method described in this section leads to the solution for the principal
vibrational modes of a stretched elastic cord. The solution is the same for
the principal vibrational modes of common types of elastic bodies. Although
these modes can exist in isolation, they can also occur simultaneously. In the
latter case, the solution consists of the sum of the principal mode solutions.

Thus the elastic cord solution (7.270) can be expressed as a sum over n of
the solutions

v(xy,t) = Z Upp (21, 1) (7.289)
n=1

o0
= Z <An cos n—ﬁxl + B, sin nim) <Cn cos @t + D,, sin @0 ,
—~ L L L l

where (7.270) is used with w given by (7.281). From a mathematical point
of view, this is an expression of the fact that since the wave equation (7.261)
is linear with many solutions that are functions of n (thatis, n =1,2,3,...),
the sum of the solutions is also a solution. The constants A,,, B, C},, and
D,,(n=1,2,3,...), are also related to the boundary and initial conditions.
This approach is explained in the study of torsional vibration of a circular
elastic shaft in the following example.

Torsional Vibration of a Circular Shaft

As a second problem leading to a partial differential equation similar to (7.261),
we consider a shaft of length ¢ (fig. 7.20(a)) subject to torsional vibration. The
material in the shaft is assumed to be homogeneous with a uniform density p,
and the area and shape of the section are constant.

it

— dx /-\75

1+ dﬂ?l

oM
M, +—Ldz,
ok

Fig. 7.20 (a) A circular shaft subject to torque (b) An infinitesimal slice dz1
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In addition to the elastic and inertial forces inherent in the system, the
shaft could be subject to a torque distributed by unit length w(z1,6,0,t). In
the following formulation of the problem, we assume that

« the transversal sections of the shaft remain plane during deformation,
« a typical transverse section rotates around its center of gravity,
« the rotation of the shaft is small,

o there is no energy dissipation.

From elementary solid mechanics, we know that, for static conditions, the vari-
ation of the torsion angle 6(z,) along the shaft axis df/dz, is expressed as
follows:

dg(l'l) _ Mt({El)

2
P it (7.290)

where M;(x1) is the applied torque, p the shear modulus, and I, the polar
moment of inertia of the transverse circular section. For the problem treated
here, the torsion angle is a function of the time and space variables. Then
(7.290) is rewritten as

89(.%‘1,75) o Mt(xht)

7.291
0z wlp ( )
The partial derivative of (7.291) with respect to z7 yields
OMy(z1,1) 020(x1,t)
—— L =pul,——= . 7.292
0x1 Hip 0z? ( )

In order to establish the differential equation of motion, we consider an in-
finitesimal segment of the shaft, between two transversal sections separated by
distance dz; (fig. 7.20(b)). The moment of inertia of this slice is

dJ = /7"2dm = /p’l"2deZ‘1 = pd-rl /TZdS = pIpdxl ) (7293)

where dm is the mass of an element at a distance r from the center of the section.
Applying Newton’s law in a torsional form to the infinitesimal segment dx; (fig.
7.20(b)), we have

0%0(x1,t OMy(x1,t
(I, pdxy) % = (Mt(mlat) + é(xll)dm) — My(x1,t) +wdry
— del _|_wdx1 .
83:1

Dividing by dz; and using (7.292) leads to

829(I1 t) 2 820(I1 t)
L =aq 4w . (7.294)
ot? oz?

In many interesting cases, the external torque w can be neglected, that is,
w(xy,6,0,t) = 0. Then, relation (7.294) has the same form as the wave equation
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(7.246) or (7.261) for an elastic cord. Note that a = y/pu/p has the dimensions
of a velocity.

By separation of variables, the solution is of the form
O(z1,t) = X(21)T(2) . (7.295)

Following the same procedure as for the cord problem treated in the preceding
section, the solution is expressed as

O(zq,t) = (A cos %xl + Bsin %xl) (C coswt + Dsinwt) . (7.296)

The ends of the shaft can be fixed or free with respect to rotation. In this
section we study the case of a shaft with both ends free. To determine the
constants in (7.296), the boundary and initial conditions must be specified.
Given the case of free shaft ends, the torque there must be zero. Taking into
account (7.291), these conditions yield

20(0,t) _ 00(4,1)

=0. 7.297
8x1 8x1 ( )
From (7.296), we find
06
— = (—A8 sin Exl +BY cos le) (Ccoswt + Dsinwt) . (7.298)
0x1 a a a a
The first condition of (7.297) leads to
B2 (C coswt + Dsinwt) = 0,7t . (7.299)
a

Thus B = 0. And similarly, imposing the second condition (7.297), we have
—A% sin %K(C coswt + Dsinwt) =0,V . (7.300)
For a non-trivial solution, A cannot be zero, so we must have
sin ¢ = 0, or Yo =nr. (7.301)
a a

As for the case of the elastic cord, w takes the following values
nma

wn=—p, n=123.... (7.302)

Tt is clear that we have an infinite number of solutions. The n!" solution of the
problem is

O (x1,t) = cos %xl (Cy, coswpt + Dy, sinwpt) . (7.303)

Note that the constant A, has been absorbed into the constants C,, and D,,.
Since the wave equation is linear, the sum over n of all the solutions is also a
solution

0(xq1,t) = Z O, (x1,t) = Z cos n7r€x1 (C’n cos ?t + D, sin ?t) .

n=1 n=1
(7.304)
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Relation (7.304) must satisfy the following initial conditions

89($1, 0)

0(z1,0) = f(z1) and e g(z1) (7.305)

where the two functions f(z1) and g(x1) are known. To satisfy these conditions,
we must have

nmIy

0(z1,0) = f(x1) = Z C, cos (7.306)

n=1

This last result implies that C,, are the coefficients in the half-range cosine
expansion of f(xz1) over the interval (0, )

9 ¢
c, == / F(x1) cos Tt dgy (7.307)
L ) /
The second initial condition imposes
00(x1,t) > nmwa nmr]
LT gy =Y D, , .
Tl AN g(x1) 2 78— (7.308)

such that D,, 7% are the coefficients in the half-range cosine expansion of g(z1)
over the interval (0, ¢)

£

2 [f 2
Dn$ :z/o g(x1) cos m;xldxl or Dn:% ; g(x1) cos

nmwx
! dl‘l .

(7.309)
Note that the same analysis can be carried out for different boundary condi-
tions, that is, when both ends of the shaft are fixed or when one is fixed and
the other is free in rotation.

Longitudinal Vibration of a Prismatic Beam

Using elementary beam theory, and following the same procedure as for torsion
of the circular bar treated above, the equation for longitudinal waves in a beam
(fig. 7.21) is

azul(xl, t) ) 82’&1 ((L’l, t)

a
ot? ox? ’

(7.310)

where

(7.311)

a =

&

is the longitudinal wave speed.
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N N+ dN

Fig. 7.21 (a) A thin beam subject to longitudinal vibrations (b) A slice of length
dacl

The derivation of (7.310) is left as an exercise for the reader.
We conclude this section with values of the wave speed in typical elas-

tic bodies. Using the properties from table 6.2, we obtain the values in the
following table.

Table 7.1 Wave speed in elastic solids

Wave speed (m/s) Steel Glass Rubber

Dilatation 5240 5505 — 0
Longitudinal 5047 5253 242
Shear or transversal 3169 3405 140

The first line for the wave speed corresponds to relation (7.212) and the
second to (7.311). The transversal wave speed is from (7.213). Note that the
dilatation wave speed for rubber is not defined, since we assume incompress-
ibility and v = 0.5. Using expression (7.311), the longitudinal wave speed has a
finite value. For the other materials, the longitudinal speed is smaller by about
4%, because the lateral effects induced by Poisson’s coefficient are neglected in
elementary beam theory.
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7.6 Exercises

Show that in the case of plane strain, the equilibrium equations can be
written in terms of the displacement in the form

Puy  ®wuy o [Ou;  Ouy
<8m12 + 8$22> ()\Jrﬂ)a <8$1 + or 2> +fi=0 (7.312)
Puy  0*us 9 [Ouy  Ous
<8x12 + 8$22> ()\"‘/l)a <8$1 + or 2) + fo=0, (7.313)

where p = E/2(1 + v) is the shear modulus and A is related to E and v by
relation (6.112).

Show that in the case of plane stress, the equilibrium equations can be
expressed in terms of the displacement in the form

(52u1 N 82u1> E i <8u1 n Ous
0x12  Oxs2 2(1—v) 0z \Oz1  Oxs
<a2u2 n 82uQ> E i <8u1 n Ous

0x12  Oxs? 2(1 —v) Oxg \Oz1  Oxa

) +f1=0 (7.314)

) +f2=0. (7.315)

Show that if a vector field g(x) is such that

Gi,mmnn = 07 (7316)
then the displacement field defined by

A+2p 1
U; = Gi,mm — — Gn,ni (7317)
(A + p) f

satisfies Navier’s equations without volume forces.

Prove that Navier’s equations (7.7) with f = 0 are equivalent to the
following equations:

DA+20)V2u+A+p) VXV xu=0,

2) (1-20)V2u+V-Vu=0,

3 A+2u)VV -4 —pVxVxu=0.

Express the wave equation (7.209) in terms of div u as follows:
9?(div u
,2dive)

(A +2p)V3(div u) = BT

(7.318)

Express the wave equation (7.205) in terms of the rotation components of
the displacement field V x u as follows:

8(V><u)

(7.319)
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(7.7) For the corner of angle 2a and unit thickness, with a moment M applied
as shown in figure 7.22, determine whether a stress function of the form

O(r,0) = A0 + Bsin20 (7.320)
is a solution of the problem. Then show that o, is given by
2C
O =3 sin 26 , (7.321)

with C' = M/(sin 2 — 2a cos 2a).

Fig. 7.22 Corner subject to a moment M

For a corner with angle 2« and unit thickness, with the load P as indicated
in figure 7.23.

(a) Prove that the stress function
O(r,0) = Crosinb (7.322)

provides a solution for the stresses of the problem. Then express the com-
ponents of the stress and determine the constant C.

(b) How can the stresses be found for a semi-infinite unit thickness plate with
a linear force load as in the previous case?
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P

P

Ty

Fig. 7.23 Corner subject to a linear force P






CHAPTER 8

Introduction to Newtonian
Fluid Mechanics

8.1 Introduction

Fluids are omnipresent in nature, technology, and everyday life, for example,
in the water for washing one’s hands and coffee or tea, the air we breathe, the
blood circulating in our vascular system, etc. The two most common fluids, air
and water, are typical examples of the two major categories: compressible and
incompressible fluids.

We have all encountered a flat tire on our bicycle and have had to pump
air into the tube. Then we experimentally discover that air can be compressed,
thus the pressure increased, which is very useful in this particular case. As for
water, we generally consider it to be an incompressible fluid. It is an idealization
of reality, since the speed of sound in water is 1500 ms™!, that is, around five
times the speed of sound in air.

The effects of compressibility result in characteristic physical phenomena
such as the propagation of acoustic waves or the presence of shock waves in
supersonic flow. Nonetheless, we can treat air as an incompressible fluid when
the Mach number is small. This is common practice in automobile aerodynam-
ics. We can also treat water as a compressible fluid, if we are interested in the
propagation of acoustic waves, for example, in the oceans.

Another classification of fluids is made on the basis of their Newtonian
or non-Newtonian character. Air and water are Newtonian fluids. Molten
polymers, blood, mud, agro-alimentary liquids, paints, toothpaste, etc. are
non-Newtonian.

Couette flow between two circular cylinders is an adequate experiment to
discriminate these two fluid categories. We have two vertical, coaxial cylinders.
The outer one, for example, can be fixed, while the inner one is forced to
rotate at a constant speed of around a dozen revolutions per minute. The
annular space between them is filled with liquid fluid, up to a certain height.
At the free surface the liquid is in contact with air. In the case of a Newtonian
fluid (such as water), we observe that the free surface takes the form of a
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paraboloid of revolution under the action of centrifugal force. A non-Newtonian
fluid, however, accumulates around the rotating inner cylinder. This is the
Weissenberg effect.

The Navier-Stokes equations describe the dynamics of viscous flow. They
are derived starting from the conservation and constitutive equations. In this
chapter, we choose the constitutive equations of Newtonian viscous fluids, for
which the tensor o is a linear function of the tensor d.

In some industrial processes we encounter materials whose behavior in the
fluid state departs from Newtonian character. In these cases we turn to concepts
from rheology to study the constitutive equation which best represents the
phenomena associated with fluid flow. The reader is referred to the monograph
[9] for more information.

Nonetheless, the Navier-Stokes equations constitute a sufficiently rich model
to be applied in a very large number of cases. We have chosen the Eulerian
representation of the conservation equations, as fluids generally experience very
large motions, but also because the common problems are defined in spatial (as
opposed to material) coordinate systems.

The physics of Newtonian fluids is characterized by the non-dimensional
Reynolds number defined by the relation
UL
Re=—, (8.1)

v

where U and L are, respectively, a reference velocity and length for the flow
under consideration, and v is the kinematic viscosity of the fluid. This number
can take values from zero to several million. When Re is near zero, the flows
are laminar. Their geometric configuration and dynamics are relatively simple.
Their interpretation with analytic solutions permits a profound understanding
of the associated physics. As Re increases, the laminar flows experience in-
stabilities which gradually lead to fully developed turbulence. It is the latter
condition that we experience during a flight when an aircraft is violently shaken
by atmospheric turbulence. Understanding turbulence still remains one of the
great challenges of physics.

The reader can find additional information in the following texts: [2, 3, 25,
26, 28, 56, 64].

8.2 Physical Considerations for Laminar and Turbulent
Incompressible Flows

In this section we only consider incompressible fluid flows as a function of the
Reynolds number (eqn. (8.1)). As we have already stated, the physics of flow
changes drastically, going from creeping flows at a very low Reynolds number
to those for which Re ~ 106 ~ 107.

Creeping fluid flows are laminar (from the Latin word laminae: thin layers);
they are very often stationary, and the streamlines follow the contours of the
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obstacles placed in the flow. These flows present effects that are easy to predict
and to interpret, as they correspond to the linear Stokes equation. They can
be found in lava, terrestrial magma, molten glass, and very viscous polymers.

As Re increases, the non-linear terms of the Navier-Stokes equations be-
come preponderant and for values of a few dozen, the laminar flows become
unstable and secondary flows are produced. These are called transitional flows.

Fig. 8.1 Flow around a cylinder at Re >~ 0

An excellent example is the uniform, parallel flow upstream of a horizontal
circular cylinder. The Reynolds number is defined by U, the uniform upstream
velocity, L = D, the diameter of the cylinder, and v, the kinematic viscosity of
the fluid. Figure 8.1Y shows the flow at Re ~ 0 for which the streamlines are
symmetric with respect to the horizontal, vertical, and diagonal directions.

As Re grows, for the values 13.1 and 26 shown in figure 8.2, it is seen that
the flow is stationary and symmetric with respect to the horizontal axis. How-
ever, two counter-rotating recirculation zones appear behind the cylinder. The

Fig. 8.2 Flow around a cylinder for (left) Re = 13.1 and (right) 26

(D Figures 8.1-8.4, 8.7, and 8.11 are taken from text [62]. Attempts to identify the
copyright owner have not as yet succeeded, and he or she is invited to contact the
publisher.



270 Introduction to Newtonian Fluid Mechanics

length of the recirculation zone increases linearly with Re while the distance
separating the centers of the vortices grows as v/Re.

At Re = 47.5, the first critical Reynolds number is reached, at which point
the physical phenomena become unstable. A von Karman vortex street is
produced behind the cylinder with vortices alternately shed above and below.
A similar vortex street is shown in figure 8.3 for Re = 140, taken from [62]. The
shed vortices are regularly produced at a frequency corresponding to a limit
cycle in phase space: a Hopf bifurcation. This frequency, denoted f, leads to
the definition of the Strouhal number, St

_ /D
=7
For values of Re around one hundred, St is 0.13.

St (8.2)

Fig. 8.3 von Karman vortex street for Re = 140

Stability analyses are based on the Ginzburg-Landau equation ([10]) which
determines the non-linear development of perturbations superimposed on an
underlying flow. This theory extends over a vast domain that this book cannot
cover. We refer the reader to specialized texts, for example, [5, 11, 44]. If
the Reynolds number is further increased, the flow passes through transitional
regimes before finally attaining the turbulent state. An excellent synthesis of
the dynamics of the wakes of circular cylinders is that of Williamson [66].

Figure 8.4 shows the flow pattern for weak turbulence. The boundary layer,
where viscous effects are of the same order of magnitude as inertial effects, is
laminar in front of the cylinder, develops around it, undergoes a separation, and
produces a turbulent wake. It is still possible to observe two vortices resulting
from the non-linear dynamics.

At Re = 10* as in figure 8.5, the flow has roughly the same form, with two
identifiable vortices.
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Fig. 8.5 von Kdrmén vortex street for Re = 10*

When the Reynolds number reaches a few tens of thousands, or millions,
the physics of the flow presents a multitude of spatial and temporal scales; fully
developed turbulence is present. Turbulence exists in the majority of flows in
nature. Everyone has certainly experienced it during a flight: the chaotic and
random effects of turbulence which correspond to dynamics with very rapid
variation. However, understanding of turbulence is one of the rare challenges
in modern physics that has not been completely attained.

Non-linear equations as a rule are very difficult to solve analytically, and
the Navier-Stokes equations do not escape this rule. It is one of the reasons why
numerical simulation has come to dominate as the only way of performing an
in-depth analysis of such complex phenomena. The volume and finite element
methods constitute a pertinent choice to perform this type of calculation [40].
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8.3 Physical Considerations for Compressible Fluid Flows

Compressible fluids, such as air or gases in general, present phenomena that
are complex and very interesting for scientists and engineers.

Compressible flows and their effects need to be taken into account for high
speed flows in particular, which we refer to as of gas dynamics. In this case, the
values of the Reynolds number are very large. For example, as the kinematic
viscosity of air at room temperature is v, = 1.45107°m?s™!, with speeds
of the order of hundreds of meters per second, the Reynolds number is in the
millions. The flows are obviously turbulent. In aerodynamics, viscous effects
are present in zones near the body or obstacles in the flow. This is one reason
for which we can neglect turbulence and viscous effects and only take into
account pressure as an important variable. It is the pressure that will produce
the necessary lift on the wing for the flight of an aircraft. The modeling of
these problems thus uses the Euler equations for a perfect fluid. If viscous
and turbulent effects are taken into account, the Navier-Stokes equations are
needed to compute the drag, that is, the force acting in the opposite direction
of a rigid body in steady translation in a fluid at rest at infinity.

Compressible flows are characterized by the global Mach number

U
M=— 8.3
-, (83)
where U is a reference velocity such as that of the flow upstream of a body, and a
is the speed of sound defined by (6.152). The Mach number typically is between
0 and 8. The case M = 0 is that of an incompressible fluid corresponding to
infinite speed of sound as p = cnst.

8.3.1 Subsonic, Supersonic and Hypersonic Flows

Consider a gas in uniform stationary flow with velocity v = Ue;. The presence
of a fixed object in this flow at a point P generates a perturbation, or sound
wave, which propagates in space at the speed of sound (for the gas or air).
This perturbation produces pressure and density fluctuations. The velocity at
which the perturbation propagates with respect to a fixed coordinate system
is thus the sum of the velocity of the gas plus the speed of sound a in all
directions, characterized by a unit vector n. The resulting velocities, v 4+ an,
of the perturbation from P depend on the various directions of m in space.
Graphically, they can be obtained by drawing a horizontal vector v from P; at
its end, construct the sphere of radius a. All vectors from P to a point on the
sphere are possible solutions for the speed and direction of the propagation.

For 0 < M < 1, we have subsonic flow with U < a. Referring to figure
8.6(a), we note that the resulting velocity propagates into all space as the sphere
encloses the point P. The flow can also be interpreted in the following way. As
the flow is moving from left to right at velocity ||v|| < a, the emitted wave at the
initial time ¢ = ¢y is found at time ¢t = ¢; > t( on the sphere of radius a(t; —to).
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(a) (b)
Fig. 8.6 Propagation of perturbations in a gas: (a) subsonic case and (b) supersonic
case

During this time the flow has moved a distance (t; — to)v. As ||v|| < a, the
point P remains inside the sphere created by the initial perturbation.

If M > 1, the flow is supersonic. Figure 8.6(b) shows that the resulting
velocity is contained within a cone that has its vertex at P and is tangent to
the sphere centered at the end of v. This cone has a half angle of a at the apex

such that " 1

sin o ol ~ M (8.4)
and the sine is inversely proportional to the Mach number. Note that the Mach
number in (8.4) is based on the velocity v; it is thus a local Mach number which
varies with the position. In a supersonic flow, all perturbations propagate
downstream in a cone whose angle decreases as M increases. The angle o

defined by (8.4) is the Mach angle.

In summary, subsonic flow around a body affects all space in front of and
behind the body. The amplitude of the perturbation diminishes with distance.
For supersonic flow, the perturbation is produced when the flow reaches the
obstacle and only propagates downstream. It cannot “advance” upstream. This
phenomenological difference is explained by the mathematical model associated
with propagation of acoustic waves. For the subsonic case the equation is
elliptic, while for the supersonic case the equation becomes hyperbolic.

The special case M = 1 corresponds to a sonic flow and the Mach angle is
90°. All the spherically propagating perturbations are tangent to a plane per-
pendicular to v. The small (infinitesimal) perturbations accumulate to create
a finite amplitude perturbation: the sound barrier.

Flow for M > 5 is called hypersonic. In this case, the air molecules dis-
associate and the gas becomes ionized. Then one must take into account the
chemical reactions between the ionized gas components, and the thermody-
namic effects become dominant. These flows are encountered around missiles
or reentry vehicles, as, for example, space shuttles.

8.3.2 Shock Waves

When a flying object is not small (e.g., not a slender body), the generated
perturbations are no longer infinitesimal, and the separation between the zone
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of silence and the zone where the perturbations propagate becomes a curved
surface across which the pressure, density, and velocity are subjected to sudden
changes of finite amplitude. This abrupt change of the physical quantities is
called a shock and the associated surface is the shock wave. Note that the
shock wave is a compression wave. In reality, a shock wave has a certain
thickness of the order of a few millimeters. However, when the body is a
complete airplane, we approximate the shock wave as a discontinuous surface
which simplifies the mathematical treatment.

The following photographs were obtained by shadowgraphy, which accen-
tuates the index of refraction variations due to the variations of density. Light
is viewed after passing through the flow, on the opposite side; the source itself
is blocked in a focal plane, leaving only the deviated light to form an image.
The highlights thus correspond to strong refraction in the gas and sketch the
geometric configuration of the flow. These photographs were published by von
Karmén [63].

Going from M = 0.84 to M = 0.971, we see in figures 8.7 and 8.8 the
configuration of the shock waves that are produced by a projectile in free flight
through air with an incidence angle less than 1.5°. We can also recognize
the presence of a turbulent wake behind the body. Note that the nose of the
projectile has a half angle equal to 20°.

Nearing the speed of sound, the configuration of the shock waves extends
laterally over greater distances. Figures 8.9 and 8.10 show all the complexity
of the waves and their interactions.

M =0.840

M =0.885

M =0.900

Fig. 8.7 Subsonic flow around a projectile at M = 0.84,0.885, and 0.9
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M =0.946

M=0.971

Fig. 8.8 Subsonic flow around a projectile at M = 0.946 and 0.971

"‘ =0.978
Fig. 8.9 Flow near the speed of sound, M = 0.978

275
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M=0.990
Fig. 8.10 Flow near the speed of sound, M = 0.99

Finally, in figure 8.11 we have a supersonic flow around a sphere of diameter
1.27 cm in free flight in air. The Mach number is M = 1.53. The shock wave
produced is curved and detached from the body taking a position in front of it.
Behind the shock, the flow returns to subsonic and covers the spherical surface
to around 45°, where 0° is the horizontal, upstream pole of the sphere. At an
angle around 90°, the laminar boundary layer separates with an oblique shock
and becomes turbulent. The wake downstream of the sphere produces a system
of weak perturbations which result in a second shock wave.

8.4 Navier-Stokes Equations

In this section we formulate the Navier-Stokes equations for compressible New-
tonian fluids, and then for an incompressible Newtonian fluid.

8.4.1 Navier-Stokes Equations for an Ideal Gas with
Constant Heat Capacity

Let us write the Navier-Stokes equations for the special case of a compressible
ideal gas with constant heat capacities.
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Fig. 8.11 Supersonic flow around a sphere at M = 1.53

With relation (6.143), the energy equation (4.23) can be put in the form

DT
pcvﬁ:a:Vv—divq—i—r. (8.5)

The expression o : Vv can be written as

8111-

O'ij% = 0Oyj dij = —p (Sij dij + A dkk dij 5ij + 2,u(dz-j)2
J

= —pdi + Mdi)?* +2u(di;)?
or by using (4.25)

oc:L=0:d=—ptrd+ \trd)* +2u(d: d). (8.6)
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From the equation of conservation of mass (3.41), we have the equality

trd:—lD—.
p Dt

Then, the energy equation (8.5) becomes

DT _p Dp

D = Dt-i—)\(trd) +2pud:d—divg+r. (8.7)

PCv =~

Using the equation of state (6.136), we transform (8.7), which becomes

DT D
—p—pR—+A(trd) +oud:d—divg+r.  (8.8)

P Dr T Dt

In order to obtain the full set of equations, we use the conservation of mass
(3.41), insert the constitutive equation (6.14) in the conservation of momentum
(3.96), and finally, we modify the energy equation (8.8) with Fourier’s law
(6.123) and relation (6.141). The Navier-Stokes system of equations is then
written in index form as

dp  Opv;

ot Ox =0 (8.9)
Du; o 6‘p 0 )

P = " on + oz, (Adyy) + oz, (2ud;j) + pb; (8.10)

DT ~—1TDp o (. 0T ov; \2
— L ) = = [k M= 2udy; dy
pcp(Dt ~ th) ox < 81‘J)+ (8%) + i dig T
(8.11)
p=pRT. (8.12)

Note that pcp — Z =1

Equations (8.10) and (8.11) are simplified when A, u, and k are constants.
In addition, we use Stokes’ hypothesis

3A+2u=0. (8.13)

This relation has been established based on reasoning from the kinetic theory of
gases. Although this hypothesis is valid for monatomic gases, it is not valid for
polyatomic gases. Nonetheless it is widely used in aerodynamics applications.

Equations (8.10) and (8.11) then become

Du; dp 0%, [T
_ po 14
"Dt = om Homy0m, T3 o, Gk T A0 (8.14)
DT v—-1T Dp 0T 2 2
S =i R =2 () + 2udy diy . (8.1
pcp(m - th> S~ 3 ) 2y 7 (515)
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8.4.2 Navier-Stokes Equations for an Incompressible Fluid
in Isothermal Flow

For an isothermal flow, T' = cnst; the principle of conservation of energy is
trivially satisfied. Taking into account the incompressibility (p = cnst), the
preceding equations are simplified as

diveo =0 (8.16)
Dv
P = —Vp+ plAv+pb. (8.17)

Equation (8.17) is a non-linear second-order partial differential equation. It
states that acceleration is produced by the actions of the pressure gradient, the
viscous forces, and the body forces.

8.5 Non-Dimensional Form of the Navier-Stokes Equations

8.5.1 Compressible Fluid Case

Denote the reference values of length, speed, pressure, density, and temperature
that characterize the flow under consideration by L, U, pg, po, and Ty. The
time scale is L/U and the scale for inertial forces is U?/L. Now we introduce
non-dimensional variables and functions (denoted with primes) with relations

L
z; = Lz} t=—1t v; = Uv; p = pop’

U
b
p=pop T=TyT b= UQZZ.
Furthermore, for the sake of simplicity, we make the hypothesis that » = 0.

We reformulate equations (8.9), (8.12), (8.14), and (8.15) with non-dimensional
values, including constant characteristic values pg and kg estimated at the tem-
perature Tp, as well as ¢, 7, and R:

dp 90 | 0

w +’Uj o +p 0z =0 (818)
J J
% + v 81);
ot kax%
po 1 9p' po 1 (0% 1 .9 ,
- — = — Ly = v, 8.19
pOUQ p/ 633; + ULpo p/ 833/»2 + 3 ax;( kk) + i ( )

kO Ho aQT/ _ Ho U2 g ( )2 _ 1 8’1); 9 .; (8 20)
~ pocy poUL 62:32 poUL ¢, Ty | 3 ** 2\ 02~ O] ’

p=p T, (8.21)
if we set Po = Po RTO
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In relations (8.18)—(8.20) three non-dimensional numbers appear:
o the Reynolds number
UL UL
Re =pog— = —;
Ho Yo

e the Prandtl number

e the Mach number

which appear also in the group

Po RT() ag 1

poU? U2 AU?  AM?’

The denominator of the Mach number ag is the characteristic speed of
sound (eqn. (6.153)). The coefficient A defined by relation

ko

PoCp

A:

appearing in the Prandtl number is called the thermal diffusivity.

The Reynolds number expresses the relative importance of the inertial
forces with respect to the viscous forces. It takes values from zero up to several
million. For Re = 0, the Navier-Stokes equations reduce to the Stokes equation.
They govern the dynamics of slow or creeping laminar flows. For Re ~ 106,
the flow is turbulent. The Prandtl number estimates the relative importance of
the viscous and thermal diffusion phenomena (Pr = 0.71 for room temperature
air). The Mach number characterizes the compressibility effects. Its value is
M = 0 for incompressible fluids. It is between 0 < M < 1 for subsonic flows
and M > 1 for supersonic flows.

The Navier-Stokes equations take the non-dimensional form

Dy

e T p dive’ =0 (8.22)
Dv' 1 1 1
0 D’Z/ = SPE vy + Te <V2vl + 3 V (div v’)) + 't (8.23)

1 9 M2 (2 s 1 (ov v\
= T —(y=1)—| = (dive)" — = L+ 2 .24
PrReV 9 )Re (3( ve') 2 <8mj+8x,» (8:24)

o =pT. (8.25)

y (DT’ y—1T Dp’)

If we fix the coordinates x;, time ¢, and all the parameters M, Pr, v,
and take Re — 00, then the system (8.22)—(8.25) leads to the Euler system
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of equations for perfect (inviscid) fluids. Taking the limit where the Mach
number goes to zero, with all the other parameters fixed, should lead to the
Navier-Stokes equations for an incompressible fluid.

However, examination of the system (8.22)—(8.25) shows that this is not
so, and that the term —(1/vM?)Vp becomes dominant. This behavior is due
to the choice of the non-dimensional pressure p’ = p/pp, which was made by
considering pressure to be a thermodynamic variable. The motion equation
reveals that pressure is also a dynamic variable. It is more natural to choose

* P — Po
poU?

for the non-dimensional pressure.
In this case, equation (8.23) becomes
,Dv'

1
- _Vp' 4+ —
th’ erRe

(V%’ + % v (div 'v’)) + o' (8.26)

The limiting case of equations (8.18), (8.26), (8.20), and (8.21) when the Mach
number goes to zero, yields the relations

D /
fo + 0 dive’ =0 (8.27)
Do’ 1 1
pl D’:/ = —Vp* —+ E <V2'UI + g V(le 'UI)> + plb/ (828)
DT’ 1
/ 2t
= T 2
P Dt Pr Re v (8.29)

PT =1, (8.30)

which are those for an incompressible fluid, but which still may experience
thermal expansion.

To obtain (8.29), we calculate
Dy’ 1 Dp _pU? Dp* _ U* Dp* . ,Dp*
DI po DY po D¢  RI, Dt " D¢ -

Equation (8.30) comes from the following evaluation:
2

/ 1t D < U 2
T T RT !

If, in addition, we assume that at the domain wall 7" = 1, then equations
(8.29) and (8.30) as well as the boundary conditions on 7" are satisfied by

pP=1 (8.31)
T =1. (8.32)

Consequently, in this case, equations (8.27) and (8.28) reduce to the equations
of an isothermal, incompressible flow.
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8.5.2 Case of an Incompressible Fluid in Isothermal Flow

In a first case, we examine the aerodynamic point of view. We state the hy-
pothesis that the body force is that due to gravity: b = g. We use the same
scales of time, length, and speed as in the section above. For the pressure, we
set

o = P—Po
pU?
and for the gravity force, we introduce
g=7,
g
where g = ||g|| is the gravitational acceleration. Equation (8.17), in reduced
form, becomes
Dv’ 1 1
—— =-Vp+ -V +_g. 8.33
DY’ PrRe VU T RY (8.33)

Another non-dimensional quantity appears, the Froude number

U2
Fr=—.
Lg
This number compares the inertial forces to the gravitational forces.

In a second case, we develop the point of view of rheologists for whom
the flow phenomena are dominated by viscous effects. Going back to equation
(8.17), but normalizing the reduced forms of time and pressure by the viscosity

_vt , _ D—Do
=12 and p = WU

L

t/

the reduced form of the Navier-Stokes equations for an incompressible
fluid is written as

o} v} ap’ R
aq;,’ + Re (v}C 8;}} ) = —8—];, + V2] + F—i g. (8.34)
k i

Equations (8.33) and (8.34) are different because the normalization of time is,
on one hand, by the advection time (inertial term) L/U, and on the other, by
the characteristic time of molecular diffusion L?/v.

Consequently, the limiting form of the Navier-Stokes equations is obtained
from (8.33) as Re — oo

Dv’ , 1,

Dy —-Vp' + 79 (8.35)
These are the Euler equations in non-dimensional form. The dimensional form
is

v
——__v . 8.36
P Dy p+pg (8.36)
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Inversely, when Re — 0, equation (8.34) simplifies to

ov’
— =-Vp + V. 8.37

at/ p + ( )
This is the non-dimensional Stokes equation. This equation is linear, unlike
the Navier-Stokes equations which are non-linear. In dimensional form, it is
written as

pa—;’ = —Vp+uViv. (8.38)

Recall that the kinematic viscosity of water is Vyater = 107%m2s~ 1. Thus if
U and L are both of order 1, the Reynolds number will be O(10°). This value is
typical for turbulence, a subject which itself merits an entire book. The reader
is referred to the specialized literature [9, 39, 53].

8.6 Boundary and Initial Conditions

8.6.1 Viscous Fluid

A viscous fluid in contact with a rigid wall will adhere to the wall due to the
effects of viscosity. The no-slip condition can therefore be written as

U fluid = Vwall - (8.39)

Otherwise, if the fluid (liquid) is in contact with a gaseous medium, we
assume that the contact forces are in equilibrium on both sides of the contact
surface and we write

- _fluid __  _gas

nio;; =n,0;;

If the gas is inviscid, this becomes

niol 1w — —n;p??% . (8.40)

(3 ’L]
Projecting (8.40) onto the interface normal, we obtain
nmja‘ifjlum = —p9% . (8.41)
For the tangential component, we have

niTjalfjluid = —n;7;p?* =0, (8.42)
since .- 7 = 0, where T denotes the unit tangent vector at the contact surface.

Relations (8.41) and (8.42) express the conditions which are said to be on
a “free surface”. They imply that we know the form of the surface for their
application. However, the form of the surface is itself part of the solution of
the problem at hand. We find then that free surface problems constitute one
of the biggest difficulties in fluid mechanics as they are intrinsically non-linear.
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For certain fluids, condition (8.41) needs to be extended to take into account
surface tension. Then we have
ninjol M = —p9es 4 o thi (8.43)
1)y Rl R2 ’ .

in which Ry and Ry are the principal radii of curvature of the surface, and o
is the liquid-gas surface tension coefficient expressed in N/m.

In practice, we generally limit the study to a part of the zone occupied
by the fluid. In this case, it is necessary to add the conditions on the entry
section, where the velocity vector is typically imposed, and the exit surface,
where contact forces are usually imposed. The latter are most often taken to
be zero, which corresponds to a situation where the fluid is allowed to exit at
its own speed.

For the case of a transient problem, the initial conditions are the velocities,
which are often zero at the start.

8.6.2 Perfect Fluid

As viscosity plays no role here, the fluid can slip along a wall. The adherence
condition no longer applies. We impose that the normal component of velocity
of the fluid be zero with respect to the wall with which it is in contact. The
slip condition is then written as

U fluid * 0 = Vwall * T - (8.44)

Similarly, we impose the value of the normal component of the fluid velocity
for the entry section and the pressure on the exit section. For transient flows,
we proceed as for viscous flows.

Finally, in aerodynamics (external flows, for example, the flow around a
wing profile or an airfoil), we very often find conditions to impose on an im-
material boundary (which may be at infinity). The typical example is a finite
obstacle placed in an unconfined flow. In this case we impose the condition
that the flow is uniform at infinity.

8.7 Exact Solutions of the Navier-Stokes Equations

8.7.1 Plane Stationary Flows

In this section, we examine some exact solutions of the Navier-Stokes equations
for plane stationary flows.
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Plane Couette Flow of an Incompressible Fluid

We consider the two-dimensional stationary flow of an incompressible viscous
fluid between parallel plates.

U

h L .

T

Ty

Fig. 8.12 Plane Couette flow

Figure 8.12 shows the flow domain. We see that the lower boundary is fixed
while the upper boundary moves in its own plane at a given constant velocity
U in the direction z.

Since the flow is two-dimensional, the vector v reduces to two components,
v = (v1,v2,0). We assume that the flow is developed, that is, that the transient
effects and those from the upstream edges of the plates are negligible. Then,
we can have vy as a function only of z3. The incompressibility condition (8.16)
becomes

8112

D2y 0 (8.45)
indicating that vo is not a function of xo; it is thus a function of x,. However,
since at the two boundaries vy is zero for all 1, we conclude that vo = 0
everywhere. We write the two-dimensional Navier-Stokes equation (8.17) for
the velocity component vy as

p(%+v1%+vz%)=—%+uﬂm + pby. (8.46)

As the gravitational force is oriented along the negative direction of the axis
Z9, by = 0. In addition, the problem is stationary, thus dvi /0t = 0. The term
v10v1 /027 is zero as v; = vi(x2). Finally ve0v;/0xs is also zero since vy = 0.
We can assume that the horizontal component of the pressure gradient is zero
as the flow is forced kinematically by the motion of the upper plate. Thus, we
are left with

d2’U1
=0. 8.47
M 2 (8.47)
Integrating (8.47) once, we obtain
d
A0, (8.48)

Mr@—
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This relation shows that the shear stress is constant across the height of the
channel. Integrating again leads to

v; = Axo + B. (849)
The no-slip boundary conditions
U1 (1’2 = 0) = 0, (%) (1'2 = h) =U (850)

permit us to determine the integration constants; we obtain a linear velocity
profile

v = —2. (8.51)

This is the profile that was used in example 6.1.

The shear stress component (6.16) obtained with (8.51) is a constant

dv U
o1g = “ch; =y (8.52)

If we examine the second Navier-Stokes equation, in direction x5, we have

__Op
0= 67:32 Py, (8.53)

with g the gravitational acceleration. Integrating this relation and taking into
account the independence of p with respect to x1, leads to

p=—pgxs+ C. (8.54)

As the pressure in an incompressible fluid is only known to an arbitrary con-
stant, we choose it by imposing p(ze = h) = 0 which yields C = pgh. The
pressure is in hydrostatic equilibrium

p=pg(h—x2) . (8.55)

Plane Poiseuille Flow of an Incompressible Fluid

Consider the two-dimensional stationary flow of a viscous incompressible fluid
in a channel formed by two fixed walls. Figure 8.13 shows the geometric con-
figuration of the domain. In this case, a longitudinal pressure gradient, along
direction x1, is established. We assume that the flow is developed and that the
fluid particles move on paths parallel to the walls. Reasoning as for Couette
flow, we can write v; = vy(x2), vo = 0.
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T

Fig. 8.13 Plane Poiseuille flow

The dynamic equation for velocity vy is relation (8.17), which for Poiseuille

flow reduces to
3p 621)1

_81'1 ”83:22 '
As for Couette flow, the pressure in the vertical direction is in hydrostatic
equilibrium

0=

(8.56)

dp
0=————pg. 8.57
90y P9 (8.57)
Integrating this relation, we obtain
p=—pgze + P(z1) . (8.58)

The term introduced by integration, P(z1), is the pressure on the lower wall,
for x5 = 0. The pressure gradient in direction x; can be written as

Op dpP

— = 8.59
3],‘1 da:l ’ ( )
as it is a function only of z;. Equation (8.56) yields
d2’U1 1dP
=—-——=C. 8.60
dre?  pdry ( )

We see that the first term is a function of x5 while the second is a function of
1. It follows that these two terms must be equal to the same constant C. The
integration of (8.60) gives us

2
v = ———— + Azs + B. (8.61)

Imposing the boundary conditions

U1 (LEQ = 0) =1 (ZCQ = ]’L) = U, (862)
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yields the parabolic Poiseuille velocity profile
v =————(1-=). (8.63)

As the pressure in the channel diminishes linearly with distance 1, dP/dz; < 0,
and the flow is in the positive direction of the axis x;.

The shear stress component obtained from (8.63) is

dvy h dP 1 @

— —_— ——— — . . 4
T2 =R 2dx1( B (8.64)

We note that the shear (8.64) is zero on the axis of symmetry of the channel,
29 = h/2, and the absolute value is at a maximum on the two walls.

We can calculate the volume flux or flow rate through the section S of the
channel. The general definition of the volume flux is given by the relation

Qz/sv-ndS’. (8.65)

Considering a unit surface for direction x3, the flow rate in the two-dimensional
channel is written

h 3 3
WS AP B3 Ap
- dpy = ——— 2 = 2 2P _
Q /0 VLR = T dey 120 L (8.66)

with AP the pressure difference observed at two points with the same ordinate,
T9, separated by a distance L in direction z;. We define the average velocity
by @ = vqug I, from which we have

h? AP

g = o —— .67
Vavg o L (8.67)

As the maximum velocity, vyqz, 18 attained on the axis of symmetry of the
channel, at xo/h = 1/2, it follows that

h? AP
maxr — 5 8.68
and, consequently
2
Vavg = gvmax . (869)

In the case where the two-dimensional channel is replaced by a pipe with cir-
cular section (see sec. 8.7.2), we obtain the average velocity equal to half the
maximum velocity. This shows that the zone of high velocity constitutes a
smaller fraction of the section.
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Flow of an Incompressible Fluid on an Inclined Plane

We have a stationary, two-dimensional flow of a Newtonian viscous fluid on a
plane inclined at angle a to the vertical (fig. 8.14). The thickness of the fluid
layer is uniform and equal to h. At the free surface, the fluid is in contact with
ambient air which we consider to be a perfect fluid at atmospheric pressure p,.
We assume that the flow in the air does not affect the flow of the viscous fluid.
The flow is parallel because the trajectories of the fluid particles are parallel to
the inclined plane. Then, v = (v1,0,0). From incompressibility we obtain

8’01

— =0, 8.70

5 (8.70)
therefore we deduce that v; = v1(22). The only components of the stress tensor
are o1g or oa1. As the pressure is uniform at the free surface, the pressure in
the viscous fluid can not depend on direction 1, but only on 5.

&l

Fig. 8.14 Flow on an inclined plane

From the motion equation (3.96), written in direction x1, it follows that

(3'0'12 3012
by = —— =0. 71
024 + pby 02, + pgcosa =0 (8.71)

Integrating this relation, we have
o192 = —pg Tocosa + C' . (8.72)
At the free surface, zo = h, the shear stress should be zero. We obtain

012 = pgcosa(h — xz2) . (8.73)
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As 019 = pdvy/dxzg, we can evaluate the component vy by integrating with
respect to zq, taking into account the boundary condition v (z2 = 0) = 0. The
velocity profile is given by the relation

v = pgg/"jamg(zh — ) . (8.74)
The Navier-Stokes equation for direction zo yields the relation
Op Op .
- by = —— — =0. 8.75
0, TP Ou, ~ PISINC (8.75)

Integrating with respect to xo and taking into account the condition on the
free surface p(zo = h) = p,, we can write

p = pa — (pgsina)(ze —h) . (8.76)
The flow rate per unit length in direction z3 is obtained from
h 3
h
Q= / oy dy = 21992 (8.77)
0 2

Plane Couette Flow of a Compressible Fluid

Consider the stationary, developed, two-dimensional flow of a viscous compress-
ible fluid between two parallel planes. We will follow the development proposed
by Panton [38]. We neglect gravity in this problem. Figure 8.15 shows the flow
domain. The lower wall is fixed, and the upper wall moves in its own plane
at the given constant velocity U in direction x;. Since the compressible fluid
has material properties that depend on the density and the temperature (see
eqn. (6.15)), the energy equation is incorporated in our model and we must
give boundary conditions for the temperature. Here, the temperature is fixed
on the upper wall at the constant value Ty, while the condition on the lower
wall is adiabatic, that is, go = —k 0T /0x2 = 0. To simplify the problem, we
assume that no material property depends on z1, x3, or t. The unknowns of
the problem are then such that

v = (v1(22), v2(22), 0) p = p(x2) T=T(x3). (8.78)

The equation for the conservation of mass (8.9) becomes

d(pv2)
d.rg

=0. (8.79)

By integration, pvy is a constant. Since the vertical velocity component vy is
zero at the two walls, we must have vo = 0 everywhere. The Navier-Stokes

equations (8.10) become
d dvl
0= — | p-— 8.80
o (n). (3.50)

.

0=——n.
diL’Q

(8.81)
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U T=T,
h e
T
7 aT/ox,= 0

Z1

Fig. 8.15 Plane Couette flow for a compressible fluid

Relation (8.81) shows that the pressure is constant everywhere. Conse-
quently, we can assume that the material properties are functions only of tem-
perature, since p = pRT = cnst. The integration of (8.80) yields

dvl
— = . 8.82
iy = 0 (8.82)

with the convention that o represents a constant shear stress.

The heat flux has only one non-zero component: g2, given our assumption
for the temperature field. In this case, the energy equation (8.11) is

d ( dT dvi\*  dge | du
0 k ) _ _te . 8.83
iy ( dx2> Tt <d:vg> oy | Odus (8.83)
Integration of (8.83) yields
—g2 + oov1 = C'. (8.84)

Since we have an adiabatic condition on the fixed lower wall where vy (zg =
0) = 0, the imposition of the boundary conditions on (8.84) gives C' = 0, and
we obtain

dT dT d’Ul
k— =k— — =0. 8.85
dQCQ +oov1 dQCQ + Ho1 diL’g ( )
Writing (8.85) in the form
d (1 4 k dr
z =2 8.86
dzo (2 Ul) L dxo (8.86)

and taking into account relations k = k(T") and u = u(T), the integration from
a point with ordinate x5 to the upper wall gives

o oy [TRT) L,
(U = o2) = /T T (8.87)
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This equation yields v; as a function of 1. However, since k and p are positive
functions of T' (sec. 6.8), the integral in (8.87) is a monotonic function of T
and we can thus find the inverse function T'(v;). With this inverse function,
equation (8.82) becomes

w(T(v1)) dvy = og das (8.88)

and integrating from the lower wall, where v; = 0, to an arbitrarily chosen
point with ordinate x2, we obtain
1 /™

To = — (T (v)) doy’ . (8.89)
a0 Jo

This equation is the velocity profile given in inverse form xo = xo(vy).

We will illustrate this theory with results calculated with power law models
of viscosity and thermal conductivity

= o (;})n k= ko (;))n (8.90)

The exponent n of the power law is obtained by a polynomial approximation
of experimental data (by least squares) in the range of temperatures concerned
in the problem under consideration. The reference quantities g and kg are
the values corresponding to the reference temperature Tj of the upper wall.
Combining (8.87) and (8.90), leads to

1 ko [To
—(U? =) == dr’ 8.91
5 ( 1) 0 o (8.91)
and thus
T=Ty+ 202 —?). (8.92)

2ko
The inverse form of the velocity profile is evaluated by inserting (8.90) in (8.89):

Ty = @/”1 (T)" dv’
go 0 TO 1
po [ fo o Y o
= — 1 U* — dv; . 8.93
oo /0 ( + 2kOTO ( Uy )> Uy ( )

Consider two cases: n = 0 for constant properties and n = 1 which is close
to the behavior of an ideal gas.

When n = 0, relation (8.93) produces

ro = @ (% (894)
o)

Evaluating oy at the upper wall, we again find the Couette profile for an in-
compressible fluid (8.51). The temperature profile (8.92) becomes

poU? Z2\?
T=T, 1-(22)). .
"t ok ( (h)> (8.95)




Exact Solutions of the Navier-Stokes Equations 293

The case n = 1 leads to the inverse form of the velocity profile

2 2
14 Ho U 1_ 1( v1 )
T2 U1 2koThH 3\U
hoU 2 ‘
| 4 ¥
SkoTO
Relation (8.96) cannot be explicitly inverted to obtain the solution v;. We

thus can not obtain an explicit form of the temperature that always satisfies
equation (8.92).

(8.96)

8.7.2 Stationary Axisymmetric Flows

In this section we consider exact solutions of the Navier-Stokes equations for
stationary flows in axisymmetric geometries of revolution. We integrate the
Navier-Stokes equations expressed in a cylindrical coordinate system. The vec-
tor velocity has components v,., vy, and v, which we call the radial, azimuthal,
and axial velocities, respectively.

Circular Couette Flow

Consider the stationary flow of an incompressible Newtonian viscous fluid be-
tween two concentric cylinders supposed to be of infinite axial length. We
denote by R; and R, the radii of the internal and external cylinders, respec-
tively, and w; and ws their respective rates of angular rotation, as shown in
figure 8.16. We want to calculate the azimuthal velocity vg. This flow is known
by the name of circular Couette flow. We neglect the effects of the volume
forces. The flow has no axial velocity since there is no pressure gradient in
that direction. In addition, due to the symmetry of revolution, it also does not
depend on the azimuthal coordinate, thus d(e)/90 = 0. The two velocity com-
ponents v, and vy, stationary, thus independent of time, are functions uniquely
of the radial coordinate, r, so v, = v,.(r) and vg = vg(r). Applying adherence
to the wall, the boundary conditions are

’UT(Rl) = UT-(RQ) = O7 Ua(Rl) = wlRl, 'UQ(RQ) = ngg . (897)
With these assumptions about the velocity profile, the continuity equation
(A.31) becomes

1d

;5(7“ v)=0. (8.98)

Taking into account the condition that v, is zero at the boundaries (8.97),
the solution is

v, =0. (8.99)
In this case the Navier-Stokes equations (A.32)—(A.33) reduce to
19 2
2P _ Y% (8.100)
p Oor T

10 Ovg vy
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Fig. 8.16 Circular Couette flow

The solution for the component vy is in the form vy = Zfz anr™. Plugging

this series into (8.101), we easily find that n = +1. Imposing the boundary
conditions leads to
B CUQR% - wlR% (LUQ - wl)R%Rg 1

et T T TR R T BB r (8.102)

after solving for the constants A and B. The first term on the right-hand side
corresponds to rotation of all the fluid around the central axis. If wy = ws = w,
the velocity becomes vy = wr, which shows that the fluid rotates as a rigid
body around the axis. The second term on the right-hand side corresponds
to a deformation of the particles over time. If Ry — oo and wy = 0, then
we have the case of a cylinder in an infinite fluid. The velocity vy = wi R} /r
gives circular streamlines around the cylinder, and the velocity distribution is
irrotational, that is, curl v = 0.

A tangential shear stress oy, acts on a surface element with a radial normal,
which is expressed by (A.5)

B Ovg  wvg  10v.\ Ovg  vg\ 2 vp
U@r‘“(ar ﬁrae)—“(ar r>—“ar(7~)~ (8.103)

Combining (8.102) and (8.103), we obtain

2Bu
=

Cor = (8.104)

Next we calculate the viscous moment, M, that acts on the interior cylinder
per unit axial length. This moment is equal to the component oy, evaluated at
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r = Ry and the area, 2mR;, on which this stress acts, multiplied by the lever
arm, R, the distance between the axis and the point where the force acts. We
have

2By (we — w1 ) RIRS
M = —2nR? =drp—s——5—=
R2 R -2
This last relation indicates that we can measure the viscosity p of a fluid in
a Couette viscometer where the drive motor imposes a torque on one of the
cylinders and we measure the resulting rotation speed of the other one.

(8.105)

Circular Poiseuille Flow in a Cylindrical Pipe

Poiseuille flow in a circular pipe with radius R is subject to the action of an
imposed pressure gradient in direction z (fig. 8.17). The flow is stationary.
From the Navier-Stokes equations in cylindrical coordinates, we show first that
the only non-zero component of the velocity is v,.

Fig. 8.17 Poiseuille flow in a circular section cylindrical pipe

Given the hypotheses of axial symmetry and stationary flow, vg = 0 and
the only two components of velocity, v, and v,, are functions only of . The
continuity equation (A.31) is then

10
Integration yields
rv. = f(2) .

But, since v, = 0 at the wall, r = R, we conclude that f(z) =0 and thus that
vy 18 zero everywhere in the flow. The Navier-Stokes equation for the radial
component of velocity (A.32) reduces to dp/dr = 0. The pressure depends only
on z and not on 7. The equation for the velocity component v, (A.34) yields

2 1
_dp+u(8 UZ+ aUZ):()

dz or? r or
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or

dp wud dv,

—=——1r .

dz rdr dr
The left-hand side term only depends on z; on the right-hand side there is only
dependence on r. Thus the two terms must be equal to a constant. Integrating,

we obtain
dp\ 1 (r?

The velocity must be finite on the axis = 0. This leads to A = 0. Taking into
account the condition v,(R) = 0, we have

()2 (- G)

In Poiseuille flow, the velocity profile is parabolic. The maximum velocity at
the center is

dp\ R?
mar — — | 5 ) 5 - 8.107
‘ <d2> 4p (8.107)
The flow rate is obtained by integration over the section of the pipe. We have
R 4 2
dp\ ™R TR*Vmaz
=9 . dr=—[— = . 8.108
Q 7r/0 vy (r)rdr (dz) Su 5 ( )

The average, or flux, velocity obtained from the flux divided by the area of the
section S is
Q _ Umaw

e = 5T
The maximum velocity is thus equal to twice the average velocity. The shear
stress at the cylinder wall, which we denote 7, is given by the component o,
evaluated at r = R
dv, L < dp) R 2pmae _ 4pang

(8.109)

The sign change between 7, and o,, comes from the fact that 7, represents

the shear force exercised on the wall by the fluid. The friction coefficient is

defined by the ratio of the stress at the wall to the average dynamic pressure
Tw 81 8v 16

Cr = = = = , 8.111
d L)g”g pRvavg Rv(wg Rep ( )

with Rep being the Reynolds number based on the average velocity and the
diameter of the section. It is common to define the head loss coefficient \ by
the relation

dp\ Uiy A
() = v 2 112
(dz) 2 D (8 )
Thus it follows that 64
A =4Cy (8.113)

:R6D.
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8.7.3 Plane Non-Stationary Flows

In this section we turn our attention to plane flows that depend on time. This
situation leads to partial differential equations with independent variables of
space and time. In order to arrive at an analytic solution of the problem, we
use a change of variables to obtain an ordinary differential equation that is
easier to solve.

Transient Flow in a Semi-Infinite Space

An incompressible Newtonian viscous fluid occupies a half space (zo > 0), and
is at rest for ¢ < 0 (fig. 8.18). At time ¢ = 0, the rigid plane which limits the
half space is instantaneously put into motion at the constant velocity U in the
positive direction of axis 1. The motion is two-dimensional such that vs = 0.

Ut > 0)

- 1

Fig. 8.18 Unsteady flow in an infinite half space

The boundary and initial conditions are given by

t <0, v1 =v2 =0, Vi, (8.114)
t>0, vy =U,vy =0, forzs =0, (8.115)
V1 = V2 = 07 fOI‘IEQ — 0. (8116)

We assume that v, and v, are functions of x5 and ¢
vy = vy (22, t), va = va(xa,t) , (8.117)

and that the pressure p is a function only of x5 (there is no horizontal pressure
gradient; the flow is generated entirely by the motion of the moving wall). The
conservation of mass becomes

81)2 (.’1?2, t)

=0. 11
e 0 (8.118)

The component vy only depends on time, and with conditions (8.115) and
(8.116), it is identically zero for all ¢t. The Navier-Stokes equations become

81)1 821}1
-, 2u 11
"o = Mo (8.119)
dp
— =0. 8.120
B (8.120)

The pressure p is constant.
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We can, if we wish, include the effect of gravity in the pressure calculation,
by writing
Ip
— =— . 8.121
Oy P9 (8.121)

Integration of this relation leads to the calculation of the hydrostatic pressure,
where the pressure at a point is equal to the weight of the column of fluid
located above that position. The hydrostatic pressure, as its name suggests,
does not participate in the dynamics of the flow.

The motion equation (8.119) is a diffusion equation, of the same type as
the “heat equation”. We can transform this partial differential equation into
an ordinary differential equation with a variable change that we obtain from
dimensional analysis. Since the problem has no spatial scale other than the
variable x5 nor time scale other than that of ¢ itself, we combine them to form

the non-dimensional group
T2

= 2Vt
This permits us to obtain an ordinary differential equation for which the solu-

tion is a function of 7. It is called a self similar solution because the velocity
profile with respect to the variable x5 is similar for all times ¢.

(8.122)

Setting
v =Uf(n), (8.123)
relation (8.119) becomes
f+omf =0, (8.124)
with conditions
n=0,f=1; n—o0,f=0. (8.125)
Integrating (8.124), we obtain
n 2
f= A/ e " dn' +B. (8.126)
0

Taking into account conditions (8.125), we have for n = 0, B = 1 and for
n = o0, A =—2//7 where we introduced the error function erf(z) defined by

1] L
erf (z) = —/ 6_T2d7', 8.127
@= (8.127
such that erf(co) = 1. Then
f=1—erfn, (8.128)

and from (8.123) the velocity of the fluid for ¢ > 0 is
T2

2v/vt

The velocity profile v1/U as a function of 5 is shown in figure 8.19. For a
fixed value of ¢, the variable 7 is proportional to x3. Then, we can deduce the

vy = U[1 — erf( )] (8.129)



Exact Solutions of the Navier-Stokes Equations 299

Ty =0.1
0.9r Ty = 0.2 1
0.8 b
Ty = 0.6 |
To =12 k

1.2 1.4

Fig. 8.19 Transient flow in an infinite half space

velocity profile at every instant as a function of the distance from the wall.
An interesting question is to know the depth of the penetration of the wall
motion into the semi-infinite space. More precisely, for a given ¢, what is the
distance at which the velocity attains, for example, one per cent of the value
of U? Examining the function erf, 1 — erf has the value 0.01 for n ~ 2. Defined
as such, the penetration depth § is given by

)
775_2@

which is proportional to the square root of the kinematic viscosity and time.
Thus, if the viscosity is very small, the fluid “sticks” less to the wall and it has
a weak effect. If ¢ tends to infinity, the velocity at every point in the half space
goes to U.

~2 §~4Vut, (8.130)

Flow on an Oscillating Plane

Consider the flow produced by the periodic horizontal oscillation of a plate in
its plane (fig. 8.20).

U coswt T
> 1

Fig. 8.20 Unsteady flow on an oscillating plane
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Equation (8.119) still applies, and we must solve it with the boundary
conditions
vy =U coswt for z9=0. (8.131)

After the initial transient phenomena, the fluid velocity gradually becomes a
periodic function of time at the same frequency as the oscillation of the plate.
Here we examine this periodic regime. Assume that solution vy is of the form

vp =R (™ f(az)) . (8.132)
The combination of (8.119) and (8.132) yields

. df
wa = l/dixg .

Thus the only solution that remains finite as xo — oo is
f=Aexp (—(1 + i)(w/2u)1/2x2) .

The imposition of the boundary condition (8.131) leads to A = U and the
solution becomes

vy = Uexp (—(w/21/)1/2m2> Cos (wt - (w/2v)1/2x2) . (8.133)

The velocity profile represents a damped harmonic oscillation of amplitude

Ue=2V“/2" in a fluid where a layer at distance zo has a phase lag of Tor/w/2v
with respect to the motion at the wall. Two layers of fluid separated by the
distance 27(2v/w)'/? oscillate in phase. This distance constitutes an estimation
of the length of the motion and is called the viscous wave penetration depth.

8.8 Stokes Flow

In this section, consider first the Stokes equation, valid for very slow flows that
we conventionally call creeping flows or Stokes flows. These flows are domi-
nated by viscous forces which are much larger than inertial forces. Examples
come from technologies in such diverse domains as convection currents in high
temperature glass melting furnaces, lubricants in bearings, and the flow of oils
and mud (although the latter may have pronounced non-Newtonian behavior).
In nature (another source of interesting cases), we find convection in terrestrial
magma, the flow of lava, the swimming of fish, the propulsion of microorgan-
isms, and the squirming of spermatozoon.

We assume that the Reynolds number Re < 1 and therefore the Navier-
Stokes equations reduce to the Stokes equation. As the latter is linear, a com-
plete analytic treatment is possible.
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Taking the divergence of the Stokes equation (8.38) and taking into account
the solenoidal character of the velocity field, we get

Ap=0. (8.134)

The pressure is thus a harmonic function for a Stokes flow.

Taking the curl of the Stokes equation (8.38), we obtain

i vAw , (8.135)

where we have introduced the vorticity, w = curlv using equation (2.188).
If the flow is stationary, the components of the vorticity are also harmonic
functions.

8.8.1 Plane Creeping Flows

Consider a plane flow for which we have
v = (vi(z1,22,1), v2(1,72,1), 0);  p=p(x1,22,1) . (8.136)

In such a two-dimensional problem, incompressibility (8.16) is automatically
satisfied by the introduction of a stream function 1 so that

oy oy

vy = (8.137)

V1 = — Q= ——= .
6$2’ 6$1

As the vorticity reduces to a single component w = (0,0,w), it follows that

81}2 6’[}1
=—-—=-A 8.138
v 5‘x1 axg w ’ ( )
and relation (8.135) becomes
o8y =vAAY . (8.139)
ot
For a stationary problem, we will have
AAY =0, (8.140)

showing that in this case the stream function is a biharmonic function.

In polar coordinates (r,8), the conservation of mass becomes

10 1 (91}9

A stream function v also exists such that

_10v i

_ -7 — . 142
U=y 00’ ve or (8 )
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EXAMPLE 8.1

Flow in a Corner

Let us consider the flow in a corner as presented in figure 8.21. The lower
wall is fixed while the wall inclined at an angle 6 is in uniform translational
motion at the constant velocity U in the direction x;. Near the origin, the
velocity gradients are large; nonetheless, we expect the viscous forces to
dominate in the neighborhood of the origin. To formulate the problem in
steady state, we choose a coordinate system with the origin at the inter-
section of the two walls, in motion with the inclined wall. In this case, the
boundary conditions are written as

10y o _

—b -y, =0 at 6=0 (8.143)
1oy oy _

S0, =0 at 9= (8.144)
m?

ZU
to
xl

Fig. 8.21 Flow in a corner of angle 6. The coordinate system moves at the upper
wall velocity U

The form of the boundary conditions suggests that we can write ¢ in the
following form:

v=rf(0). (8.145)
Substituting (8.145) in the biharmonic equation (8.140), we find the relation
1 [d*f d?f
= = +2— = 14
r3(d94+d92+f> 0, (8.146)
for which the solution is
f(0) = Asinf + Bcosf + Chsinb + DO cos O . (8.147)

(Recall that if H is a harmonic function, §H is a biharmonic function).
The imposition of the boundary conditions (8.143) and (8.144) allows us to
evaluate the constants which are
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U
_ 2 ; .2
A, B, C, D = (700, 0, 00 — Sin 00 COS 00, Sin 90) m o (8148)
For the special case of a right angle, we have
Y= U (—(E)QsinQ—I—EQsinH—i—HcosH) (8.149)
S (5)2-1 2 2 ’ '

from which we can easily obtain the velocity components

U w2 s
= ——— [ (1 — — — (si — 1
v @7 —1 (( 1 ) cos 6 + 2(s11r10+0cos€) Gcosﬂ) (8.150)
B U T o . T
Vg = 7(%)27_1 (7(5) sm9 —+ 5031119 + 9(3050) o (8151)

In retrospect we can examine the correctness of the creeping flow assump-
tion. We see that the acceleration components (A.11) and (A.12) evaluated
with the preceding solution are proportional to U?/r with a factor that
depends on 6, that is, of the order of unity. As for the viscous effects, they
are of the order of uU/r?. Thus the creeping flow assumption is met when
prU/u < 1. This is the case in the region close to the origin such that
r < vU. Further away, the solution will no longer be correct as the inertial
forces rapidly become of the same order of magnitude as the viscous forces.

8.8.2 Parallel Flow Around a Sphere

A sphere of radius R is in a viscous steady state flow for which the velocity at
infinity upstream is U. We assume a creeping flow such that we can have a so-
lution of the Stokes equation (8.38). We place the Cartesian coordinate system
such that the axis w3 is oriented in the direction of the flow incident on the
sphere (fig. 8.22). The boundary conditions expressed in spherical coordinates
(see fig. 1.7) are

v=0 at r=R, (8.152)
v="Ue; at r=o00. (8.153)

The problem thus posed is symmetric about the axis Ox3, and with respect to
the longitude of the sphere. Consequently, 0(e)/0¢ = 0. Also then, v, = 0.
Thus the mass conservation equation (B.30) reduces to

10, 4 1 9

= — )+ ——— — inf)=0. 154
TQBT(T v)+rsin930(vesm )=0 (8.154)
We deduce that a stream function 1) exists such that

R Y
vT_ﬂsinO@G’ vo =

— — . 8.155
rsinf Or ( )
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T3

Fig. 8.22 Flow around a sphere

Given the two-dimensional character of the flow, the vorticity will have a single
component in the direction of the vector e, that we denote w. We can then
write (see eqn. (B.5))

1[ 1 0% 190 1 o
wr,6) = =7 [smearzwaa(mae)] : (8.156)

In the case of the Stokes equation, vorticity is a harmonic function. We have
(recall that the Laplacian of a vector is not equal to the Laplacian of its com-
ponents, cf. (B.7))

_w L9 (p0w) 1 9 [ 0w W
r2sin28  r2 \or " or sin @ 90 ° 00 sin? @

1 9? 1o/ 1 0 ,
o (rw) + 250 (smt989 (w sin 9)) . (8.157)

The combination of relations (8.156)—(8.157) gives the following biharmonic

equation:
2 smoo [ 1 9\\
<8r2 * 2 00 (sin@%)) v=0. (8.158)

The boundary conditions (8.152) and (8.153), expressed in terms of the stream
function, become

oy oY B
% = ﬁ —0, at T—R,
_ M _ o _
vy = Ucosé, 20 =Ur®sinfcosf, at r=o0 (8.159)
vg = —Usiné, 8—¢ = Ursin? 6.
or

The condition at infinity can be easily integrated. It follows that
1
Voo = §Ur2 sin?@ . (8.160)

The form of this expression for 1 suggests that the stream function can be
written in the general form

Y =sin?6 f(r) . (8.161)
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Introducing (8.161) into (8.158), we find

d*f 4 d*f 8df 8

L Zfly Y o, 8.162

drt 12 dr? + r3dr 7t ( )
Seeking a solution as a power series in r™, we obtain the characteristic polyno-
mial

(n—2)(n—1)(n*-3n—-4) =0,
whose roots are n = —1,1,2, and 4. The function f(r) is thus

C_
f:—T1+C’1T+Cgr2+C47‘4. (8.163)
The imposition of the boundary condition at infinity, (8.160), requires Cy = 0
and Cy = %U , while at the sphere, with v, = vy = 0, we can determine

C_1 = (1/4)U R3,Cy = —(3/4)U R. The stream function is then

V== sin? 0 <2r -5+ (R)Q) : (8.164)

We can easily deduce the velocities from (8.155). The vorticity field is written
(cf. (8.156))

3 sin ¢
=—-UR
“ 2 ( r2
The calculation of the pressure field can easily be accomplished by taking
into account the vector identity (1.238) which leads to the Stokes equation

). (8.165)

Vp=—pcurlw . (8.166)
With (B.5), this leads to the system of equations

Op w0 cosf

3 = frsin(g%(w sinf) =3uUR el (8.167)
10p po(rw)  3p sin @
vo6 = or 20 (5169
Integration of (8.167) yields
3 cos
p= —T'UUR 2 +4q(0) .
Inserting this result in (8.168), we have
3u sind ¢'(0)  3p,, ,sinf
?UR 73 + r _7UR r3
The pressure field is then finally given by
3 cos 6
p=—TUR—+p0, (8.169)

with pg a constant reference pressure.
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The uniform velocity flow around a sphere will generate pressure and shear
forces. To calculate the pressure force in direction Ox3, we integrate the ele-
mentary forces over the surface of the sphere

dFy, - 7(37ﬂUC089

5 = + po) cos 0 (2 R? sin §) df) . (8.170)

The factor 27 comes from the symmetry of the problem which permits us to
take into account the longitudinal part of the integral. Integrating from 6 = 0
to 0 = w, we obtain

Fy,=-2mpUR . (8.171)
Friction drag is obtained by integration over the sphere of the shear stress that

acts on it, that is, 0,9 which is —3uU sin6/(2R) for r = R. This leads to

O=m
F3, = —/ (0r0 |r=r sinf) (2nR?sin ) df = —47pU R. (8.172)
6=0

Total drag, F5 = F3 ,+ F3 5, known as Stokes drag, is the sum of the pressure
force and the friction force

F3=—6ruUR . (8.173)

If we define the drag coefficient by

F3
Cp = %pUQ o (8.174)
we obtain
24

where Re = 2UR/v. Note that the pressure drag represents a third of the total
drag. Relation (8.175) is verified by experiments when Re < 1 which is valid
in the neighborhood of the sphere. When we move away, the importance of
the inertial terms grows and Stokes solution diverges from the exact solution.
Note that the solution that we have obtained is not applicable to the case of a
set of spherical particles, as the presence of a spherical obstacle in the flow has
impact relatively far away since the velocity profiles decrease as 1/7.

The solution for uniform flow around a fixed sphere can be transposed to
the case of translation at uniform velocity U of a sphere of radius R in a fluid
at rest at infinity. In this case, the coordinate system is still attached to the
sphere and thus in translation at uniform velocity. This modifies the sign of
U to become —U for the pressure and the vorticity. As for the velocity in
the fluid, this is relative to the coordinate system, which leads to the following
modifications: for the velocity and the stream function, U becomes —U and the
uniform velocity field must also be subtracted from the corresponding relations.
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Oseen’s Improvement

The Stokes solution was improved by Oseen [37] who proposed the solution
of the Navier-Stokes equations (8.17) as a sum of uniform velocity field and a
perturbation such that

v=Uesz+v . (8.176)

In the case of the flow around a fixed sphere, the velocity v’ then takes into
account the perturbation caused by the sphere in a flow uniform at infinity.
With (8.176), the stationary inertial term takes the form

Dv 81} o,

Oseen’s assumption amounts to neglecting the first term with respect to the
second term on the right-hand side of equation (8.177). We obtain a linearized
Navier-Stokes equation

pU@x =-Vp+puAv' +pb. (8.178)
3

The drag coefficient obtained with Oseen’s solution is

24
Cp = R . 8.179
D= et 167 (8.179)
Experimental results show that (8.179) is approximately valid for Re < 5.
Using matched asymptotic expansions [28], the corrected coeflicient becomes
24

8.9 Vorticity and Vortex Kinematics

In section 8.4, the Navier-Stokes equations were derived for a Newtonian viscous
fluid in terms of primitive variables: velocity and pressure. The interactions
observed in fluid flows have been interpreted by an equilibrium between the
inertial forces, the pressure gradient, the volume forces such as gravity, and the
viscous forces. In this section, we take a different point of view based on the
concept of vorticity.

The presence of vorticity in a flow is an indication of the importance of the

viscous effects, given that they are generated by viscous stresses. Therefore,
under certain assumptions, vorticity possesses the following properties:

i) in the absence of viscosity, it is transported by the flow as an elementary
material vector;

il) in the presence of viscosity, it diffuses into the surrounding fluid while being
continually produced at the solid walls that delimit the flow.
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Thus the vorticity produced on a solid wall introduces the notion of a
boundary layer for which we are led to modify certain conclusions coming from
the theory of irrotational perfect fluids. In turbulence, flow dynamics are mostly
the result of the stretching or shortening of vortex lines and their deformation.

Kinematic Considerations

The velocity gradient tensor L can be decomposed into the sum of a symmetric
strain rate tensor d and an antisymmetric rotation rate tensor w according to
equation (2.184). The tensor d is given by (2.181) and w by (2.183). Recall that
the dual vector €, corresponding to the rotation rate tensor, is the rotation
rate vector introduced by (2.187).

In fluid mechanics, we classically introduce the vorticity vector w, defining
it as the curl of the velocity (2.188). To acquire familiarity with the concept of
vorticity, we study the flow near a stagnation point at the origin. The velocity
components are such that we have, with a constant C,

v = Cl‘h Vo = 701’2, V3 = 0 . (8181)

We easily calculate that for this flow w = 0. A flow with zero vorticity is
called ¢rrotational. Note that the corresponding stream function introduced
in (8.137) is ¢» = Cxyx9 which is represented by hyperbolas.

Now consider the plane Poiseuille flow in a channel of height h. If the
coordinate system has its origin on the lower wall, the velocity profile, (8.63)
with definition (8.68), is given by the relation

T2 xT9
v = 4vmawi(1 - f) , (8.182)
with e, being the maximum velocity on the centerline of the channel at
29 = h/2. The only component of the vorticity is wz. It is perpendicular to
the plane of the flow and its value is

a'Ul 4'Umaa: 2372
w3 = 6321871'2 = — A (1 — T) . (8183)

In this case, the absolute value of the vorticity attains a maximum at the two
walls and goes to zero on the centerline of the channel.

From these examples we can conclude that the concept of vorticity has no
relation to the curvature of the streamlines. In the first case, the streamlines are
curved, but the vorticity is zero; while in the second example, the streamlines
are straight lines and there is finite vorticity.

From the definition of vorticity, (2.188), and Stokes theorem, (1.229), we
obtain the identity

I(S):/w«ndS:/curlv-ndS:?{'wle:F. (8.184)
s s
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Fig. 8.23 Vortex tube

The curvilinear integral in (8.184) defines the velocity circulation, I', along the
closed curve C, of the unit tangent vector 7. It is thus equal to the vorticity
vector flux through an arbitrary surface bounded by the curve. In the following,
this property will permit us to systematically link the concept of circulation to
an interpretation in terms of vorticity. Recall that a vortex line (fig. 8.23) is
a line tangent at all its points to the vorticity vector, and that a vortex tube
is a family of vortex lines circumscribed by a closed curve. The intensity of a
vortex tube, for a surface S defined by a closed line enclosing the vortex tube,
is the flux I(S) of vorticity through the surface.

Helmholtz Theorem (Vorticity properties)

Helmholtz main theorems about vorticity are as follows:
o the vorticity flux through a closed surface is always zero;
o the intensity of a vortex tube does not depend on the transverse section
considered;
o a vortex tube can only end connected to itself or extend to infinity unless
it is cut by a wall.

The proof of these theorems can be found in Panton’s book [38].



310 Introduction to Newtonian Fluid Mechanics
8.10 Dynamic Vorticity Equation

8.10.1 General Equation

The formulation of the equation that governs vorticity dynamics requires the
establishment of certain preliminary relations.

First, the acceleration term a can be written as follows:

a= Z—Itthw X v+ grad (%) , (8.185)

from which we can deduce the relations

a-—%—ke--w-@ n 0 (vjvj>
i — ot ijkWiVk 8.13‘1' 2 9
6’[}1‘ 81]]‘

= — +€ijrE; Oom v+ v;
at ijk=glm (%cl k Jaxi ’

ov; Ovp, ov;
= E + (6k151m - 6km621) (arlvk:> + Uj% y
or
@ = 811,' v (9’01'
T 81& kamk '

This last expression is none other than the definition of acceleration (2.33).

Thus, relation

1 D (w 1
—curla=— | — | — —(w-grad)v 8.186
p Dt (p) p( ) ( )

is an identity. As can be seen, applying the curl operator to relation (8.185)
leads to

Kl :
curla = acurlv + curl(w x v) + curl grad (1;21;)

or

curla = %—‘: + curl(w x v) . (8.187)

The term curl(w x v) can be developed as follows:
curl(w x v) =v-gradw — (Vv) w +wdive —vdivw . (8.188)
The last term of (8.188) is zero from (1.180). From (8.187) and (8.188), it

follows that

D
curla = ?c: —(Vv) w+twdivo .

From the mass conservation equation (3.41), we obtain the relation

1 1D 1D
fcurla:f—w—(VU) d ———pw,
p p Dt p) p*Dt
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which is equivalent to equation (8.186) and which can be written in the form

D 1
<w>::<w-mud>v+cuﬂa. (8.189)
Dt \ p p p

This relation constitutes a first description of the temporal evolution of vortic-
ity. It is known as the Beltrami diffusion equation [46].

From the conservation of momentum (3.96), we write

D (w w 1 1
— | — | =(—-grad)v+ —curl(b+ —divo) . 8.190
Dt(ﬂ) (p ) p ( p ) ( )

In order to separate the effects of pressure and viscosity, we use the constitutive
equation (6.12) in (8.190). We have

D 1 1 1 1 1
— (w) = (w -grad) v+ —curlb + —curl(——Vp) + —curl(-divT) ,
Dt \ p p p p p p p

(8.191)
with the deviatoric extra-stress tensor T'. Using relation (1.234), we write

D <w> = <w ~grad> erlcurl b+2><V(1)+lcurl(1 divT). (8.192)
Dt \ p p p p PP p

The left-hand side of relation (8.192) contains the material derivative of the
vorticity relative to the local density. On the right-hand side, we find two terms
that describe the deformation (stretching and shrinking) and the curvature
(bending-tilting) of the vortex lines, then the baroclinicity term (related to
pressure) and, finally, the viscous diffusion of the vorticity.

If the volume force is conservative, it can be derived from a potential y, as
is the case for gravity. Then we write

b=-Vy. (8.193)

Consequently, curlb = 0, and this term disappears from (8.192). We adopt
this hypothesis for the rest of this discussion.

8.10.2 Physical Interpretation of Vorticity Dynamics

Incompressible Perfect Fluid Case

For an incompressible fluid (Vp = 0), that is inviscid (T' = 0), equation (8.192)
simplifies to
D
—w=(Vo)w=(w-V)v. (8.194)
Dt
The term

(w-V)v

does not correspond to any term in the Navier-Stokes equations written with
the primitive variables, velocity and pressure. Let us examine what it means
for the flow from the physical point of view.
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Fig. 8.24 Portion of a vortex line

In figure 8.24, consider two neighboring points P and @ on a vortex line.
The points P and Q also define a material line of length dz =|| dz ||, and we
can show the equality as

D(dx;) Ov; D(dx

Dt ! Ox; AR

) =dx - gradv . (8.195)

This last equation simultaneously expresses the changes in length and direction
of a material line element. Comparison of (8.194) and (8.195) shows that the
vorticity vector w plays a role analogous to that of the vector de. Thus, w
behaves as if it were a material line element instantaneously coinciding with a
portion of the vortex line. Let Jv be the relative velocity of the fluid at @ with
respect to P. In relation (8.194), we can make the substitution

) v
(Vo)w =l w]] Jim =5
One part of the change of w measured by (8.194) comes from the rigid body
rotation of the material line element (from the component of év normal to w),
and the other part is generated by the shrinking or stretching of the elementary
line (from the component dv parallel to w). Finally, equation (8.194) can be
interpreted as follows: the vorticity is transported by the fluid particles, while
being oriented and deformed as if it were an elementary material vector.

Compressible Perfect Fluid Case

The term Vp # 0 is present in (8.192). The production of vorticity by baroclin-
icity occurs in flows where the constant pressure and constant density (isobaric
and isopycnal) surfaces are not parallel. This can occur in some domains, in-
cluding meteorology, oceanography, and astrophysics. In these cases, the center
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of gravity of the fluid does not coincide with the center of pressure, the lat-
ter being where the resulting vector for all the pressure forces is applied; the
resulting force then acts as a torque, locally turning the fluid and creating
circulation.

In the case of a barotropic fluid for which the density is only a function of
the pressure (sec. 6.9), we have

p=p(p) or p=p(p), (8.196)

then the isobars and the isopycnal surfaces are parallel, and the baroclinic term
is zero.

8.11 Vorticity Equation for a Newtonian Viscous Fluid

We assume now that the viscosities A and p are invariable. With (6.13), we
write

1 A
p divT = ;grad (divv) + 2v grad (divv) — v curl curlv (8.197)

or

1 A+2 A+ 2
—divT = grad ( e div v> —grad ( + H) divv — vcurlcurlv .
P P P

(8.198)
Taking the curl of (8.198) and accounting for (1.234), leads to
1 A+2
curl(—divT) = +2 qu x V(divv) — curl(vcurlw) . (8.199)
p p

The vorticity dynamics equation is obtained by combining (8.192) and (8.199):

D (w w 1
Di <p> = <p~grad>v+p3Vp><Vp
A2
03

+ Vp x V(dive) — 1curl(u curlw) . (8.200)
p

This equation simplifies if the fluid is either compressible and barotropic (8.196)
(Vp is parallel to Vp) or incompressible (Vp = 0). We then have

D (w w 1
— | —=|— -gradv) — —curl (v curlw) . 8.201
Dt(ﬂ) (p p ( ) (8.200)
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Special Case for Two-Dimensional Flow

For an incompressible two-dimensional flow, equation (8.201) becomes, with
the notation ws = w,

— =vAw , (8.202)

because in this special case the term (w - grad v) is zero since w is orthogonal to
the flow plane and thus to gradv. We note that equation (8.202) is analogous
to that for heat conduction, with the kinematic viscosity replacing the thermal
diffusivity. We also notice that equation (8.202) is satisfied for w = 0, that is, for
an irrotational flow. However, that solution is inadequate. To understand why,
we reason by analogy with the heat equation, which also allows an identically
zero solution. We know from the study of heat flow, that any non-uniform
distribution of temperature at the wall or non-zero heat flux will generate
a variable temperature field in the material. Thus the analogy leads us to
conclude that, in the case of a viscous fluid, the vorticity that is generated at
the walls will diffuse out by shear and then be carried away by the flow. The
creation of vorticity at the wall is the result of the shear stress on the wall. To
obtain the value of vorticity at the wall, we resort to the classical method of
Green’s functions [51].

8.12 Circulation Equation

In the context of the hypotheses introduced in the previous section, we prove
that for a material curve C(t), along which the circulation of the velocity vector
is I'(t), we can write the following:

a_ —j{ v(curl curlw) - dl . (8.203)

This relation expresses the fact that the variation of the circulation along the
material curve is due to the viscosity which dampens the motion.

To obtain (8.203), we must first prove that for a material curve C(t), we
have the following identity:

a _ 7{ a-dz. (8.204)

For that, we can write the equation

dr _d d dz;
— = ide; = — Vi
it~ dt Jew T dt Je, UOX,

dx;

in which Cj denotes the material curve C(¢) at the instant ¢t = tg and X; are
the associated Lagrangian coordinates. Denoting by A; and V; the Lagrangian
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representations of acceleration (2.32) and velocity (2.17), we have:

d ox; ox; aV;
% aXdX fc()(/la +V6X>de

) o, 0X; \ 2

The last term of the right-hand side of this equality is zero on a closed curve.

With relation (6.14), which we use in the motion equation (3.96), taking
into account vector identity (1.238) and equation (8.10), we can write

1 A
a=—grady — —gradp + ( + 21/) grad (divv) — vcurl curlw .
P P

And with the conservation of mass, it leads to

)\+2Mdivv> A+2u Dp

——gradp — vcurl curlv .

p° Dt
(8.205)
In the case of fluid that is weakly viscous or compressible, we consider the
second term on the right-hand side to be of second order with respect to the

term in the pressure gradient; we thus neglect it in the following. Inserting
(8.205) in (8.204), we obtain (8.203).

a:—g’rad(p—i—x—
p

8.13 Vorticity Equation for a Perfect Fluid

For an incompressible, perfect (v = 0), or barotropic fluid (especially in isen-
tropic flow, ds = 0), the vorticity dynamics theorem (8.201) becomes

D (w w
— | —==—-])" dv . 8.206
pi () = (5) oo (200
In the two-dimensional case, w is orthogonal to gradwv and this relation
reduces to D
w
—([—1=0. 8.207
Dt (p) ( )

From equation (8.206), we deduce that, for a perfect barotropic or in-
compressible fluid, if the flow is irrotational at an instant, it remains so. In
particular, an initially uniform flow will remain irrotational afterwards. This
proposition, applied to isentropic flows of compressible, perfect fluids, is named
Crocco’s theorem [3].

In the case of a perfect fluid, equation (8.203) yields Kelvin’s theorem [64]:

dar
dt
The circulation of the velocity along a closed material line does not change, for

an incompressible or barotropic perfect fluid (and particularly, in an isentropic
flow).

—0. (8.208)
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8.14 Bernoulli’s Equation

Bernoulli’s equation is obtained from the Euler equation (8.36), for perfect
fluids. Assume that the volume forces can be derived from a potential (8.193),
then

Dv 1
— =——Vp—-Vyx. 8.209
D= VP VX (8.209)
Using the vector identity
v-Vv:wxv+V(%), (8.210)

in the material derivative of the velocity, we obtain

Jv 1 v?

— =—-—wxv—-Vp-V|—+ . 8.211
5t SV < 5 x> (8.211)
We also assume that the flow is irrotational, w = 0. This assumption is strong,
because real fluids produce rotational flows, such as those produced, for ex-
ample, by the viscous effects near a wall. Thus, equation (8.211) can now be
written as

ov

_ e, ov(Yy (8.212)
o p b 9 TX) - '

Since the flow is irrotational, the velocity field can be derived from a potential,
®, such that

v=Vo. (8.213)
The Euler equation yields
0P 0v? 1
V| +—+ =—-Vnp. 8.214
( 5 T3 +x> SV (8.214)

As the left-hand side of (8.214) corresponds to the gradient of a scalar function,
the same must be the case for the right-hand side. This is not possible unless
the density p is a function of p. This then amounts to requiring that the flow
under consideration be that of a barotropic fluid according to relation (6.147).
Consequently, equation (8.214) becomes

0P 0v? dp
v ++X+/>O. 8.215
( ot 2 p(p) (5:215)
We integrate this equation to obtain the general form of Bernoulli’s equation:
0P / dp v?
—+ | =+ +x=C@). 8.216
T EORE (t) (8.216)

If the flow is stationary, then (8.216) yields the steady state form of Bernoulli’s
equation

dp v?
—— + — + x = cnst, 8.217
/ plp) 2 G210
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which, as is suggested by the second term, is an integral of the energy. There-
fore, Bernoulli’s equation is a first integral of the Euler equation for the case
of a stationary, irrotational, perfect fluid.

If the flow is isentropic, the state relation (6.145) allows us to evaluate the
pressure term in (8.217). We obtain

d 2
/ p_ 2 p_ @ (8.218)
pp) v—1p -1
where we have used (6.153) to deduce the last expression. With (8.218) and

the definition ¢? = v;v;, the steady state Bernoulli’s equation is written as

2 2

Vci S+ Db x = enst (8.219)

Assuming that the adiabatic flow of the ideal fluid is stationary and with
no volume force, we have

2 2

T 4 % — cnst . (8.220)

v—1
Since v > 1, we easily find from (6.145) and (6.153) that a® = y(po/pg) p7 ! =

vC p?~1. Thus, we obtain a = 0 when p = 0. Bernoulli’s equation (8.220)
becomes

2 2 2
A S o S Y YH 3 (8.221)
y—1 " 2 2(v-1) 2

The two constants a, and ¢nq: denote the critical speed of sound and the
maximum velocity on the streamline, respectively. It can easily be seen that if
q = a, then ¢ = a = a,. This last equation defines the critical speed of sound.
If a = 0, the velocity ¢ of the fluid is equal to the maximum velocity ¢maz-
Equation (8.220) is especially used in aerodynamics.

If the flow is incompressible, then p = cnst and Bernoulli’s equation (8.216)
yields

T, Ty TX=C0. (8.222)

For stationary flow of an incompressible, perfect fluid, Bernoulli’s equation
takes the well-known form

2

v
p+p7+px=C, (8.223)

where C' is a constant.

8.15 Acoustic Waves

Acoustic waves are generated by weak amplitude perturbations of the pres-
sure or density and propagate at a certain velocity in a fluid flow. When the
amplitudes are finite, a shock wave is produced.
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We study a compressible, perfect fluid, in uniform isothermal flow, charac-
terized by the variables pg, pg, and vy. The sound wave creates a perturbation
p’, p',v’" such that the resulting flow is given by

p=po+p, p=pot+p, v=vo+v . (8.224)

As we assume that the perturbation is infinitesimal, we have the following
estimations of magnitude:

T A I (|

po’  po  [m
PO

The equations for conservation of mass and momentum are

op op dv;
ot "oz, T Poa,
ov; ov; 1 0p

E +'Uj (91'j ;811

<1. (8.225)

=0, (8.226)

=0. (8.227)

Inserting relations (8.224) in (8.226) and (8.227), we then linearize the equa-
tions, only retaining the first-order terms, and we assume that the underlying
unperturbed flow satisfies the mass and momentum conversation equations.
Then, it follows that

op’ op’ o,
F il —t = .22
o + voj 83;‘]‘ + po oz, 0, (8 8)
i i, 1oy
9% Qv (1O _ (8.229)

ot + voj 8.’17j £o 8351

Assuming, in addition, that the flow is globally isentropic (ds = 0), from
(6.142), it follows for an ideal gas
dp’ dp
oty potp
or from (6.153) and (8.225)

vy = ’yi—OVp/ . (8.230)
0

In order to simplify the expression, we define the material derivative of the

unperturbed flow
Do(e) _ 9(e) 9(e)

= ; . 8.231
Dt at "% ag, (8.231)
The dynamic equations of the perturbation become
D /
Lg’to +podive’ =0, (8.232)
Dov' 1
vy =0. (8.233)

Dt po
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Inserting (8.230) in (8.232), we obtain

Do’Ul
Dt

+ vi—gvp’ ~0. (8.234)
0

Applying the divergence operator to (8.234) and using (1.189) leads to the
relation

. Dov'  po
d —Ap' =0. 8.235
podiv=pr= 97 Ap (8.235)
The material derivative of (8.232) yields
Dgp/ . Do’l)/
= . .2
D2 + po div Di 0 (8.236)

Combining (8.235) and (8.236), we produce the wave equation

Dgp’  po

=~y—Ap .
Dt? Vﬂo r
The perturbation propagates with respect to the uniform flow at a velocity
given by

(8.237)

Dbo
=
Lo

called the speed of sound. In the general case of a non-uniform flow, we
obtain the speed of sound

: (8.238)

a=,/v=, (8.239)

which is none other than expression (6.153). Note that with (8.230), we can
write (8.237) in the form

Dip'  p

DOtQ = 'yp—ZAp/ : (8.240)
Similarly, we have

D3V,

DO;Z = V%Avg . (8.241)

Thus all the variables of the problem satisfy the wave equation.

Since the wave equation is linear with constant coefficients, we can consider
that a Fourier harmonic is a solution, then

Pk, t) = peeeen (8.242)
k

where we have the wave vector k, the time frequency w, and the complex
amplitude pg for the modes. The dispersion relation is obtained by introducing
(8.242) in (8.240):

w? = a’k? . (8.243)
The phase velocity of the wave is obtained by |w|/|k| = a which shows that the
speed of sound does not depend on the wave number; acoustic waves are not dis-
persive. In the case of air, with Ty = 288K, we have a = /YRIp = 340 ms—!.
For an acoustic wave with frequency w/(27) = 1000 Hz, the wavelength,
A=271/(w/a), is 0.34 m.
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8.16 Stationary, Irrotational, Isentropic Flow of a
Compressible Perfect Fluid

Consider the steady flow of a compressible perfect fluid for which we neglect the
volume forces. We assume that the flow is adiabatic and thermodynamically
reversible. This means that we exclude the presence of shocks. The flow is thus
isentropic; the fluid is barotropic and its model corresponds to equation (6.147).
Then, we assume that the flow is irrotational since this property is conserved
in time for barotropic perfect fluids. With these hypotheses, the conservation
equations simplify

0
2 (o) =0, (5.244)
ov; 1 0p
i = —— . 8.245
9z, p Ox; ( )
For an isentropic flow, with (6.152), it follows that
dp Opdp  ,0p
= — = . 8.246
Equation (8.245) becomes
v, 20
Y LOP (8.247)

K Ox;  p Ox;

Multiplying (8.247) by v; and (8.244) by a?/p and then combining the two
relations so obtained, we have

ViV 8vi - 3111-
a? dz; Ox;

(8.248)

Note that the speed of sound @ in (8.248) is a function of position. It is
calculated from the fluid velocity with the ideal gas energy equation (8.221).

The irrotationality of the flow allows the introduction of a potential for the
velocities (8.213). Inserting it in (8.248), we have

1 00 0% 0O%®
—— - =A0. 8.249
a? 0z; Oz Ox;0x; ( )
Bernoulli’s equation (8.221) yields
1/09\> a’
- = . 2
5 (5‘xl> + po— cnst (8.250)

Since relations (8.249) and (8.250) are non-linear, we must make simplifications
in order to find an analytic solution.
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8.16.1 Small Perturbation Theory

We assume a uniform, parallel flow at velocity U in direction z, perturbed
by a thin obstacle of length L as is shown in figure 8.25 or by walls slightly
inclined with respect to the horizontal.

Ty

Fig. 8.25 Thin obstacle in a uniform compressible flow
These geometries generate perturbations such that
V; = U61 + U; , (8251)
with the inequalities

!
5” <1, i=1,2,3. (8.252)

The velocity field depends on the potential ®(x;) which we write in the form
O(z;) = Ur1 + p(zi) , (8.253)

where ¢ denotes the perturbation potential.

We linearize equations (8.248) and (8.221), by neglecting all terms of order
two or higher in the perturbation and retaining only those of first order. It
follows for (8.248)

dv;  U?0v;  U? o

ez 7 _ 2 ) 8.254

ox; a? 0y a? 0z ( )
Note that (8.254) is not linear, as the local speed of sound a depends on the
perturbations v}.

Bernoulli’s equation (8.221) can be written

2 U2 2
€ o e (8.255)

+’y—1 2 v—1

(i
2
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where ao, is the speed of sound upstream at infinity. The linearization leads
us to write

azzago-kly_l(Uz—qQ)

2
o Y= Lo N2 02 2
:aoo+?[U — (U +01)? — v —vf]
=ad’ —(y-1)Uv +... (8.256)

Taking into account inequality (8.252), relation (8.256) is approximated by
a’~a?, . (8.257)
Combining relations (8.254)—(8.257), we obtain

U2\ 0%p 0% 0%
1 _ —_ _ _— = . .2
( ago> dz3 = Ox3  0x3 0 (8.258)

With the definition of the Mach number (8.3), relation (8.258) becomes

2\ o P %
(1—M2) 027 + 13 + o7 = 0. (8.259)
When the Mach number is close to one, equation (8.259) degenerates and is
no longer valid. We therefore cannot use it for the sonic (or transonic) case.
Mathematically, equation (8.259) is elliptic for the subsonic case My, < 1, and
hyperbolic in the supersonic case M, > 1. This difference in the mathematical
nature also results in different physical behaviors.

The potential equation (8.259) is subject to boundary conditions that im-
pose that the velocity vector v be parallel to the walls in their neighborhood. It
is also necessary to verify that the perturbation method truly satisfies (8.252).

If the flow is delimited by the walls F(x1, 22,23) = 0, near them we have

Vo V2 _ dw2 _ (OF/0m)
US Ut~ dai|,,  (OF/0m) (8:260)
vy vy (9F/0x)
U~ U+v, (9F/dx3) (8.261)
Thus the conditions
|OF/0x1| < |0F/0x2| and |0F/0z1| < |0F/0xs| (8.262)

must be respected.

8.16.2 Two-Dimensional Flow of a Compressible Fluid in the Neighborhood
of a Sinusoidal Wavy Wall

Consider the two-dimensional, stationary flow of a compressible perfect fluid in
the neighborhood of a wavy wall of the form x5 = f(z1) = esin(ax;), for which
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Ty

a1
/o
Fig. 8.26 Wavy wall
the amplitude ¢ is small compared to the wavelength A = %ﬂ, ie., ea K 2T as
shown in figure 8.26.
We solve 52 52
1-M2) 221 2% g 8.263
( =) oz? + 0x3 ( )
with the condition at the wall F(x1,22) = 22 — f(x1) = 0 (eqn. (8.260),
! /
of _ v % . (8.264)
or; U+v, U o f (1)
We can express the last term of (8.264) as
/ a /
%(;pl’ £sin a;];l) = E 'Ué(mh 0) + (azz) m2:05 sinaxy + ... (8265)
The condition at the wall becomes, with the same level of approximation,
! 0 0
v(r1,0) _ O = EQCOS QT - (8.266)

U B 811
This amounts to imposing the condition on the average plane x5 = 0; and thus

the needed assumption e < 1 < 2w. As x93 — 00, for the subsonic case, we
impose vj = vh = 0.

Subsonic Flow
We use the method of separation of variables, by setting in equation (8.263)
p(a1,m2) = p1(z1)p2(22) (8.267)
which yields, with n? =1 — M2,
HQﬁ + @7/2/
¥1 P2

where ¢! and ¢f are second-order derivatives. The boundary condition (8.266)
becomes

=0, (8.268)

v5(21,0) 1 Op

=== = ; 2
U U 0 (z1,0) = eacos oy , (8.269)
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from which we have
01(21)p5(0) = Ueacos axy . (8.270)

We deduce that
w1(x1) = Acosax; . (8.271)

Now, putting (8.271) in (8.268), leads to

/!
2 _ 242 (8.272)
P2
Integrating (8.272), we obtain
pa2(xe) = Be™"%2 4 Ce2 | (8.273)

The condition for zero velocity at zo — oo imposes C' = 0, if we suppose that
n > 0. With (8.270), we then have

eU
p1(z1) = — g, cosaz (8.274)
and finally,
EU —noar
o(xz1,22) = —W(COS axy)e 2, (8.275)

We can easily verify that the condition |v]/U| < 1 implies

e (8.276)
n

This is the case when n # 0, that is, when we are not too close to the transonic
domain.

Supersonic Flow
Set M2 — 1 =m?2. Equation (8.263) becomes

0% 1 9%
— ——=5=0. 8.277
dr3  m?2 0x? ( )
According to d’Alembert (sec. 7.5.3), the general solution of this wave equation
is
v = flz1 —maz2) + g(x1 + mas) . (8.278)

The second term g is neglected for the case where the flow is situated in the
plane above the wall in the positive direction of the axis xy. The boundary
condition (8.269) yields

g—;’;(:cl,O) =Usacosaxr; = —mf'(x1) . (8.279)

Integration leads to

U
o = f(x1 —may) = —Eg sina(x; — maxs) . (8.280)
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The small perturbation condition implies that ec/m < 1. Note that the per-
turbation potential retains the same values on lines inclined downstream with
angular coefficient dxo/dx; = 1/m = tana, where the angle « is the Mach
angle (8.4). The perturbation thus propagates downstream to infinity, whereas
in the subsonic case, its amplitude diminishes rapidly as it moves away from
the wall.

8.17 Exercises

Starting from the conservation of momentum equation, (3.96), derive the
Navier-Stokes for a Newtonian viscous fluid. What happens to these equa-
tions when the coefficients A and p are constant? Look in particular at the
incompressible fluid case (isochoric motion).

Consider two-dimensional Couette-Poiseuille flow obtained by superimpos-
ing Couette flow induced by the constant velocity motion U of the upper wall
and Poiseuille flow resulting from a pressure gradient in direction x;. Calculate
the velocity profile, the shear stress, and the flow rate.

Consider the helical flow of an incompressible viscous fluid between two
rotating circular cylinders as in a Couette flow. The interior cylinder of radius
Ry and the exterior cylinder of radius Ry have rotational velocities of w; and
wo, respectively. The fluid between the two cylinders is also subject to an
axial pressure gradient. Calculate the non-zero velocity components vg and v,.
Calculate also the pressure field p = p(r, z).

A solid sphere of radius R is immersed in an incompressible Newtonian
viscous fluid that fills the space and is at rest at infinity. The sphere rotates
about its diameter at a constant angular velocity 2. Assume that the Reynolds
number is less than one and neglect the volume forces. The streamlines are cir-
cles centered on the rotation axis in planes perpendicular to this axis. Working
in spherical coordinates, calculate the velocity profile.

With the same hypotheses as in the preceding exercise, examine the flow of
a fluid between two spheres of radii R; and Ry such that Ry < Ro, which rotate
at the angular velocities §2; and (), about a common, fixed axis. Calculate the
velocity profile.

By applying Bernoulli’s theorem for perfect fluids (8.223), show that the
velocity of a jet exiting an orifice in a wall at a distance h from the free surface

of the fluid is
v =1/2gh . (8.281)
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Consider the flow of a viscous fluid in a tube with an arbitrary section.
With the hypothesis that the velocity field is of the form

v1 = vi(T2,73), va=v3=0,
show that the velocity field satisfies the equation

A%vy  0%vi 1 dp
—— 5 =———=C =cnst .
Oxs  Ox;  pdx

If the tube section is an ellipse with semi-axes a and b such that

(2 () -

the velocity field is written

Find the constants A and B.

A cylinder of radius R; moves parallel to its axis with a constant velocity
U inside a fixed, coaxial cylinder of radius Rs.

Calculate the velocity field of a viscous fluid which fills the space between
the two cylinders. Find the friction force per unit length that acts on the
moving cylinder.



APPENDIX A

Cylindrical Coordinates

We list here some differential operators as well as the principal equations for a
system of cylindrical coordinates. Shown in figure A.1 are the components of
the stress tensor in the cylindrical coordinate system (r, 0, 2).

Ty

Fig. A.1 Stress tensor components in a cylindrical coordinate system

Divergence of a vector field v(r, 0, z):

ov, 1 % ov,

. 1
dive =Tt 5290 5 (A1)
or
. 10 1 0vg Ov,
dive = ;E(rvr)—i—;%—&— 5 (A.2)
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Divergence of a tensor field o(r,0,z2):

arr 1ar 87‘z rr T
diva:( o 100v  O0v: 0 099>€r

or r 00 0z r
Oorg 1 0opg Oop, 20,0
- ( or ' r 00 0z + r )60
<80'rz 1 0oy, 00, O’rz>
+ += + e. .

or r89+8z r

Gradient of a scalar field f(r,0,z):

_of 10f of
Vf—aer—k;@eg—kaez.

Gradient of a vector field v(r,0, z):

ov, 10v, wvg Ov,
or r a0 r 0z
Ovg 1 0vg v, Ouvg
or r 00 r 0z
Ov, 1 dv, Ov,
or r 90 0z

Vv =

Curl of a vector field v(r,0,z):

1o — }81&_% L 8vr_8vz
curtv = r 00 0z er 0z or €

+1 2( )_%
r\ar v a0 ) €

Laplacian of a scalar field f(r,0,z):

Af=V’f=
or

V2f =

10 ( 8f> 1 0%f 0O%*f
~—|r
or

" ar T Tz

Laplacian of a vector field v(r,0, z):

1of 0%f 1 9%f O°f
ror e T aee T e

(A.4)

(A.9)
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Material derivative of a scalar field f(r,0,z):

Acceleration:

D,
Dt
Dvg
Dt
Du,

Dt

Df _of  Of wpof  Of
Dt ot Tar T a0 T

(%r avr

v
* 0z

B +vavr+v798vr_vig
ot " or r 00 r

Ovg Ovg vy Ovg Uy Ovg
o T e T e
vg OU, ov,

v, ov, vy P
r 00 vz 0z

ot T

Conservation of mass equation:

Op
ot +

Motion equations:

%+v
P\ o

_ Oopy

9y
P\7r T

o 60}9

Ov, .
P\7ar T

00,

Equilibrium equations:

00y

9(pvr)

por 1 0(pve) | O(pv:)

or r r 00 0z

=0.

ov,
" or

v Ov, ov, vg
+ r 00 T 0z r
0o, O

199r9 | Oorz + pb
or r 00 0z r por

Ovg vy Ovg Ovg  vyvg
m+rw+%&+r>
1 3099 80’92

20r0

o v o0 o + g

Ov,, L vy Ov, o 8112
or r 00 * 0z
00.. 0.

1 (90’92
+ +—

o T r o0 o b

1 80'7«0 agrz Orr — 000

ar
aJrO

1 80'99 8002 20,9

or

00,

z by —
r o0 o2 + by =0
1 8092 80'22 Orz

+pb, =0.

or

r 00 T os
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(A.10)

(A.11)
(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)
(A.19)

(A.20)
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Navier’s equations:

+ (/\+u)aﬁ <i6(gﬁr) %% 8;;) +f=0 (A.21)
(s 25)

+(/\+u)%% (ia(gﬁ’“)+i%1;9+a$>+fgo (A.22)
i O (12 1B B 0.

Strain components as functions of displacement:

Ou, _up 1 Oug _ Ou,
= gy =Tt =T g (A.24)
1 (Ou,  Ou, 1 /1 0u,  Oug g
5”_2(az+ar> €T0_2(r80+3r_7‘> (4.25)
171 Ou, Oug
£:0= 3 ( 20 " a) (4.26)

Note that the constitutive equations are obtained by replacing the
Cartesian components in (7.3) and (7.4) with the components above.

Biharmonic equation:

S \rdr or2  r2 962 ror  or2  r2982)

(A.27)
Stress components:
Via the Airy stress function for a plane stress state
190 1 9°0
= —+ = —= A2
o= o + r2 062 (4.28)
0%®
gge — W (A29)
190 1 9*0
” — — == A.30
070296 0rde (4.30)
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Incompressible Navier-Stokes equations:

Conservation of mass equation

3117« Uy 1 % aUz

o T trae Tas TV
Motion equations
ov, ov, vy Ovu, ov, Ug
Cor T T ae T e )T
Op v, 2 Ovg
o + w(Avp — — — 7%) pb
((%9 Ovg vy % Ovg ’Ur’Ug)
ot " or 00 0 r
19p Vg 2 Jv,
—;%"’M(Ave 2+739)+Pb9
(=, O w0 O Ovsy
ot " or r 00 20z’
0
o + pAv, + pb,
0z

with the Lapacian operator defined by (A.7) or (A.8).

331

(A.31)

(A.32)

(A.33)

(A.34)






APPENDIX B

Spherical Coordinates

We list here some differential operators as well as the principal equations for
a system of spherical coordinates. Shown in figure B.1 are the components of
the stress tensor in the spherical coordinate system r, 8, ¢.

Ty

Fig. B.1 Stress tensor components in a spherical coordinate system

Divergence of a vector field v(r,0,p):

10 1 0 . 1 Ov,
r2 Or (r*o,) + rsin @ 00 (v sin 0) +

rsin@%
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Divergence of a tensor field o(r,0,p):

dive — (OUTT 1 Oorg 1 dop, 1

- -2 T T - T t 0
or r 00 +Tsin9 dy +’I"[U 766~ Tipip + 070 CO ])e

dog, 1 Ooge 1 80’0@
- ~ 30, — t 6
+< or +r 00 rsinf Oy +r[306+(099 Tpp) CO ])e
O0oyr 1 0oy 1 0oy
* < or * r 00 rsing Oy

1
+ - [0y, + 200, cot 0]) e,

(B.2)
Gradient of a scalar field f(r,0,¢):
of 1 af 1 af
= e, —_— B.
v/ or t r a9 © ot rsinf dp e (B.3)
Gradient of a vector field v(r,0,):
ov, 181},«_@ 1 Bvr_vi
or r 00 r rsinf Odp T
Ovg 1 Ovg Uy 1 Ovg Vyp
Vo = or 1 00 T rsinf dp  rtand
Ovy, 1 8% 1 O0vy,
or r 00 rsin 6 {a—i—vrsmﬁ—&—vgcosﬁ}
(B.4)

Curl of a vector field v(r, 0, p):

curl v =

1 O(vpsinb)  dvg - 1 9dv,  10(rvy) .
rsin 6 00 dp rsinf dp r Or o

1 (0(rvg) Ou,
+ ; ( Or — 20 > €y - (B5)
Laplacian of a scalar field f(r,0,p):

_orp o LO (0N L0 (L 0ny, 12
Af=Vif= 2ar\" or +r2sin93¢9 me(’?@ +7’2Sin298902'
(B.6)

Laplacian of a vector field v(r, 0, p):

\ver)

r2  r2 00 2 r2sinf dp

Vg 2 Ov, 2cos 6 8%)
4 (A - =20 290 2C8T e B.7
< YT 2?0 1200 rZsinf Op o (B.7)

+ [ Av, — Ye + 2 %+L()Se% e
“ r25in%20  r2sinf Op  r2sin’?0 Op ) 7

< Au, 20, 2 Ovg 2wgcotl 2 81@,)
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Material derivative of a scalar field f(r,0,¢):

Df:(f?f of v Of v, Of

—— = 4o+ == £ B.8
Dt 8t+v 3r+ T80+rs1n93<p (B.8)
Acceleration:
Dv, %+
.= — B.9
“ Dt T (B.9)
Dvg  vyvg — 02 cot 6
= B.].
0 Dt T (B.10)
Dv,  v,v, + v, cOt O
= . B.11
e Dt T ( )
Conservation of mass equation:
Op n 1.9(r* poy) N 1 O(pvpsinb) N 1 9(pvy) _0. (B12)

ot r2  or 7 sin 6 00 rsind Oy

Motion equations:

Dv, v+ 02 doyr 100, 1 9o,
p( e 9> o +709 Ore
Dt T

B or r 00 +rsin6‘ dp

1
+— (20 — 009 — Tpp + orgcot) + pb, (B.13)
’

p Dy n VrUp — ’U?a cot 6 _ 0o,¢ i 180'99 n 1 80'9410
Dt r or r 00 rsinf Oy

1
+;[(099 — Opp) cot 8 + 30.9] + pby (B.14)

) Du, n VpUyp + VU cOt O _ 00y n 1505@ n 1 004
Dt T or r 00 rsinf Oy

1
+;(30W + 20¢,cotf) + pby, . (B.15)
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Equilibrium equations:

0oy . laarg 1 Jopy
or r 00 rsinf Oy
1
+ ;(20” — 009 — Opp +0rgcotf) +pb. =0 (B.16)
80’T9 + }80’99 + 1 60’950
or r 00 rsinf Oy
1
+ ;[(099 — Opp) cot 0 + 30,9] + pbg =0 (B.17)
0oy . }80@, 1 Joyy
or r 00 rsinf Ody
1
+ ;(3‘7w + 204, cot0) + pb, =0. (B.18)

Navier’s equations:

9 U, 2 Oug  2ugcotld  2cotd Ou,
M<v TR T2 T 2 _TQSinﬂ&p)
3] (1 a(r*u,) 1 O(ugsin) N 1 %)
r2  or rsiné 06 rsinf Oy
+f=0 (B.19)
2 Ou, Ug 2cotf Ou
a (VQUQ + r2 00 r2sin?20 2 sin203:>
19 (1 a(r?u,.) N 1 O(ugsinb) 1 8u¢>

+(/\+'u);89 r2  Or rsinf 00 rsinf dp

+fo=0 (B.20)

v? Uy n 2 ou, 2cotf Oug
v — Jhe
K 0 r26in%20  r2sin%0 O  r2sin?6 Op

1 9 (109(r%u,) 1 O(upsind) 1 Ouy,
+(A+u)rsin084p<r2 ar JrTsin€ 00 rsinf dp
+f,=0. (B.21)

Strain components as functions of displacement:

frr = or c00 = r 00 ww—rsm@% ool
(B.22)

1 /1 0u,  Oug g 1 1 Ou,  Ou, ue

W—g(r a0 " or ) Ew—z(mW T T
(B.23)

1 /1 0u, 1 Ousg uyp
S0 T 9 (7‘ 26 T rsme dp r cot 9) ’ (B.24)
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Note that the constitutive equations are obtained by replacing the
Cartesian components in (7.3) and (7.4) with the components above.

Strain rate components:

ov, 10ve v,
drr = 5 dop = —— —, B.25
or o0 * r ( )
1 Ov v vg cot 6
d _ it T B.26
Y€ rsin® 0p 7 ro ( )
1 1 Ovg 10v v, cot 6
deg = = — 42 ) B.27
#0 T g <rsin9 dp 1 00 r ) ( )
1 /ov 1 v v
dor = = 2 LA—— B.28
¢ 2<8r+rsin98<p r)’ ( )
1 /10v, Ovg g
dg = = (= = _ ) B.29
72 (r 00 * or r ( )
Incompressible Navier-Stokes equations:
Conservation of mass equation
10, , 1 Ov
— = (r?v,) + ——— —(vpsinf =2 _0. (B30
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Avp — — — —— — — —£ b, (B.31
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with the Laplacian operator defined by (B.6).






List of Symbols

This list of symbols gathers the principal notations used in this monograph.
Those that are not shown here are defined where they appear and their context
supplies all the necessary information for their understanding and use.

Symbol Description Units

Latin alphabet

a speed of sound ms~!
a; area of the face s; m?

a; components of the acceleration ms™2
a acceleration vector (spatial) ms™?
A tensor of order n -
Ay components of the tensor of order n -

A area m?

A acceleration vector (material) ms™?
A; unit material eigenvectors -

b volume force per unit mass Nkg~!
B volume force per unit mass Nkg*!
b; unit spatial eigenvectors —

B body —

c left Cauchy-Green deformation tensor -

C right Cauchy-Green deformation tensor -

Cijk material parameters —

Cp heat capacity at constant pressure Jkg 'Kt
Cv heat capacity at constant volume Jkg™'K™!
Cp drag coefficient -

d rate of deformation tensor st

d; dual vector components -

e thickness m

e Fuler-Almansi strain tensor -

e; basis vector —

E Young’s modulus Pa

By kinetic energy J

Fint internal energy J

E Green-Lagrange strain tensor -

E3 vector space -

F deformation gradient tensor -

N volume force N

fe contact force N

f Helmholtz free energy Jkg™!

f deflection m
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Symbol Description Units

f frequency st

f(T) tensor function of tensor T' -

F? volume force N

Fr Froude number -

g, basis vectors in curvilinear coordinates -

g acceleration of gravity ms~?

h height m

h enthalpy per unit mass Jkg™?

I; scalar invariants —

I3 moment of inertia with respect to x3 m*

I identity tensor -

J Jacobian -

kB Boltzmann’s constant JK !
(= 1.381 1072®)

k coefficient of thermal conductivity WmK™!

K modulus of rigidity Pa

K second Piola-Kirchhoff stress vector Pa

l length m

L length m

L velocity gradient tensor g1

m mass kg

m momentum kgms™*

m angular momentum kgm?s!

M Mach number -

M moment N

M deformation tensor -

N unit vector -

Na Avogadro number mol !
(= 610%%)

n unit outgoing vector of a domain -

n; unit eigenvectors -

(0 orthogonal tensor —

o zero tensor —

P pressure Pa

P first Piola-Kirchhoff stress tensor Pa

Py initial density kgm™3

P current density kgm™3
in the material description

P; internal pressure Pa

P. external pressure Pa

Do reference pressure Pa

i pressure Pa

i probability -

Pr Prandtl number -

Q flow rate m3s7!

Q orthogonal tensor -

q heat flux vector Wm ™2

q uniformly distributed load Nm™2

R configuration -
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Symbol Description Units
R orthogonal tensor -

R3 Euclidean space -

R radius m

R ideal gas constant Jkg 'K
Re Reynolds number -
R=(0,z,t) observer or reference frame -

r volume heat production Wm3
T4 internal radius of a cylinder m

Te external radius of a cylinder m

S second Piola-Kirchhoff stress tensor Pa

Su surface m?

S surface m?

s entropy density Jkg 1K1
s time S

das surface element m?

ds surface element m?

Si face m?

t time S

T temperature K

T deviatoric extra-stress tensor Pa

T first Piola-Kirchhoff stress vector Pa

t stress vector Pa

te, stress vector in direction e; Pa

tN normal component of vector ¢ Pa

tr tangential component of vector t Pa

u displacement vector (spatial) m

u internal energy density (spatial) Jkg™!
U displacement vector (material) m

U second-order tensor —

U internal energy density (material) Jkg™*
U velocity ms~!
% neighborhood -

v velocity vector (spatial) ms~!
|4 velocity vector (material) ms™!
1% potential function Pa

1% volume in material coordinates m?

v volume in spatial coordinates m?
Umoy average velocity ms!
Vmax maximum velocity ms~!
w displacement vector m

w strain energy function Jm™3
2% scalar function of a tensor T'

W, w strain energy function Jm™3
T position vector (spatial) m

X position vector (material) m

X _

physical system
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Symbol

Description

Units

Greek alphabet

[0
[0}
0%
(673
B
Bi
,0-, It T,

L B
[V

m
.
<l

=

Sb@%m

S

>
kel

TTETE > >

k =
=
=
+

A MM =TS

a3

go

constant

angle

thermal expansion coefficient

material parameter

angle

scalar function

surface

heat capacity ratio

deformation

angle

thermal diffusivity

Kronecker delta, components J;;

growth

increment

infinitesimal strain tensor,
components £;;

permutation symbol

real number

angle

angle

curvilinear coordinates

eigenvalue

head loss

eigenvector

stretch ratio

principal stretches of the tensor U

principal stretches of the tensor C

Lamé coefficient

volume viscosity

thermal diffusivity

Lamé coefficient

dynamic viscosity

shear modulus
or modulus of rigidity

parameter

Poisson’s coefficient

kinematic viscosity (= u/p)

portions of the body B

current density

stress functional

tensor functional

Cauchy stress tensor,
components o;;

principal stresses of o

stress

surface tension coefficient

hydrostatic stress
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Symbol Description Units
T time S

T shear stress Pa

) function -

10} strain energy function Jm™
P Airy function Pam?
P strain energy function Jm™3
P function

X vector motion function m

0 rotation rate tensor st

Q domain in the material representation -

[2/9] surface of domain 2 m?

w domain in the spatial representation -

w1, wo rates of angular rotation -1
Ow surface of the domain w m?

w rotation rate tensor st

w infinitesimal rotation tensor -

Indices and exponents

ijk indices of vectors and tensors, values 1, 2, or 3
i index for a face, a physical value

0 initial, reference or in the natural state

* with respect to the reference frame R*

or non-dimensional
B imposed value

z,y,z Cartesian components

o,z components in cylindrical coordinates
.0 components in spherical coordinates
Notations

[] matrix

[-]F transposed matrix

[-]71 inverse matrix

v,0 vector or tensor

L’ symmetric tensor

LA antisymmetric tensor

L? spherical tensor

L deviatoric tensor

o(+) order of term

o(+) remainder of an expansion going to 0

when its argument goes to 0

Operators

scalar product
® tensor product of two vectors
X vector product

scalar product of two tensors
c= class of infinitely differentiable functions
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Symbol Description Units

det determinant of a matrix

diag(a, b, c) diagonal matrix of components a, b, ¢

v gradient

div divergence of a vector field

div divergence of a tensor field

curl = Vx curl of a vector field

|-l norm of a vector or tensor

tr trace of a tensor

A Laplacian

AN biharmonic operator

D . o

— material derivative

Dt

D

=0 material derivative

Dot

19} . o . .

En partial derivative with respect to time
0 . o .

3 partial derivative with respect to
X4

i

coordinate x;
sum over 7 from 1 to n



Suggestions for Solutions to the

Exercises

Chapter 1

Follow the steps of example 1.2 (sec. 1.2.5).

Follow the steps of example 1.2 (sec. 1.2.5).

Follow the steps of examples in sections 1.4.6-8.

Follow the steps of examples in sections 1.4.6-8.

Follow the steps of examples in sections 1.4.6-8.

Follow the steps of examples in section 1.3.8 for an antisymmetric tensor.
Use relation (1.123) to express tensor T by its inverse and use it to replace
T? in relation (1.140).

Chapter 2

Eliminate the parameter ¢ from the motion equations.

Use (2.77), (2.91), (2.167), and (2.181).

Use (2.108), (2.111), (2.112), and (2.109).

Introduce (2.147) in (2.107); and eliminate the products with O(g).

(a) Use (2.70) in (2.120) (in index form) and implement the approxima-
tions due to linearization.

(b) Show first that U ' ~ I — e and use (2.73).

Express the vectors dx and dy as functions of £;; and use the approxi-
mation (1+ «)” = 1+ na, when a < 1.

Use (2.81) when e;; is replaced by ¢;; and use the following definitions
cosf = 4 sinf = 4Lz,
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Chapter 3
(3.2] Apply the conservation of mass equation to the given velocity field and
deduce from it a relation for the density, p. Calculate the trajectories and

combine the results to obtain the equality.

(2) Find the normal vector on the plane and the sphere using the gradient
and use (3.76).

Consider the force and moment components as vector components. Ex-
press the equilibrium of the force and the moment on the surface and use the

divergence theorem.

With the divergence theorem, convert the surface integral to a volume
integral. Then use the principle of conservation of momentum.

Use (3.141) and (3.152); (3.149), (2.205), and (3.152).

Chapter 4
(1) For the perfect fluid, the term o : d becomes —ptrd = —pV - v.

(2) The relation to evaluate is written p%}t’ = %IZ - g—gfi + 7.

Chapter 5

Use relations (2.213), (2.181), (2.183), and (2.56).
Note that D/Dt* = D/Dt.

Use the results of exercises 5.2 and 5.3.

Relation (5.64) is that resulting from exercise 5.3 for T = d.

Chapter 6

Use (2.77) and (2.179).

Insert (6.14) in (4.23).

Use (2.88), (2.108), and (2.110); use (6.61).

Express C~! using (1.123) to modify (6.172); express ¢ using (1.123) to
modify (6.173).
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Use (6.78) in (6.86) for the state of plane stress and follow the steps of
section 6.5.3.

Simplify (6.159); for simple traction and use (6.110);.

6.14) (1) Introduce (6.175) and (6.176) in (6.174) and determine the trace of
the resulting equation.

(2) Use (1.109) and (6.175)—(6.177) to show that the principal axes of
0ij, 04, €5 and ef; coincide.

(3) Introduce (6.176) in the first part of (6.178).
6.15] (2) Introduce (6.182) in (6.104).

6.15) (3) Introduce (6.183) in (6.106).

Chapter 7

Insert (7.18) in (7.21)~(7.23) and use (7.20).

Insert (7.18) in (7.43) and use (7.20).

Insert (7.317) in (7.7).

(1) Use (1.190) to modify (7.7).

(2) Use (6.109)2 to modify (7.7).

(3) Use (1.190) to modify (7.7).

Take the divergence of (7.209) and use (1.191).

Take the curl of (7.205) and use (1.237).

Prove (7.38) and follow the steps of the example 7.3.

Prove (7.38) and follow the steps of the example 7.3.

Chapter 8

Obtain the solution by combining two-dimensional Couette and Poiseuille
flows.
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First show that v, is zero. To calculate the pressure, recall that the inte-
gration of

10p  vj
por r

yields

Y

Ry

with r’ being a working variable.

Show that in taking into account the problem symmetries, the only non-
zero velocity component is v, = v,(r,6). The condition imposed on this com-
ponent on the sphere depends on the colatitude angle. Integrate relation (B.33)
by separation of variables such that v, = f(r)g(¢). The boundary condition at
infinity must also be taken into account.

Same steps as for problem 8.4. In this case, a no-slip boundary condition
is imposed on the outer sphere.

(8.7) First impose the condition at the boundary on the velocity component vy
and take into account the relation that links the velocity field to the pressure
gradient.

(8.8] Express the problem in cylindrical coordinates. Show that the only veloc-
ity component is v, = v, (r) where the axis of the geometry is aligned with the
coordinate z. To calculate the friction force, use the stress component o,.,.
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Piola-Kirchhoff stress, 178

positive definite, 30

product of two, 19

rate of deformation, 92

rate of rotation, 92

right Cauchy-Green deformation,
76

rotation, 71

rotation infinitesimal, 90

rotation rate, 92

scalar function of, 34

second Piola-Kirchhoff, 181

second Piola-Kirchhoff stress, 134,
149

singular, 16

spatially objective, 96

spectral decomposition, 30

strain rate, 92

stress, 119

symmetric, 22

trace of, 23

transpose, 21

unit, 15, 26

zero, 15, 19

tensors

interior product of two, 20
equivalent, 19
sum of, 20
tetrahedron
Cauchy, 120
theorem
Rivlin-Ericksen representation, 33
Cauchy’s, 119, 132, 144
Cayley-Hamilton, 30
Crocco, 315
divergence, 49, 107, 122, 143
Gauss, 49
H, 154
Helmholtz, 219, 309
Kelvin, 315
kinetic energy, 145
Leibnitz’, 107
localization, 109
polar decomposition, 32, 74, 167,

178

Reynolds transport, 106, 110, 116,
144

square root, 30

Stokes’, 51

theory

Boltzmann’s for hydrodynamics,

153

kinetic gas, 278

of elasticity, 179
thermal diffusivity, 280
thermoelasticity, 201
thin-walled container under pressure,

239
traction

simple, 193
transformation rule, 17
translation, 82

rigid body, 69

uniform, 150

uniform compression, 83
uniform expansion, 83

Valanis-Landel
hypothesis, 187
model, 187

value
principal, 184

variable
material, 60
spatial, 60



360

vector, 3, 10
dual, 72, 151
Galerkin, 224
product, 8
rotation rate, 93
second Piola-Kirchhoff stress, 134
spatial stress, 113
spatially objective, 96
stress, 125
surface stress, 113
vector product, 13
velocity, 64
average flux, 296
vibration of an elastic cord, 255
viscosity
dynamic, 175
kinematic, 176
shear, 175
volume, 175
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