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Foreword

This book is a translation of the third French edition. It is intended for
engineering students who followed a basic course in analysis (differential
and integral calculus). It corresponds to a second year course at the Ecole
Polytechnique Fédérale of Lausanne. It can also be useful, as a complement
to a more theoretical course, to mathematics and physics students.

There are excellent books on the matters that are discussed here; some
of them that we particularly like are mentioned in the bibliography. Our ap-
proach is, however, different. We have emphasized the learning of the field
through examples and exercises. The theoretical part is short, definitions
and theorems are given without comments.

The book is organized as follows. The first three parts (Vector analy-
sis, Complex analysis and Fourier analysis) represent the theoretical part
and they are essentially independent of each other. The fourth part gives
detailed solutions to all exercises that are proposed in the first three parts.
The theoretical discussion follows the following pattern.

1) Definitions and theorems are stated, with mathematical rigor,
but without comments. We also mention the precise pages of certain books
from the bibliography where the interested reader can find further develop-
ments.

2) Some significant examples are discussed in detail.

3) Finally, several exercises are given and, as already said, solved
in the fourth part of the book. The first type of exercise will help students
to master the concepts and the techniques. A second type (identified with
a *) presents some theoretical developments that allow the more motivated
students to deepen their understanding of the subject.

We would now like to make some comments on the bibliography. We
have selected two types of book.

1) As mathematical references, we particularly like the following
books:

vii



viii Foreword

- for vector analysis the Protter—Morrey book and the more advanced
Fleming book;

- for complex analysis the very classical Ahlfors book;

- for Fourier series the already mentioned Protter-Morrey book, while
for Fourier and Laplace transforms the Widder book;

- the two Stein—Shakarchi books cover a large part of the matters dis-
cussed here (complex and Fourier analysis);

- finally, in French, the three volumes of Chatterji cover in detail the
entire subject of our book.

2) For engineers we recommend the Kreyszig book. The two small
books, in French, by Arbenz—Wohlhauser are also nice as a short introduc-
tion.

We have benefited from several comments from students and colleagues;
notably S. Bandyopadhyay, M. Cibils, G. Croce, G. Csato, J. Douchet, H.
Gebran, O. Kneuss, P. Metzener, G. Pisante, A. Ribeiro, L. Rollaz and K.
D. Semmler. The translation and the preparation of the English version
have been carried out by R. Guglielmetti.
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Vector analysis






Chapter 1

Differential operators of mathematical
physics

1.1 Definitions and theoretical results

Definition 1.1 Let Q C R™ be open, n > 2 and © = (x1, -+ ,Tp).
(i) If f € C1(Q), we define, for every x € 0, the gradient of f as

grad f (z) = Vf(z) = <§£($)7 ,(ii(m)) € R™.

(ii) If f € C?(Q), we define, for every x € Q, the Laplacian of f by

NP

£~ dx?
i=1 4

Af (z) (z) e R.

(iii) Let F = F (z) = (F1 (z),--+ , F, (2)), F € CY (Q;R™). We define,
for every x € Q, the divergence of F as

divF () =Y gf" () €R.
i=1 1

We sometimes write V - F' for div F.

3



4 Differential operators of mathematical physics

(iv) Forn = 2 and F (z) = (Fy (z),F; (z)) with F € C* ((;R?), we
define, for every x € €, the curl of F' by

OF | OF

curl F(z) = P2 x R

(z) eR.

Forn = 3 and F (z) = (Fy (%), F> (z),F3 (2)) with F € C* (Q;R3), we
define the curl of F, curl F € R3, as

cwrl F(z) = %x —%x %m —%(a: @m _@(x)
Oz2 Ozg 7 Oxg Oxy "7 Oy O '

We symbolically write

0F; 0F,

€1 €2 €3 87@ - 67;53

oF OF:

_ o) el o] o 1 3
curl F' = Jor  Da; Pe; | = aix?) _ 67331
P B oF; OF

8$1 8332

We sometimes denote the curl of F as V A F.

Remark We can also define the curl of F' in any dimension. When n > 2
and for every z € ) we let (with an appropriate order that we do not specify
here)

oy F; o n(n—1
cul 7o) = (-1 (S20) - 55 ) ) R
J ? 1<i<j<n

Theorem 1.2 Let 2 C R™ be an open set.
(i) Let f € C? (), then

divgrad f = Af.
(it) Let n =3, f € C*(Q) and F € C* (Q;R3), then

curlgrad f =0 and divcurl F =0.
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(iii) Let f € C1(Q) and g € C?(Q), then
div (f gradg) = f Ag + gradf - gradg

where - denotes the scalar product of two vectors, namely if x,y € R™, then

Ty = sz Yi -
i=1

(iv) Let f,g € C*(Q), then

grad (f g) = fgradg + g gradf.
(v) Let f € CH(Q) and F € C' (Q;R"), then

div(f F) = f divF + F - gradf.
(vi) If n =3 and F € C? ({;R?) , then

curlcurl F' = —AF + grad div F

(where, for F = (Fy, F», F3), we write AF = (AFy;, AFy, AF3)).
(vii) If n =3, f € CY(Q) and F € CY(Q;R3), then

curl (f F) = gradf A F + f curl F

where A\ denotes the exterior product of two vectors, namely if x,y € R3,

then
€1 €2 €3
T2Y3 — T3Y2
TAYy=| 1 X2 T3 |=| T3y — T1ys3

X — X
Y1 Y2 Y3 192 20

(More details can be found in [2] 4-7, [4] 113-116, [7] 316-317, [10] 485-497,
[11] 417-424.)
1.2 Examples

Example 1.3 Let © = (z1,- - ,2p), a = (a1, -+ ,ay) and r be such that

Zj—l(xi — ai)Q .

r= |z —all =

Let f(x) = 1/r. Without using the above theorem, compute
F =gradf, Af, divF.

For n = 3, compute curl F.



6 Differential operators of mathematical physics

Discussion Note first that the domain of f is @ = R™\{a}. We first com-
pute dr/0x; = r,, . Using the definition of 72 and taking the derivative of
both sides, we find

2rry, = 2(x; — ;) = Ty = e
r
(i) We have, for every i = 1,--- ,n,
af 0, 4 9 T; — a;
ox; - 8xi(r ):_T foe =7 r3
and hence
1 T—a
F(z) = gradf(z) = —T—3(ﬂc1 — A1, Xy — Apy) = 5

(ii) On the other hand, we have
o f O (wi—a;\ =3z —ay)riry,
r3 T

TLE? N axz 76
= 3(x; —a;) Bt 3(x; —a;)? —1r?
- o 5
We then deduce that
Af = ) o5 =5 3> (m—a) =) r
i=1 o7 i=1 i=1
1 9 9 3—n
= 3 [37" —nr ] =3

Note that, when n = 3, we have Af = 0. (We could have deduced this
result from the theorem, the previous calculation for the gradient and the
next calculation for the divergence.)

(iii) Since F; = fy, , we get

oF 0
and we find 5
divF=af=2"".
r

(iv) By the above theorem, we must have curl F' = curlgradf = 0. The
calculations give

e e e

! ? s fJf.stz - f:CQCCS

_| o 9 9 |_
curl F' = dx, Oxy Oxs | f931913_f1311

Trox1 ~ JT1T 0
facl f$2 f13 f21 f12
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Example 1.4 Let F(z,y,2) = (2% — €¥,sin2z,9% + 2). Compute div F and
curl F.

Discussion We get

divF =2x+0+1=2z+1

and
€1 €2 €3
2y — cos z 2y —cos z
o o 0 Y Y
curl F = — — — = 0-0 = 0
i dy 0z
0+ e ey

22 —e¥ sinz y 4z

1.3 Exercises

Exercise 1.1 Consider the vector field given by

F(LE, Y, Z) = (y2 SiH(I’Z), e’ COS(LE2 + Z)v IOg(Q + COS(J}y))) = (fla f27 f3)
Compute the following quantities:

(i) gradfy, gradfa, gradfs;
(ii) div F;
(iii) curl F.

Exercise 1.2 Let f € CY(R3) and F € C'(R3;R?). Which one of the
following expressions makes sense?

(i) gradf (i) fgradf (iii) F - gradf (iv) div f
(v) div(fF) (vi) curl(fF) (vii) curl f (viii) feurl F
(ix) curldiv F.

Exercise 1.3 Let z € R® and r =7 () = \/27 + -+ + 22 .
(i) Suppose that f(z) = v¥(r). Show that if x # 0, then
-1
Af =" (r) + /().
(ii) Find a solution to the equation Af =0 in Q = R™\{0}.
Hint: use (cf. Example 1.3) the fact that

T
Ty, = — .
r



8 Differential operators of mathematical physics

Exercise 1.4 Let z = rcosf, y = rsinf,
Q={(z,y) eR*: 2,y >0}
and f € C%(Q), f = f(z,y). Let
g=g(r,0) = f(rcosf,rsind),

that is

f(zy)=g(r(z,y),0(z,y)).
Show that
O O*f  D%g  1dg 1 0%

M=ot oz "o Trar g

Compute Af for
Y\ 2
— 21,2 L
flz,y) 2 +y? + (arctanx> .

Hint: begin by showing that
or = ar y a0  —y a0

9z v By r’ 9z 2 0 ay 12
Exercise 1.5 Show (i) and (ii) of Theorem 1.2.
Exercise 1.6 Prove (iii) and (iv) of Theorem 1.2.

Exercise 1.7 Show (v), (vi) and (vii) of Theorem 1.2.



Chapter 2

Line integrals

2.1 Definitions and theoretical results

Definition 2.1 Let T' C R™ be a regular curve (for a more precise defini-
tion, cf. Section 8.3) with parametrization

vila,b] =T and v ()= (v (1), 7 (1)
We write

V()= (50, @) and Y @)=/ (1)

(i) Let f : T'— R be a continuous function. The integral of f along
I is defined by

b
ﬂfﬂ=wa@mwwMt

(ii) Let F = (Fy,--- ,F,) : T — R™ be a vector field. The integral of
F along T is defined by

(iii) If T' C R™ is a piecewise regular curve (cf. Section 8.3; in partic-
ular, there exist a continuous function v : [a,b] = T and a = a1 < as <

9



10 Line integrals

- < ang1 = b with vy € C(lai,ai41]), i =1,--- ,N), if f: T = Risa
continuous function and if F': T — R™ is a continuous vector field, then

J = Z/ Db @)l de
/FF-dz:Z:/:+1F(7(t))-y’(t)dt.

Remark (i) All curves considered in the present book will be piecewise
regular simple curves.

(ii) By definition the length of a curve I' is (letting f = 1 in the above

definition) given by
length (T’ / dl.

(iii) The above definitions are independent of the chosen parametrization
(for the second one this is understood up to a change of sign).

(For more details, cf. [2] 23, [4] 333-334, [7] 258, [10] 513, [11] 426.)

2.2 Examples

Example 2.2 Compute the length of the unit circle.
Discussion If we write

I'={y:[0,27] — R?: 7 (t) = (cost,sint)},
we then find

Y (1) = (~sint,cost) and [y (1) ]| =1

2m
length (T' /dl / dt = 27.

Example 2.3 (i) Compute [ fdl for f(z,y) = /2 +4y? and
I ={(z,y) €eR*:2y =22 2 €0,1]}.
(ii) Compute [ F -dl for F(z,y) = (22,0) and

‘We thus have

I'={(z,y) € R?:y =coshz, = € [0,1]}.
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Discussion (i) A parametrization of the curve is given by

v(t) = (tt;> te0,1].

Since v’ (t) = (1,t), we get

/Ffdl/ol t2+4( ) V1+e2dt = / (1+12) dt =

l\J\H
»-JMH
> w

(ii) In this case, we can consider
v (t) = (t,cosht) = +'(t) = (1,sinht).

We then find

1
/F~dl:/ (t2,0).(1,smht)dt=1.
r 0 3

2.3 Exercises

Exercise 2.1 (i) Let I' = {(z,y) € R? : y = f(z), = € [a,b]} . Show that

length(T / A1+ (f'(t)

(ii) Deduce from the previous question the length of the curve given by
I={(z,y) € R? : y = coshz, = € [0, 1]}.
(iif) Let
I'={(z,y) e R*: x(t) =r(t)cost, y(t) =r(t)sint, t € [a,b]}.
Find the length of I' in terms of r.
Exercise 2.2 Compute fl“i F - dl when F(x,y) = (xy, y? — ac) and
Iy ={(tt): t €[0,1]},

Ly = {(t,e") : t€[0,1]},

Ty = {(\/E,F) ‘te [1,2]}.
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Exercise 2.3 Compute fr F - dl in the following two cases
F:{(w,y,z)ERS:xQerQ:l, z:()} and F(z,y,2) = (z,2,y)
F:{(z,y,z)GR?’:y:ez,z:z,xG[0,1]} and F(z,y,z2) = (x,y, 2).

Exercise 2.4 Compute [ fdl for f(z,y,2) = 2? +y* + V22 and

1
I'= {'y(t) = (cost, sint, 3 t2> 1t €0, 1]}
We recall that
2
[V = g (4 V)

Exercise 2.5 Let I" be a regular curve in R? joining A to B. Using Newton
law (force = mass X acceleration), compute the work done by the force
field to move a particle of constant mass from A to B along I'.

Exercise 2.6 Let F(z,y) = (v +y, —z) and
I‘:{(x,y) eR?: 9% + 42" — 422 =0, xZO}.

(i) Show that y(t) = (sint,sin2t), t € [0, 7], is a parametrization of I'.
(ii) Compute [, F - dl.



Chapter 3

Gradient vector fields

3.1 Definitions and theoretical results
Definition 3.1 Let  C R™ be open and F' : Q — R™ be written as
F=F(z)=(Fi(z), -, Fu(2)).

We say that F is a gradient vector field or a conservative field in 2
if there exists f € C* (Q) (f is called the potential of F') such that

or
8.271

or

F(sc)gradf(x)( (@) (g;)), Ve

Theorem 3.2 Let Q C R" be open and F € C* (Q;R™). If F is a gradient
vector field in ), then

oF;
31‘j

(m)_gFj (2)=0, Vi,j=1,---,nandvVze.
X

Remark (i) The above condition can be written as
curl F(z) =0, Vze.

(ii) The condition (3.1) is not sufficient (cf. Example 3.6 below). In
order to guarantee the existence of such a potential, we have to give some
conditions on the domain Q. If the domain is convex or, more generally, if
it is simply connected, then the condition is sufficient. We recall that, in

13



14 Gradient vector fields

R2?, a simply connected domain is a domain without hole. For more details
about connected, convex and simply connected sets, cf. Chapter 8.

(iii) In a domain (that is an open and connected set) the potential is
unique up to an additive constant.

Theorem 3.3 Let Q2 C R" be a domain and F' € C (Q;R™). The following
three statements are equivalent.

(i) F is a gradient vector field in .

(ii) For every closed and piecewise regular simple curve T' C

/F-dl:O.
r

(iii) Let A and B be any points in . Let I'1,T's C Q be two piecewise
reqular simple curves joining A to B. Then

/F-dl:/ F-dl.
'y 'y

(For more details, cf. [4] 341-351, [7] 261-264, [10] 568576, [11] 429-433.)

3.2 Examples

Example 3.4 Let F (z,y) = (4x3y2, 2ty + y) . Show that F is a gradient
vector field in Q = R? and find o potential.

Discussion The domain of F is Q = R? which is a convex set. We get

oFy, 0F; 3 3

— - —— =38 -8 =0.

ox dy vymery
Theorem 3.2 and the remark which follows tell us that there exists a po-
tential f : R?2 — R. In order to find it, we write

0 0

—f =423y? and —f =22ty + y.
oz y

Integrating the first equation with respect to z, we get

f(z,y) = 2y + aly).

Taking the derivative of this expression with respect to y and inserting the
result in the second equation, we are led to
of

5y 22ty + o' (y) = 22y + .
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This implies
2

y
dy) =y = aly) = T te

with ¢ € R. We therefore have found the potential, namely

y?
flz,y) = 2t + El +c.
Example 3.5 Let F (z,y,2) = (23: sin z, ze¥, 2 cos z + ey) . Show that F

is a gradient vector field in Q = R3 and find a potential.

Discussion We first check that the necessary condition is satisfied, i.e.
curl FF = 0. We get

€1 €2 €3
0 0 0
1F = — — —
ot oz y 0z
2xsinz  ze¥ a?cosz+ €Y
and thus
e¥ —e¥ 0
curl F' = 2x cosz — 2x cos z = 0
0—-0 0
Since Q = R3 is convex, F is the gradient of some potential f which is given
by
0 0 0
8—£:2xsinz, a—zzzey and a—£:z2cosz+ey.

We integrate the first equation with respect to = and get
F(a,y,2) = a?sinz + aly, 2).

Taking the derivative of this expression with respect to y and z and inserting
the result in the second and the third equations, we find

O _ ow_092

oy T oy
0 9 O
i Y — 2 -
92 xr°cosz+e xcosz + 97

Integrating the first equation with respect to y we find

aly, z) = ze¥ + B(z2).
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Using the above result in the second equation we get

g—j =Y +6/(z) =¥ = 6/(2) =0 = ﬁ(z) — B = constant.
We finally find
f(xvyaz) :$25inz+zey+ﬁ.

Example 3.6 Let

ren = (-t i)
(i) Find the domain of F.
(i) Let
0 ={(z,y) eR?:y >0}
Qy = {(z,y) eR*: y < 0}
Q3 =R\ {(z,y) e R?: 2 <0 and y =0}
Q4 =R*\{(0,0)}.
Is F a gradient vector field in Q;, 1 = 1,2,3,47 If so, find a potential. If
not, find a simple closed curve I' C §; such that fr F-dl#£0.

Discussion (i) The domain of F' is Q4 = R*\{(0,0)} and F € C* (4;R?) .
We moreover have

0 x 0 y B
CurlF—ax(M> ay< M)—O, V(x,y)éﬂ;;

(ii) Note that Qq, Qs C Q3 C Q4. Moreover, ; and {25 are convex sets,
Q3 is simply connected (but not convex) and 4 is not simply connected.
We first find a potential when y > 0 (on €4), then when y < 0 (on Q2) and
finally when y = 0.

Case 1: (z,y) € Q1. We want to find a potential f € C* (€;). If such
a f exists, then we must have

a—f*— Y and g* i
or x4 y? oy w24 y?’

Integrating the first equation with respect to = gives us
x
f(z,y) = —arctan M +at (y).

Substituting this in the second equation gives o/, (y) = 0. When y > 0, this
implies that the potential is

f(z,y) = —arctang+a+, vV (z,y) € Y
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where oy € R is an arbitrary constant.
Case 2: (z,y) € Qs . Reasoning as above gives

f(zy) = —arctangm_, V (z,y) € O

where a_ € R is an arbitrary constant.

Case 3: (x,y) € Q3. The first two cases imply that if such a potential
f € C*(Q3) exists, then it must be of the form

—arctan§+oz+ ify>0and x € R
)

f(zy) =

—arctang—&—a_ ify<0and z €R.
Y

We now have to choose a4 and a_ so that f is continuous on the half-line
(z,0), with > 0. Since x is positive, we have

. ™ . s
ylggj (#,y) = —5 + a4 and ylggff(m,y) =5 ta-.

In order to ensure the continuity of f we choose vy = o + 7. We therefore
find that

—arctanf—l—(a_—i—ﬂ) ify>0and x € R
)

f(z,y) = oz_—l—g ify=0and z >0
—arctan§+a_ ify<0Oand z € R

is a C! (Q3) potential of F, where a_ € R is an arbitrary constant.

Case 4: (z,y) € 4. We cannot reason as above to extend f when y =0
and x < 0. Indeed, we would have in this case

. ™ 3
yli%1+f(x,y)f§+a_+7rfoz_+7
m
li =T ia_
yggff(w,y) 5 Ta-,

which is impossible. Therefore, F' is not the gradient of a potential on € .
This can be shown in a different way. Let

I ={(z,y) €R2:z2+y2:1} C Q.
‘We then have

27
/F-dl:/ (—sinf,cosf) - (—sinb, cosh) do = 2w # 0.
r 0

This implies that F' is not the gradient of a potential on Q4 (see Theorem
3.3).
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3.3 Exercises
Exercise 3.1 Consider the vector fields F} : R? — R? with
Fl(‘ray) = (y,myf:c), Fg(l’,y) = (3$2y+21',1'3), F3(1',y) = (3:132:%1'2)'

Is the field F; a gradient vector field in R? ? If so, find a potential for F; .
If not, find a simple closed curve I' such that [, F; - dl # 0.

Exercise 3.2 (i) Let F' € C*' (R%;R?) be such that

F= F(uav) = (f(u,v),g(u, U))
Let .
o(z,y) = /0 (@ £t ty) + y g(ta, ty)] dr.

Show that if

99 _Of

ou v’
then F(z,y) = grad p(z,y). Apply the above result to find a potential for
F(z,y) = (2zy,2° +y).

(ii) Generalize this result to R™, with

Fu) = (Fi(u),..., Fo(u), o) :/0 F(tx) - xdt

and
oF; OF;

6’U,j - 8UZ ’

Vi,j=1,---,n.

Exercise 3.3 Let

z

a2 z? 4+ 2yz, 9% + arctan x) .

Pl = (2

Show that F is a gradient vector field in R3.

Exercise 3.4 Let

2 2. _ 4 r
Q=R*\{(0,y) eR*:y >0} and F(x,y)—<z2+y2, m2—|—y2)'

Show, by finding a potential f, that F' is the gradient of a potential in €.

Hint: proceed as in Example 3.6.
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Exercise 3.5 Let 7 = /22 + y2 and
F(z,y) = (a(r)z, B(r)y)
with a, 3 € C*(0, 00) such that

lim (ra(r)) = lim (r8(r)) = 0.

r—0 r—0

(i) Find a necessary condition in order that F' is the gradient of a po-
tential in Q = R?\ {(0,0)}.
(ii) Show (as in Exercise 3.2) that

fla,y) = / F(te,ty) - (z,y)] dt

is a potential for F' in Q.
Exercise 3.6 Consider the differential equation
fo (G u(@®)u'(t) + f1 (tu(®) =0, t eR.

(i) Let
F(mvy) = (fl(-%‘,y), f2($,y))

be a vector field which is a gradient of a potential f in R?. Show that a
solution u = u(t) to the differential equation is given in an implicit form by

f (t,u(t)) = constant, Vit e R.

d
Hint: compute pn f(t,ul(t)).

(i) Find a solution to

u?(t)u/(t) +sint =0
u(0) = 3.

Exercise 3.7 (Integrating factor) Consider the differential equation

fo (t,u(t)u'(t) + f1 (t,u(t)) =0, teR.

(i) Let
Fz,y) = (filz,y), falz,y)) .
Show that if there exists W € C*(R?) with

Wi(z,y) #0, V(z,y) € R?
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such that W F is the gradient of a potential ® in R?, then a solution u = u(t)
of the differential equation is given in an implicit form by

® (t,u(t)) = constant, VieR.
(ii) Find a solution to
4tsin(tu(t)) + u(t)(t* + 1) cos(tu(t)) +u'(t) [(t* 4+ 1)t cos (tu(t))] = 0.
Hint: choose W (z,y) =1 + 22
Exercise 3.8 Let 2 = R?\ {(0,0)} and consider the vector fields

F(z,y) = <($2 :Ey2)2’ (22 :Lyyz)2>
G(z,y) = <(x2 _yjyzy’ (x;fy;2)2>

Are these fields gradient vector fields in Q7 If so, find a potential. If not,
justify your answer.




Chapter 4

Green theorem

4.1 Definitions and theoretical results

Definition 4.1 (i) We say that Q C R? is a regular domain (cf. Figure
4.1) if there exist bounded open sets Qg, 2, , 2, C R? such that

QZQ()\UQJ ﬁjCQQ,Vj:LQ,"',m
j=1

‘7:
QN =0ifi#j i,5=1--,m oy =T, j=01,2,--- ,m
where the I'j are piecewise regular simple closed curves.

(ii) We say that 0Q = To Uy U--- UL, is positively oriented if,
while moving on Ty, Ty, -+ , Ty, , the domain € is seen on the left.

Figure 4.1: Regular domain

21
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Remark The above definition of the orientation of OS2 is only intuitive. A
precise definition can be found in Chapter 8. Note that since Q; C Qo,
whenever j = 1,2,--- ,m, the orientation on T'y is positive (i.e. counter-
clockwise) while the one on I'y,- - , T, is negative (i.e. clockwise).

Theorem 4.2 (Green theorem) Let Q C R? be a regular domain with
positively oriented boundary 0S). Let

F = F(Cl?l,.’l}Q) = (Fl ($1;$2)7F2 (mlaIQ))

with F € C* (ﬁ; RQ) . Then

// curl F' (21, x2) deiday = // <8FQ - 8F1> dxidxs :/ F.dl.
Q o \O0r1 Oy a9

Corollary 4.3 (Divergence theorem in the plane) Let Q, 0Q and F
be as in Green theorem. Let v be the vector field of exterior unit normals
to 092, then

// div F (21, 22) dzq dze = // <6F1 + aFQ) dxq dao = / (F-v)dl.
Q o \0r1 Oy o0

Corollary 4.4 Let  and 02 be as in Green theorem. Let
F(21,72) = (—w2,21)

G1 (z1,22) = (0,21) and Gs(z1,22) = (—22,0).
Then

area(Q):l/ F~dl:/ Gy-dl = Gy - dl.
2 Jaq 89 0

(For more details, cf. [2] 43-44, [4] 363-364, [7] 360, [10] 528-532, [11]
436-445.)
4.2 Examples

Example 4.5 Let Q = {(z,y) € R? : 22 + y?> < 1} and F (z,y) = (% 2) .
Verify Green theorem.
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Discussion (i) We first compute fo curl F' dx dy. We easily find that
curl F =1 —2y.

Setting x = rcosf and y = rsin @, we get

1 2m
// curle:cdyz/ / (1 =2rsinf)rdrdf =m.
Q o Jo

(ii) We next compute [, F - dl. If we set v(f) = (cos6,sin ), we find

2 27
/ F-dl = / (sin? @, cos @) - (—sin 6, cos §) df = / cos? 0df = .
a0

0 0
Example 4.6 Let Q = {(z,y) € R? : 1 <z + y*> <4} and
F (z,y) = ($2y,2my) .
Check Green theorem.
Discussion (i) Computation of [, curl F dz dy. We find

F F
CurlF:%f%—;:%foz.

We therefore get, using polar coordinates,

2 2
// curl F dz dy :/ / (2rsin@ — r? cos? ) r dr df
Q 1 Jo

2 2 2 15
= / / —r3cos? 0drdf = —77/ ridr = — .
1 Jo 1 4

(ii) Computation of [y, F - dl. We set

Ty = {vo(0) = (2cos,2sinb) : 6 € [0, 27|}

'y = {7,(0) = (cosb,sinh) : 0 € [0,27]}

/F~dl:/F~dl—/ F-dl.
oN T'o I

and we get
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We then obtain
2m
/ F.dl = / (8 cos® @sin 6,8 cos Osinh) - (—2sinh,2cos ) db
r 0
’ 27
= —16/ (cos® @sin? 6 — cos® Osin 0) do
0

2
= —16/ cos? fsin?0df = —4r
0

N

2m
F-dl = / (cos? @sin B, cos Osinf) - (—sin b, cos ) df = —
ry 0

/ Foal=-2r
N 4

We finally have

4.3 Exercises
Exercise 4.1 Verify Green theorem for
Q={(z,y) eR?: 2” +y* < 1}
and F (z,y) = (my, y2) .
Exercise 4.2 Verify Green theorem for
Q={(z,y) eR?: 1 <2®+y* <4}

and F (z,y) = (= +y,9?) .

Exercise 4.3 Let Q C R? be the triangle with vertices (0,0), (0,1) and
(1,0). Let u(z,y) =y + e”.

(i) Compute [, Au(z,y) dz dy.

(ii) Compute
ou ou
Ju G55 )

where v = (v1,v2) is the exterior unit normal to 9 and 9 is positively
oriented.

Exercise 4.4 Verify Green theorem in the following cases:
(i) @={(z,9) eR*: 2+ (y—1)* <1} and F(z,y) = (—a?y, 2y);
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(i) @ = {(z,y) €R*: > 0and 2> +y*> <1} and

F(z,y) = (M,w(yo

where ¢ € C1(R).
Exercise 4.5 Verify Green theorem for F'(z,y) = (zy,y) and
Q:{(x,y)eRQ: x2+y2>1andm2—4<y<2}.
Exercise 4.6 Verify Green theorem for
Q= {(z,y) eR?*: 27 +y* < 1}.
Hint: it is better to use Cartesian rather than polar coordinates and write
Q:{(x,y)GRQ: xz € (—1,1) and —m<y< M}
:{(m,y)eRQ: ye(=1,1) and — /1 -2 <z < M}

Exercise 4.7 Let Q C R? be a regular domain, v = (v1,v3) the exterior
unit normal to 99 (09 being positively oriented). Let u,v € C? (Q) . Show

that
//Aud:cdy:/ (gradw - v) dl
Q a0

and prove the Green identities

// [vAu + grad u - grad v] dedy = / v(gradu - v)dl
Q 0

//Q (uAv — vAY) de dy = /m fu (grad v - ) — v (gadu )] dL

Hint: first use Theorem 1.2, namely
div(ugradv) = u A v+ grad u - grad v.

Then, appeal to the divergence theorem (cf. Corollary 4.3).
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Exercise 4.8 Using Green theorem, prove the divergence theorem.

Exercise 4.9 (i) Prove Corollary 4.4.

(ii) If 92 = T is a closed regular simple curve with parametrization
7 (&) = (71 ()72 (t)) , t € [a,b], prove that

b b
EWMWZ/VdﬁﬁwﬁZ—/VHthﬁ

1

b
=3 | @O -t 0, 0]

Exercise* 4.10 Let Q2 C R? be a regular domain and f, ¢ € C° (Q) . Show
that the problem

(D) { Au(x,y):f(x,y) (%y)EQ
u(x,y) =@ (x,y) (ﬂf,y) € 0N

admits at most one solution u € C? (ﬁ) .

Hint: let u and v be two solutions of (D). Using the first Green identity
(cf. Exercise 4.7), show that w =u —v =0.
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Surface integrals

5.1 Definitions and theoretical results

We state here only the basic definitions about surfaces. For more details,
see Section 8.4.

Definition 5.1 (i) We say that X C R? is a regular surface if (among
others) there exist

— a bounded open set A C R? whose boundary OA is a piecewise reqular
simple closed curve;

— a one-to-one parametrization o € C* (Z; R3) ,
UZZHZ:U(Z) C R3,

o (u,v) = (0‘1 (u,v),0? (u,v), 0% (u, v)),

such that the normal vector satisfy

€1 €2 €3 2 3 3 2
OuO0y = 040y
_ 1 2 3 | _ 3 1 1.3 a
oulNoy,=| 0, o oo |=| olo,—o,00 | #0, V (u,v)€ A.
1,2 2 1
0.1 0.2 0.3 w0y — 0y0y
v v v

(ii) A surface is said to be piecewise regular if (intuitively) it is a
finite union of regular surfaces (if necessary, see Definition 8.13).

Remark All the surfaces considered in this book are piecewise regular sur-
faces and, moreover, orientable (we do not need to define this concept here;
if necessary, see Chapter 8). Furthermore, in all examples, we will be able to
deal with piecewise regular surfaces as if they were regular surfaces without
going into too much detail.

27
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Example 5.2 (i) (Sphere) Let
2= {(z,y,2) eR®: 2® +y* +2° = 1}.
A piecewise reqular parametrization of ¥ is given by
o (0, 9) = (cosfsinp,sinfsinp,cosp), (0,¢) € A
where A = (0,27) x (0, 7). The associated normal is
o9 N o, = —sinp (cos O sin g, sinfsin g, cos @) .
(i) (Cylinder) Let
Y={(z,y,2) ER*: 2 +y* =1 and 0 < 2 < 1}.

We choose a piecewise reqular parametrization

o (0,2) = (cosf,sinb,z), (0,2)€ A
with A = (0,27) x (0,1). The associated normal is
og Ao, = (cosf,sinb,0).

Definition 5.3 (i) Let ¥ C R? be a regular surface (with a parametrization
0c:A—R3 o=0(u,v)) and a continuous function f: 3 — R. We define
the integral of f on X as

//Efds - //Af(a (u,0)) llow Aoy dudv.

(ii) If 3 is a piecewise regular surface such that ¥ = |J X; with each
i=1

1=

Y regular and two by two disjoint, then

//Efds—é//zifds.

Definition 5.4 ﬁ) Let ¥ C R? be an orientable reqular surface (with para-
metrization o : A — R3, 0 = o (u,v)). Let F : ¥ — R3 be a continuous
vector field. We define the integral of F' on X in the direction v = o, Aoy,

//Ep.dsz//A[F(a(u,v))-ouAaU] du dv.
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(ii) Let ¥ = |J X; with each ¥; regular and two by two disjoint. Then
i=1

//2F~ds_§;//2iF-ds.

Remark (i) If f =1, then, by definition, we let

area (X)) = //Eds.

(ii) The integral [[;, F'-ds is also called the flux across ¥ in the direction
of the normal v.

(iii) The above definitions are independent of the chosen parametrization
(the second definition being independent only up to a sign).

(For more details, cf. [2] 29-31, [4] 376389, [7] 334, [10] 540 550, [11]
452-459.)
5.2 Examples
Example 5.5 Find the area of X, where
Y ={(z,y,2) eR®: 2” +y* + 2° = R*}.
Discussion We define A = (0,27) x (0,7) and
o(8,) = (Rcosfsin g, Rsinfsin g, Rcos p).
We then find
o9 Ao, = —R?sin p(cos 0 sin ¢, sin @ sin ¢, cos )

and so
llog A oyl| = R?sin .

Therefore, the area of X is given by

2m ™ ™
area(X) = // ds = / / R?sinpdf dp = 27TR2/ sin p dp = 47 R2.
b o Jo 0
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Example 5.6 Compute [[s. fds, where f(z,y,2) = 2® +y* + 2z and
E={(z,y,2) eR*: 2’ +y* =1 and 0 < 2 < 1}.
Discussion We define A = (0,27) x (0,1) and
0(0,z) = (cosf,sinb, z).

We find
o9 Aoy = (cosf,sind,0),

which implies that
[log ANo.]| = 1.

We thus obtain

1 o 1
//fds:/ / (c0829+sin20+22)d9dz:27r/ (14 22)dz = 4.
by o Jo 0

Example 5.7 Let F (z,y, 2) = (y, -, 2?) and
E:{(m,y,z)eR?’:zQZmQ—FyQ andogzgl}.

Compute the flux across ¥ in the upward direction (i.e. in the direction
z>0).

Discussion In this case, we set A = (0,27) x (0,1) and
0(0,z) = (zcos0, zsin b, z).

We get

oo No, = (zcosb, zsinf, —z).

Since —z < 0, we choose v = — (0p A 0,). We therefore obtain

1 27
//F'dSZ—/ / (2sin @, —zcos b, z%) - (zcos @, zsin 0, —z) dz df
by o Jo
1 27
:—/ / (22 cos @sin — 22 cos Osin ) — 23) dz db
o Jo

1
:27r/ z3dz=z.
O 2
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5.3 Exercises

Exercise 5.1 Let f (z,y,2) = 2y + 22 and
E:{(x,y,z)€R3:x2+y2:z2 andogzgl}.

Compute [, fds.

Exercise 5.2 Let F (z,y,2) = ($2,y2,22) and
Z:{(x,y,z)eR3:z2=m2+y2 and()gzgl}.

Compute the flux across ¥ in the upward direction (i.e. in the direction
z > 0).

Exercise 5.3 Let

L={(z,y,2) eR®: 2 +3y? -2 =0, 0< 2 <1}.
and the density p(z,y,2) = \/ﬂﬁy2 Find the mass of the surface.
Exercise 5.4 Let F(z,y,z) = (0, z,2) and

Y ={(z,y,2) ER®: 2=6—-3z—2y; z,y,2>0}.
Compute the flux across X going out from the origin.
Exercise 5.5 Let

Q= {(x,y,z) eR¥: 2?42 <2< 1}.

Find the area of 9.
Exercise 5.6 Let 0 < a < R. Consider the torus generated by the rotation

of the circle (x — R)? + 22 < a? around the z—axis (cf. Example 8.19).
(i) Show that

x=(R+rcosp)cosl, y=(R+rcosp)sinf and z=rsing

with 0 < r < a and 0 < 0, ¢ < 27 is a parametrization of (2. What is
the meaning (cf. Example 8.19) of 7, § and ¢? Find the Jacobian of the
transformation and compute the volume of 2.

(ii) Find a parametrization of the boundary 99 of © and a normal vector
to OS2

(iii) Find the area of 09.
(iv) Compute [[[, z%dx dy dz.
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Chapter 6

Divergence theorem

6.1 Definitions and theoretical results

Definition 6.1 We say that Q C R? is a regular domain (cf. Figure 6.1)
if there exist bounded open sets g, Qq,-++ ,Qm C R3 such that

Q=10

I3

ﬁj ﬁjCQo,ijl,Q,"',m

j=1

GNQ=0ifi#j i,j=1---,m 00 =%;,7i=0,1,2-,m

where X5, j = 0,1,2,--- ,m are orientable piecewise regular surfaces such
that 0X; = 0. Furthermore, there exists a (piecewise continuous) vector
field of exterior normals v to Q.

Figure 6.1: Regular domain

33
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Remark The last condition is understood as follows. For every z € 3,
j=0,1,2,--- ,m, where the field of normals is continuous, and for every
e > 0 sufficiently small

x+€y(m)€Qj, :cfa/(x)Eﬁj, j=L4L2,---,m

r—ev(z)eQ, z+ev(z)el.

Theorem 6.2 (Divergence theorem) Let CLR?’ be a regular domain
and v the exterior unit normal to Q. Let F € C! (Q;R3) , then

/// div F (21,29, x3) dxy deo dxs = // (F-v) ds.
Q o0

Corollary 6.3 If Q2 and v are as in the theorem and if

F(z1,29,23) = (z1,22,23), G1(z1,22,23) = (21,0,0),
G2 (x1, 2, 23) = (0,22,0), G3(x1,22,23) = (0,0, 23),

then

wﬂ(Q)::%jOQQ(F-y)ds::/DQQ(Gi~V)d& i=1,2,3.

(For more details, cf. [2] 33-36, [4] 397407, [7] 340-349, [10] 550-555, [11]
AT5-479.)

6.2 Examples
Example 6.4 Check the divergence theorem for
Q={(zy,2) € R3: 2?2 +92+ 2% < 1} and F(z,y,2) = (2y,y,2).
Discussion (i) Computation of [[ [, div F. We easily find that
divF =y +2.
Then, using spherical coordinates,

x=rcosfsingp, y=rsinfsiny, z=rcosy,
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we get

27
/// y+2) da:dydz-/ / / (2 4 7 sin @ sin ©)r? sin o dr d dy
Q
4 8
—27r/ / 272 smapdrdap—ﬂr/ sinpdp = -m.
3 Jo 3

(ii) Computation of [[,, (F'-v) ds. A parametrization of the surface is
given by
(0, ) = (cosBsin p,sin @ sin @, cos )

and thus
N=X={c0,¢):(0,p) €10,27] x [0,7]}.

A direct calculation gives
o9 N o, = —sin(cos fsin ¢, sin 0 sin ¢, cos @),
which is an interior normal. Observing that we have on 90X

F.-(—ogNoy)

= (cosfsin@sin’ p,sin §sin g, cos @) - (cos O sin @, sin O sin @, cos @) sin

we get
// (F-v)ds
1)
27 pw
= / / (cos® B sin @sin ¢ 4 sin? @ sin® o + cos? psin @) dp df
= 7r/ sin® o dp + 27r/ cos? psin ¢ dp
0 0

cos® ™ cos®p]™ 8
= — 3 -2 - ;7.
71'[ Ccos Y + 3 L 7T|: 3 }0 37‘(‘

Example 6.5 Verify the divergence theorem for
Q:{(m,y,z)€R3:x2+y2<1 and 0 < z < 1}

and F (z,y,2) = (m2,070) .

Discussion (i) Computation of [, div F. We find that

div F = 2xz.
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Using cylindrical coordinates x = rcosf, y = rsinf and z = z, we get

or 1 g1
///(Qx)dmdydz:/ / / 2rcosfrdrdfdz =0.
Q o Jo Jo

(ii) Computation of [[,, (F -v) ds. We have
aQ:E(]UZlUEQ,
where

20:{(957%2)ER3:332-&-y2<1andz:0}
%1 ={(z,y,2) eR*: 2’ +y* <land z = 1}
Yo ={(z,y,2) ER*: 22 +y* =1land 0 < z < 1}

whose parametrizations and normals are given by

o%(r,0) = (rcosf,rsing,0) = o2 Ac)=(0,0,7)
ol(r,0) = (rcos,rsind,1) = ol Aop=(0,0,r)
o2(r,0) = (cosf,sinb,z) = o3 Ao? = (cosb,sinb,0)

they are, respectively, interior, exterior and exterior normals. We therefore

get
27 pl
// (F-v)yds = —/ / (r? cos?0,0,0) - (0,0,7) drdf = 0,
o o Jo
27 pl
// (F-v)yds = / / (r? cos?6,0,0) - (0,0,7) drdf = 0,
oy o Jo

2m ,l
// (F-v)yds = / / (cos®6,0,0) - (cos@,sin 0, 0) df dz = 0.
o o Jo
We finally obtain
// (F-v)ds=0.
o0

6.3 Exercises

In Exercises 1 to 10 verify the divergence theorem.

Exercise 6.1 Let F (z,y,2) = (z2,9,y) and

Q={(z,y,2) eR®: 2% + 9> + 22 < 1}.
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Exercise 6.2 Let F (z,y,z) = (0,0,2yz) and
Q={(z,y,2) eR*: 2> a2’ + ¢y’ and 0 < z < 1}.

Exercise 6.3 Let F(z,y,z) = (xy,yz,zz) and the unit tetrahedron given
by

Q:{(m,y,z)€R3:0<z<1—m—y, 0<y<1l-—u, O<x<1}.
Exercise 6.4 Let F(z,y, z) = (22,92, 2%) and
Q={(z,y,2) eR*: 1 (2* +y*) <a’2® and 0 < z < b}.
Exercise 6.5 Let F(z,y,z) = (22, —y?, 2?) and
Q={(z,y,2) eR*: 2 +y* <4 and 0 < z < 2}.
Exercise 6.6 Let F(z,y,z) = (z,y, z) and

Q:{(a:,y,z)ER?’:x2—|—y2—|—z2<4and$2+y2<3z}.

. 3y
Exercise 6.7 Let F(z,y,2) = (O, 1_~_22,5) and

2
Q:{(m,y,z)ERgztan\/m2+y2<z<1, $2+y2<711-6and33<0<y}.

Exercise 6.8 Let F(z,y, z) = (22,4?%,2%) and
Q={(z,y,2) eR*: 2 <2’ +y’ <land z > 0}.
Exercise 6.9 Let F(z,y,2) = (2,0, zy% + 2?) and
Q={(z,y,2) €ER*:2>0, 0< z<2and 4(z” +y*) < (2 —4)*}.
Exercise 6.10 Let F(z,y,z) = (22,0,0) and
Q={(z,y,2) eR*: 2 +y* + 2> <dand 2> + y* + ( — 2)® < 1}.
Exercise 6.11 Show Corollary 6.3.

Exercise 6.12 (Green identities) Let Q@ C R? be a regular domain and

— 0
v : 00 — R3 the exterior unit normal. Let u,v € C?(Q). We write a—u for
v

grad u - v. Show that

/// [vAu—i—gradu-gradv]dmdydz:// v@ds
Q o0 OV
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and

/// (vAu—uAv)da:dydz=// U%—u@ ds.
@ o0 \ OV v

Hint: first, use Theorem 1.2, namely

div(ugradv) = u A v + grad u - grad v
and then apply the divergence theorem.

Exercise* 6.13 Let ) C R3 be a regular domain and v the exterior unit
normal to 9. Let f,p € C° (Q) and the problem

Au=f inQ
(V) {

g—“lf =¢ on 0N
ou . . .
where W stands for grad u - v. Using the previous exercise, find necessary
v

conditions on f and ¢ for the problem () to admit a solution u € C? (£2) .
What can we say about the uniqueness of the solutions of (N)?



Chapter 7

Stokes theorem

7.1 Definitions and theoretical results

Theorem 7.1 (Stokes theorem) Let ¥ C R3 be an orientable piecewise
reqular surface. Let F: % — R3 F = (Fy, Fy, F3), where the F; are C' on
an open set containing XU 0%.. Then

//curlF'ds:/ F-dl.
b)) o%

Remark We recall here only the basic facts about surfaces. For more
details, see Chapter 5 and Section 8.4.

(i) The boundary of all piecewise regular surfaces ¥ C R? with para-
metrization o = o (u,v) : A — X that we will consider will be denoted by
0. This boundary is obtained from o (0A) by removing points and curves
which are traversed twice in opposite directions (cf. the examples below).

(i) For a given parametrization o : A — X, the normal is given by
oy N\ 0, and the surface integral is understood in the direction of o, A gy,

that is
// curl F - ds = // (curl F(o (u,v)) - (o4 A 0y) dudv.
s A

Moreover, the orientation of Y is induced by the parametrization o : A —
3, i.e. OA is positively oriented.

Example 7.2 For more details, see Section 8.4.
(i) (Sphere) Let

E:{(x,y,z)€R3zx2+y2+22:l},

39
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then 0¥ = () (¢f. Example 8.16). A piecewise regular parametrization of 3
s given by

o (0,¢) = (cosfsinp,sinfsingp, cosp), (0,p) € A

where A = (0,2m) x (0,7).
(i) (Hemisphere) If

E:{(ax,y,z)ER3:x2+y2+22=1 andzzO},

then
0% = {(z,y,2) €R®:2® +y* =1 and z = 0}

(cf. Ezample 8.17) and the orientation of OA induced by the parametriza-
tion -
o (0,¢) = (cosfsinp,sinfsinp,cosy), (0,p) € A

(where A = (0,2m) x (0,7/2)) is the negative orientation (that is, 6 : 2w —
0). We thus find

o9 N o, = —sing (cosfsin g, sin @ sin ¢, cos ¢) .

We could have chosen another parametrization for X, namely

o (z,y) = (x,y,\/l—xQ—y2), (z,y) € B= {(:E,y) eR?: 2%+ < 1}.
In this case, we would also have found
Y =5 (0B) = {(z,y,2) € R*: 2> +y* =1 and z = 0} .
(iii) (Cylinder) If
E:{(x,y,z)€R3:m2+y2:1 andOSzgl},

then (cf. Example 8.18)

0¥ =ToUTIy,
where
Ly = {(x,y,z)6R3zz2+y2:1andzzo}7
I = {(xvyaZ)ERslwz—FyQ:landz:l}.

If we choose the parametrization

o(0,2) = (cosf,sinb,z), (0,2z)c A
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with A = (0,27) x (0,1), then the orientation of 0% induced by the parame-
trization o is the positive orientation on Ty (0 : 0 — 27) and the negative
one on Ty (0 : 27 — 0). Moreover, the field of unit normals induced by the
parametrization 1s

v=o9 Ao, = (cosb,sind,0).
(For more details, cf. [2] 4149, [4] 410-417, [7] 362-366, [10] 562-567, [11]
A70-474.)
7.2 Examples
Example 7.3 Verify Stokes theorem for F (x,y,z) = (z,2,y) and
E:{(m,y,z)eR?’:zQZmQ—FyZ and 0 < z < 1}.

Discussion (i) Computation of [, curl F' - ds. We have

€1 €2 €3
_ 9 9 o) _
curl F = 9z Oy 0z = (1,1,1)
z

We choose the following parametrization of 3
(0, z) = (zcosb, zsinb, z), with (6,z) € A= (0,27) x (0,1).

We then find that the normal to the surface is given by

€1 €9 €3
ogNo,=| —zsinf zcosf 0 |=(zcosb,zsinb,—z).
cosf sing 1

We therefore obtain
2 1
// cur1F~ds:/ / (1,1,1) - (zcos b, zsinf, —z) dz df
b o Jo
2w 1 1
:/ / (zcosﬁ—l—zsin@—z)dzd@z—?w/ zdz = —m.
o Jo 0

(ii) Computation of [, F - dl. We first note that

a(@A):Fl UFQUF3UF4
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where
Ty = {y,(0) = 0(,0) = (0,0,0)} = {(0,0,0)}
[y ={v5(2) =027, 2) =(2,0,2), 2:0— 1}
I3 = {v3(0) = 0(h,1) = (cosf,sin6,1), 0 : 21 — 0}
Ty = {74(2) =0(0,2) = (2,0,2), z: 1 — 0} = T

We then observe that
0¥ =T3 ={v3(0) =0(0,1) = (cosb,sinb, 1), 6 : 2r — 0},
and I's is negatively oriented (since 6 : 2 — 0). Since
74(0) = (—sin 6, cos 0, 0),

we get

2
/ F-dl:—/ (1,co86,sin6) - (—sinb, cos,0) df
) 0

2
:—/ cos?f = —.
0

Example 7.4 Verify Stokes theorem for F (x,y,z) = (0,0,y2) and
E:{(m,y, JER 2?4924 22 =1 cmdzﬁO}.
Discussion (i) Computation of [, curl F'- ds. We see that

€1 €92 €3
curl F' = a% 8% a% = (2y,0,0).
0 0 g2

We choose the following parametrization of 3
a(8, ) = (cos b sin @, sin O sin ¢, cos ),

with (0, ¢) € A= (0,27) x (7/2,7). A normal to the surface is then given
by
o9 N o, = —sinp(cos fsin g, sin 0 sin @, cos @).

We next compute the surface integral
2
// curl F' - ds = / / —sinp(2sinfsin g, 0,0) - (cos O sin p, sin 6 sin @, cos ) dp df
b z Jo

2m
:—2/ / sin @ cos 0 sin® o dyp df = 0.
= Jo
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(ii) Computation of [y, F - dl. We remark that
7(dA) =T, UT, Ul UTy
where
'y ={y.(0) =0 (0,7/2) = (cosf,sinh,0), :0— 27}
D = {12(¢) = 0(2m,¢) = (sinp,0,cos ), o2 3 — 7}
Iy = {73(0) = o(0,7) = (0,0,-1), 0 : 2 — 0} = {(0,0, 1)}
Fa = {14(p) = 0(0,¢) = (sin,0,cosp), ¢ : 7 — 5} = Ty

We thus have
ox =1

where T'y is positively oriented (since 6 : 0 — 27). We therefore get
v1(0) = (—sin6,cos6,0).

We finally obtain

27
/ F~dl:/ (0,0,sin @) - (—sin @, cos §,0) df = 0.
ox 0

7.3 Exercises
In the following exercises, verify Stokes theorem.
Exercise 7.1 Let F(z,y,2) = (22y, 2%,0) and
E:{(ac,y,,z)E}R?’:srg—&—yz:zz7 nggl}.
Exercise 7.2 Let F(z,y,2) = (22y, z,z) and
Y ={(z,y,2) eR®: 2% +¢? =2z , 0<2<1}.
Exercise 7.3 Let F(z,y,z) = (z%y3,1,2) and
S ={(z,y,2) eR3: 22+’ +22=R? 2 >0} .

Exercise 7.4 Let F(z,y,z) = (—2y,xz,y) and

3 4
Z:{(x,y,z)eR?’:z:?)—Q\/m, x>0and9<m2—|—y2<4}.
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Exercise 7.5 Let F(z,y,2) = (0,22,0) and
Y= {(Jc,y,z) eR?: 2?2+ +22 =4, 2,y >0, 1§z§\/§}.

Exercise 7.6 Let F(z,y,z) = (0,0,y + 2?) and

z y T
0 < arccos 3 < arctan = < —

x2+y2—|—22:4, z,y,z >0, }
x = 2

Y= {(m,ywz) eER3:

Exercise 7.7 Let F(z,y, z) = (0,22,0) and ¥ be the triangle with vertices
A=(1,0,0), B=(2,2,0) and C = (1, 1,0).

Exercise 7.8 Let F(z,y,2) = (vy,72,2%) and ¥ be the surface obtained
from the intersection of the cylinder 22 4+ y? < 1 with the plane z + z = 1.

Exercise 7.9 Let F(z,y,2) = (z,y,0) and

Z:{(m,y,z)€R3:z=sin(3m+2y), x>0, yEOandx—i—ygg}.



Chapter 8

Appendix

8.1 Some notations and notions of topology

Notation (i) We denote the scalar product of two vectors by - , namely
if z,y € R™, then
n
r-y= Z LiYi -
i=1

(ii) The Euclidean norm of x € R™ is defined as

n 1/2
llzll = (Zw2> :
i=1

(iii) The exterior product of two vectors in R? is denoted by A, namely
if 2,y € R3, then

€1 €9 €3
T2Y3 — T3Y2
TANYy=| 21 T2 T3 |= T3Y1 — T1Y3

T —x
v Y2 Us 1Y2 2Y1

(iv) For z € R™ and R > 0, we denote the open ball centered at « and
of radius R by
Br(z) ={y e R": |ly — z[| < R}.

The closed ball is denoted by

Br(z) ={y €R": ||z —y|| < R}.

45
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Definition 8.1 Let A C R™.
(i) The set A is open if Vo € A, e > 0 such that B.(z) C A.
(i) We define the complement of A, denoted A°, as
A=R"\A={zeR":x ¢ A}.
(iii) The set A is closed if A° is open.
(iv) We define the boundary of A, denoted DA, as
OA={z eR":B(x)NA#D, B(x)NA*#£D, Ve > 0}.

(v) We write A for the closure of A, which is by definition the smallest
closed set containing A.

(vi) We define the interior of A, denoted int A (or A), as the largest
open set contained in A.

Proposition 8.2 For every subset A C R™ we have the following inclusions

intAC ACA and A= AUDJIA.

Example 8.3 Case n = 1.

(i) R is both open and closed (R and the empty set are the only sets to
have this property).

(ii) The interval [a,b] is closed.
(#ii) The interval (a,b), sometimes denoted |a,b[, is open.

(iv) The intervals [a,b) and (a,b], sometimes denoted [a,b] and ]a,b],
are neither closed nor open.

(v) If —00 < a < b < 00, the boundary of the following intervals [a,b],
(a7 b) Y [a" b) ) (a7 b] Zs {a7 b} *

Case n > 2.

(i) R™ is both open and closed.

(ii) A point x € R", viewed as the set {x}, is closed.
(#ii) Br(z) C R™ and R™\{0} are open sets.

(iv) Br(z) = {y € R™ : ||z — y|| < R} is closed.

(v) O0Br(x) = {y € R™ : ||z — y|| = R} is the sphere of radius R and it
is closed.



Some notations and notions of topology 47

Definition 8.4 (i) We say that a set A C R" is convex (cf. Figure 8.1)
if, Vt € [0,1], Vz,y € A, we have

tr+(1—-tye A
(in more geometrical terms, this means that Vx,y € A the line segment

[x,y] with endpoints x and y is contained in A).

(i1) A C R™ is (path-)connected if, Vx,y € A, there exists some curve
T, with continuous parametrization v : [a,b] — T, from x = y(a) toy = ~(b)
which is entirely contained in A.

(iii) We say that A C R™ is a domain if it is both open and connected.

(iv) We say that A C R™ is simply connected if it is (path-)connected
and if any pair of curves I'g and I'y having the same endpoints and entirely
contained in A can be continuously deformed one into the other without
going out of A. More precisely, if

Yo :la,b] > ToCA and ~y:[a,b]-T1CA

are two continuous parametrizations of I'o and T'1 (vo(a) = v1(a), vo(b) =
~v1(b)), then there exists a continuous

v:la,b] x[0,1] — A
such that

7(tv 0) = ’VO(@? V(ta 1) = '71(t)’ Vi e [a7 b]

’Y(aa 5) = 70(0’) = 71(04)’ Vs € [07 1]
V(b,5) = 70(b) =11 (b), Vs el0,1]
~v(t,s) € A, Vtea,b], Vsel0,]1].

Remark (i) The case n = 1 is slightly different from the case n > 2.
Indeed, a connected set is necessarily convex, while the notion of a simply
connected set is irrelevant.

(ii) We always have

= ) =
A convex A simply connected A connected.

#~ #~

(We should warn the reader that some authors do not require, in the de-
finition of "simply connected", that the set is connected. For them, the
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@ W

convex nonconvex
connected
simply connected
nonconvex nonconvex
connected not connected
not simply connected not simply connected

Figure 8.1: Topological notions

implication A simply connected implies A connected is, therefore, in gen-
eral, false.)

(iii) Intuitively, a set of R? is simply connected if it has no holes (however
in R? this is no longer the case, cf. Example 8.5 (v)).
Example 8.5 The examples below are constantly used.

(i) la,b], (a,b), [a,b), (a,b] and R are convex sets, contrary to [0,1] U
2,3].

(i) Br(z) C R™ and R™ are convex (and thus simply connected and
connected).

(iii) A =R*\{(0,0)} is neither convex nor simply connected, it is, how-
ever, connected.

(iv) A =R\ {(z,y) € R? : y = 0 and z < 0} is not convex, but it is
simply connected (and thus connected).

(v) A = R3\{(0,0,0)} is not convex, however, it is simply connected
(and hence connected).

(vi) A =R3\{(z,y,2) € R®: 2z =y = 0} is neither convex, nor simply
connected, but it is connected.

(For more details, cf. [4] 53, 369, [7] 12, 56-58, 372, [10] 572, [11] 160, 373,
431.)
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8.2 Some notations for functional spaces

Definition 8.6 Let Q@ C R™ be open and k > 0 be an integer (including
k=o0)

(i) C*(Q) is the set of functions f : Q — R that are k times continuously
differentiable functions in Q. (When k = 0 we, sometimes, only write C ()
instead of C°(2); hence it is the set of continuous functions in ©.)

(i) C*(;R™) is the set of vector fields F such that
F=F(z)=(Fi(z), -, Fn(z)) with F; € C*(Q),Vi=1,---,m.
(iii) We write f € C°(Q) if f is continuous in .

(iv) If k > 1, we say that f € C*(Q) if there exists an _open set A D Q
and a function g € C*(A) so that the restriction of g to Q is f (we write
g‘ﬁ = f)‘

(v) A function f : [a,b] — R is said to be piecewise continuous if there
erist a = a1 < ag < -+ < anyy1 = b such that

[l(ai,aisr) 8 continuous for everyi=1,--- , N
and
Jim f() = flai+0), lim f(@) = (a1 —0)
r>a; r<ai41
exist and are finite for everyi=1,---,N.

Remark When k£ > 1, the definition of C*(Q) that we adopt is not the
definition unanimously accepted by other authors (it is, however, the one
found in [4] 172 and [7] 96). Several authors prefer a more intrinsic definition
(we write this other definition only in the case k = 1), namely, a function
f e CHQ) if f € C°%Q) NCHQ) and if there exists F € C°(Q;R™) such
that F(x) = gradf(z). It is obvious that our definition is more stringent,
but it can be shown that if the domain €2 is sufficiently regular, for example
convex, then these two definitions coincide (cf. [7] 97).

We now give two definitions of convergence of sequences.

Definition 8.7 Let Q C R™ and fi, f: Q2 — R.

(i) We say that fy, (pointwise) converges to f in Q (and we write
fe—=f)ifVe>0andVz € Q, Ik, €N such that

‘fk(x) —f(l‘)| <e VEk2> kf'e,xc

(ii) We say that fi converges uniformly to f in Q (and we write
fr — [ uniformly) if Ve >0, Jk. € N such that

|fe(x) — f(z)| <€ VEk>ke, Vo€ Q.
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8.3 Curves

Definition 8.8 Let n > 2 (c¢f. Figure 8.2).

(i) We say that T C R™ is a simple curve, if there exist an interval I C
R and a continuous function v : I — R™ (v is called a parametrization
of T') such that

yI)=T={z eR":3t eI such that x =y (t)}

and if t1,to € I, t1 # to and at least one of the t; € int I, then v (t1) # v (t2)
(in particular 7 is one-to-one in int I ).

(ii) A simple curve is said to be closed, if, in addition, the interval I
is of the form [a,b] (i.e. it is closed and bounded) and v (a) =7 (b).

(iii) We say that ' C R™ is a regular curve, if there exists a parame-
trization  : [a,b] — T with 7 € C ([a,b]sR™), 7 () = (31 (1) s+ + 7, (1))
and

I O = /2 4+ (34)? £0, Vi€ fa,b].

(iv) A set T is called a piecewise regular curve, if there exist a par-
tition of the interval [a,b] of the form

a:a1<a2<--~<aN+1:b

and vy : [a,b] = T such that v € C ([a,b]), v € C ([a;,aiys]) and v (t) # 0,
Vit e [ai,aiﬂ], 1=1,--- ,N.

(v) If T is a simple curve with parametrization v : [a,b] — R™, we define
the curve —I' through

T={F@®) =v(a+b—1t):t€[ab]}.

¥(a)

Figure 8.2: Simple curve
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Notation (Jordan theorem) If I' C R? is a simple closed curve, we denote
by intT" =  the open and bounded set 2 C R? such that 9Q =T.

Definition 8.9 We say that a piecewise reqular simple closed curve T’ C R2,
with parametrizationy : [a,b] — T', is positively oriented (cf. Figure 8.3),
if at every point x € T, x = y(t) = (v1(t),74(t)), where v is C1, the normal
vector to the curve I' at the point x, namely

v(z) = (v3(t), =1 (1)),

is an exterior normal to Q = intT' (where Q C R? is such that 9 =T).
More precisely, for every e > 0 sufficiently small

c+ev(z)eQ and x—ev(z)e Q.

-’172;

v(a) = (%)

T

Figure 8.3: Positively oriented curve

Remark A simpler and a more intuitive, but less precise, way of rephrasing
the above definition is to say that the curve I is positively oriented, if, while
moving on I'; the domain Q = intIT" is seen on the left.

Example 8.10 Let [ = [a,b] and u € C' (I;R™), then the graph of the
function u defined by

I'={(z,u(z)):zel}
18 a reqular simple curve.

Example 8.11 The circle
I'={(z,y) eR*:2” +y* =1}

is a regular simple closed curve. Indeed it is enough to choose I = [0, 2]
and v (0) = (cosd,sin ).

(For more details, cf. [2] 13-15, [4] 334-335, 360-362 [7] 247, [10] 464466,
[11] 404-409, 436-438.)
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8.4 Surfaces

Definition 8.12 Let X C R? (c¢f. Figure 8.4).

(i) We say that ¥ is a (or an element of a) regular surface, if there
exist a domain A C R? so that OA is a piecewise reqular simple closed curve

and o : A — R® (o0 is then called regular parametrization of X)) such
that

- oceC! (Z;R3)7U:O'(’U,,U) = (01 (u,v),0? (u,v), 03 (u,v))

- o (Z) =Y and o is one-to-one in A

— the vector
€1 €2 €3 2 3 3 2
00y — 000y
Oy NOy = Uqlt 03 ai = aia}, — Uiag
1,2 2 1
1 2 3 0u0y — 0u0y
O—’U J’U UU

is such that

lowAoul| #0, V (u,v) € A.
The vector
Oy N\ Oy

v=v(u,v)= 7”(% ol

is called a unit normal to the surface X at the point o (u,v).

(ii) The boundary of such a surface ¥, denoted 0%, is the image by o
of 0A, namely

9% = o (9A).
z
[
vh
0A
N TS

Figure 8.4: Regular surface
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Remark (i) The unit normal vector is independent, up to a sign, of the
choice of the parametrization. Note that if, for example, the order in which
we choose the parameters (u,v) is reversed into (v,u), we obtain the op-
posite normal (since o, A 0,y = —0y A 0y).

(ii) The boundary 0¥ is also independent of the choice of the parame-
trization.

Definition 8.13 We say that ¥ C R? is a piecewise regular surface
(cf. Figure 8.5) if there exist regular surfaces ¥1,- - , %, such that

. m
i=1
(i1) If i # j, then £; NE; has no point lying in the interior of ¥; or
;.
(i1i) If i # j, then 0%; N 0%, is either empty, or consists of a single
point, or is a piecewise reqular simple curve.
() Ifi,j,k are oll different, then 0X; N 0L; N 0%y, is either empty or
a single point.
(v) Any two points x,y € ¥ can be joined by a piecewise reqular simple
curve lying in 3.
(vi) The union of all curves belonging to only one of the 0%; consist

of a finite number of disjoint piecewise reqular simple closed curves. The
boundary of the surface 3, denoted 0%, is the union of these curves.

Figure 8.5: Piecewise regular surface

Definition 8.14 (i) A regular surface ¥ is said to be orientable if there
exists a vector field v of unit normals which is continuous all over ¥. Such
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a vector field is called an orientation of X. The oriented surface is some-
times denoted (Z,v).

(ii) If (X,v) is such a surface, there exist A C R? and o, a regular
parametrization of %, such that

Oy N\ Oy
V= —"—7-—.
low Aoyl

The orientation on 0% (= o (0A)) induced by the parametrization o (we
equivalently can say induced by the vector field v of normals) is the one
induced by the positive orientation of the simple closed curve OA C R2.

Remark (i) In an analogous way, one defines the notion of an orientable
piecewise regular surface (3,v) as well as the orientation induced by the
parametrization. One just has to remember that the vector field of nor-
mals is not necessarily continuous (it is, however, piecewise continuous, cf.
Example 8.21 below). For more details see [11] 464-465.

(ii) An informal way of finding the orientation of 9% (= o (0 A)) induced
by the vector field v of normals is the following. Someone travelling on 9%
with his head pointing in the direction v should see the surface ¥ on his
left.

We would now like to present a very useful "trick" to determine the
boundary of a surface and the orientation induced by the vector field of
normals. It is not a completely rigorous procedure, but it holds true and
can be justified in all the examples considered in this book. It uses the
intuitive remark below.

Remark We have seen how to define the boundary of a regular surface
and the orientation induced by the vector field v of normals to 3. We now
proceed in a similar way for a surface ¥ which is only piecewise regular but
that admits a global parametrization

U:ZHE:U(E)

where OA is a simple closed curve of R2. We define the boundary of X,
denoted 0%, as 0 (0A) where we have removed points as well as curves
that are traversed twice in opposite directions (once in one direction and
once in the opposite direction). The orientation on 9% induced by the
parametrization o is the one induced by the positive orientation of the
simple closed curve JA.
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Example 8.15 (Graph of a function) Let A C R? be a domain such
that OA is a regular simple closed curve. Let f € C* (A) then the surface

S ={(z,y. f (x,9)) : (z,y) € A}

(cf. Figure 8.6) is an orientable reqular surface. Its boundary is

0% ={(z,y, f (z,y)) : (x,y) € OA}.

z=f(:1:,y)

9% = 0(94)

Y, OA /'—\

Figure 8.6: Graph of a function

Discussion We choose the parametrization

0'(33,y) = (x7y7f(x7y))’ (xvy) €A

which clearly has all the desired properties of being a regular parametriza-
tion of the surface. Furthermore,

oz Noy = (—fz, —fy, 1)
and a unit normal to X is given by

(_ffb’ _fy’ 1)

NEEE
The boundary of ¥ is by definition
0% =0 (0A) = {(z,y, f (z,y)) : (z,y) € DA}

and the orientation on 0% induced by the parametrization o is the usual
positive orientation.

V=
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Example 8.16 (Sphere) Let

S={(z,y,2) eR¥: 22+ y* + 22 =1}.

It is an orientable piecewise reqular surface (cf. Figure 8.7) whose boundary
is 0¥ = ().

Figure 8.7: Sphere

Discussion We parametrize > by 0 : A — ¥ where A = (0,27) x (0,7)
and B
o (0,¢) = (cosfsinp,sinfsin p, cosp), (0,p) € A.

Note that this parametrization is not regular in A but in view of the above
remark this is not a problem. A normal is then given by

o9 N o, = —sing (cosfsin g, sin @ sin ¢, cos )
and, hence,
o9 Noy
v=——%"-
log Aol

is a unit normal pointing inward to the volume
{(z,y,2) e R® : 2” +y* + 2° < 1}.

We have
O'((?A) :F1UF2UF3UF4
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where

' ={0(0,0):0:0— 27} ={(0,0,1)}

Iy={c2m¢):p:0— 7} ={(sinp,0,cosp):p:0—m}

I3 ={o(0,7):0:2r — 0} ={(0,0,—1)}
I'y={0(0,¢):¢:7m— 0} ={(sinp,0,cosp): p:m— 0} =—T5.
We thus find that 93 = ().

Example 8.17 (Hemisphere) Let

Z:{(x,y,z)eR3:x2+y2+22:1 (mdzZO}.

It is an orientable piecewise regular surface (cf. Figure 8.8) whose boundary

s given by

32:{(%2/72)6R31$2+y2=1 andz:()}.

(SIE)

T

Figure 8.8: Hemisphere

Discussion We let A = (0,27) x (0’ g) and
o (0, ¢) = (cosBsin p, sin @ sin ¢, cos ) .

‘We then have

o9 N o, = —sing (cossin g, sin f sin ¢, cos ¢)
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and
U(aA) :Fl UFQUF?,UF4
where
'y ={0(0,0):6:0— 27} ={(0,0,1)}
7r . ™
Iy = {0(277,@) 00— 5} = {(smap,O,comp) tp:0— 5}
71— 3 . .
s = {a (0, 5) 10 271'—»0} = {(cos0,sin0,0) : 0 : 2r — 0}
™ . ™
ry= {U(O,cp) ey HO} = {(smgo,O,coscp) ey HO} =-TI5.

We therefore find
0¥ =T

and, hence, the orientation on 9% induced by the parametrization o is the
negative orientation (since 6 : 2r — 0) on the simple closed curve I's seen
as a curve in the plane z = 0.

Note that we could have taken as a parametrization of ¥

5(:Evy) = ('T7y7 \% 1 —a? _y2) ’ (.’L’,y) €B= {(xvy) € RQ : .’E2 +y2 < 1}
and we would also have found that
9L =5 (0B) = {(z,y,2) e R* : 2> + y* = 1 and z = 0} .

(Observe, however, that & € C' (B;R?) but & ¢ C* (B;R?) )
Example 8.18 (Cylinder) Let

S={(z,y,2) eR*:2?+y*=1and 0 <z < 1}.

It is an orientable piecewise regqular surface (cf. Figure 8.9) whose boundary
18
0x. =T, Ul'g

where

F1:{(9:,y,z):x2+y2:1 cmdz:O}
F3={(x,y,z):x2+y2:1 andz:l}.
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T

Figure 8.9: Cylinder

Discussion We set A = (0,27) x (0,1) and
o (6,z) = (cos,sinb, z).
The vector field of unit normals induced by the parametrization is
v=o9 Ao, = (cosb,sind,0).

We also have
U(aA) =TulLyul'suly

where

I'y = {0 (0,0) = (cosb,sinfh,0):0:0— 27w}
Iy ={0(@2m2)=(1,0,2): 2:0— 1}
I's ={o(6,1) = (cosb,sinbh,1):0:2r — 0}
I'y={0(0,2) =(1,0,2) : 2: 1 - 0} = —TI'5.
We thus deduce that
oY =T, UTy

and the orientation on 0% induced by the parametrization o is positive on
I'; (seen as a curve in the plane z = 0) and negative on I's (seen as a curve
in the plane z = 1).

Example 8.19 (Torus) Let

3= {(x,y,z) ER3: (z,y,2) =0 (0,9), (0,90) EA}.
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where A = (0,27) x (0,27) and
o(0,9) = ((R+ acosp)cosb, (R+ acosp)sinb, asin )

and 0 < a < R are constants. It is an orientable piecewise regular surface
(cf. Figure 8.10). Its boundary 0% is empty.

2w

Figure 8.10: Torus

Discussion The normal induced by the parametrization is
o9 Aoy, =a(R+ acosp) (cosbcosp,sinf cos p,singp) .

We have
O'(aA) =F1UF2UF3UF4

where

0,27) = (R+a)cosb,(R+a)sind,0):0:2r — 0} = —T'y
0,p0) =(R+acosy,0,asiny):¢:2r — 0} =TI

and thus the result 9% = 0.

Example 8.20 (Cone) Let

E:{(m,y,z)€R3:x2+y2:z2 andogzgl}.
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x

Figure 8.11: Cone

It is an orientable piecewise regqular surface (cf. Figure 8.11). Its boundary

18
0% = {(z,y,2) €R®: 2’ +y° =1 and 2 = 1},

Discussion We set A = (0,27) x (0,1) and
0(0,z) = (zcosf,zsinb, z) .
A normal is given by
ogNo, = (zcosb,zsinb, —z).

We have
O'(aA) :F1UF2UF3UF4

with
I't ={0(6,0) =(0,0,0)}
2m,2) = (2,0,2) : 2: 0 — 1}

(
FQZ{O'(
I's ={o(0,1) = (cosb,sinb,1):0: 27 — 0}
I'y={0(0,2) =(2,0,2):2:1 =0} =—-T5.

We therefore find 0¥ = I's . The orientation on I's (seen as a curve in the
plane z = 1) is negative.
We can also take the Cartesian coordinates as parametrization, namely

7 (z,y) = (I,y,\/:ﬂﬂ?) and B={(z,y) e R*:2® +y° <1}.

We then find that o (0B) = 9% (note that & is not differentiable at (0,0)
and hence 7 ¢ C* (B;R?)).
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Example 8.21 (Cube) Let

K= {(aj,y,z) eR?:0<z,y,2 < 1}

Appendix

and ¥ = 0K is the surface composed by the faces of the cube. It is an
orientable piecewise reqular surface (cf. Figure 8.12). Its boundary 0% is

empty.

Figure 8.12: Cube

6
Discussion We have ¥ = |J £; where

=1

z,y4,0):0 < z,y <1}
z,y,1):0<z,y <1}
z,0,2):0< z,z <1}
z,1,2):0<z,2 <1}
0,y,2): 0 < y,z< 1}
,¥,2):0<y,z<1}.

All of them are regular surfaces. The exterior unit normal is given by

(0,0 —1)
(0,0,1)
(0,-1,0)
(0,1,0)
(—1,0,0)
(1,0,0)

on X
on g
on 23
on Xy

on X

on Yg.
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Note that the field of exterior unit normals is piecewise C'. We easily find
that 0% = 0.

Example 8.22 (M&bius band) Let

S ={(z,y,2) eR®: (z,y,2) =0 (0,r), (0,r) € A}

where A = (0,27) x (=1/2,1/2) and

o(0,r)= <<l+rsing> cosf, <1+rsin§> sin@,rcosi) .

It is a piecewise regular surface (cf. Figure 8.13) which is not orientable.

z

x

Figure 8.13: Mobius band

Discussion Note that
o(0,r)=(1,0,7) =0 (2m,—7).

A normal is given by

0 0
(1—|—rsin2> cos — cos 6 + fsin@

2 2
0 0
og No, = <1+rsin2>cos2sin9—;cosﬁ

— 1+rsin€ sing
2 2
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and
2

0\° _
|09/\gr||2:<1+rsin2> —&—%>O7 vV (0,r) € A

‘We therefore have

o9 N\ Oy

v(f,r) is continuous for every (6,r) € A.

oo nol
It is, however, not continuous for every (0,r) € A. Indeed, we have

v(0,0) = (1,0,0) # v (27,0) = (—1,0,0)
while o (0,0) = (1,0,0) = o (27,0) . The surface is therefore not orientable.
(For more details, cf. [2] 25-29, [4] 373-376, [10] 534538, [11] 445-466.)

8.5 Change of variables

Let © C R" be an open set and u : @ — u(Q) with v € C* ((;R")

(u=u(z1, - ,2,) = (u' (z), -+ ,u" (x))) one-to-one and such that
uil .. u;”
detVu(z)=| : .. |#0, VzeQ (8.1)
up,oeoul

The absolute value of the determinant, namely |det Vu (x)|, is called the
Jacobian of the transformation. The change of variables formula, valid
for a function f € C (u (Q)) , is then given by

f() dy = / £ (u () det Vu ()] da
u(2) Q

(cf. [11] 357). The most common examples given below do not satisfy all
the properties so as to apply the change of variables formula (notably, they
do not verify (8.1) at every point), but it can easily be shown that the
formula is still valid in these examples.

Example 8.23 (Polar coordinates) If n = 2, r > 0, § € [0,27] (¢f.
Figure 8.14) and

z; =u' (r,0) = rcosf

zo =u?(r,0) =rsind
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we have
ur up cosf) —rsinf
det Vu = 5 o | = . =r>0.
u; U sind rcosd
T2
o T

Figure 8.14: Polar coordinates

Example 8.24 (Cylindrical coordinates) Ifn =3, r > 0, 6 € [0, 2],
z € R (cf. Figure 8.15) and

1 =u' (r,0,2) =rcosh
zy =u?(r,0,2) = rsind

z3=u(r,0,2) =2

we find

det Vu =17 > 0.

z

Figure 8.15: Cylindrical coordinates
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Example 8.25 (Spherical coordinates) If n = 3, r > 0, 6 € [0,2x7],
v € 10,7 (cf. Figure 8.16) and

we obtain

z1 =u' (r,0,9) = rcosfsing
xo = u® (1,0, ) = rsinfsin g

x3 =u>(r,0,0) = rcosy

|det Vu| = r? sin .

I

Figure 8.16: Spherical coordinates
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Chapter 9

Holomorphic functions and
Cauchy—Riemann equations

9.1 Definitions and theoretical results

Notation (i) We recall that a complex number z is written as z = = + iy
with z,y € R (where i2 = —1) and we set

r=Rez and y=Imz.
(ii) The complex conjugate of z is
zZ=x—1y.
(iii) The modulus of z is defined as

2| = |22]"/% = Va2 + 2.
(iv) Any z # 0 can be written as
z = |z| € = |z| (cos @ +isin6).

The real number 6 is called the argument of z and is denoted arg z. Note
that it is uniquely defined up to 2w, we usually choose —7 < argz < 7 (it
is called the principal value of the argument). When —7 < argz < 7, we
can also write

arctan (y/z) ifr>0andyeR

/2 ifr=0andy>0

arg z = —m/2 ifr=0and y<0

w4 arctan (y/z) ifx<O0andy >0

—m +arctan (y/z) if x <0andy <0.

69
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(v) An open set O in C is seen as an open set of R2. More precisely, the
set O is open if for every zy € O, there exists € > 0 such that
Be(zp) ={z€C:|z— 2| <e} CO.
(vi) Let O C C. For a function f: O — C, f = f (z), we write
u(z,y) =Ref(z) and ov(z,y)=1Imf(z)
where z = x + iy.
(vii) For functions u : R? — R, u = u(z,y), we write, as usual, the
partial derivatives of u
ou d ou
Uy = — and wu, = —.
Jx Y oy
Definition 9.1 Let O C C be open. We say that f : O — C is holomor-
phic (or complex analytic) in O if for every zo € O,
L F() = f ()
Z—20 zZ— 20
exists and is finite. The limit is called the derivative of f at zg and it is
denoted by [ (2g) .

Remark All the usual properties of derivatives in R apply in this context.
For example,

(f +9) (20) = " (20) + ¢’ (20)
(f-9) (20) = f' (20) g (20) + f (20) ¢' (0)

and, similarly, for the composition or the quotient.
Theorem 9.2 Let O C C be open and f : O — C. The two following
statements are then equivalent.

(i) f is holomorphic in O.

(ii) The functions u,v € C* (O) and satisfy, V (z,y) € O, the Cauchy—
Riemann equations

Uy =Vy and Uy = —Uy.

In particular, if f is holomorphic in O, then

f/ (Z) = uat(xay) + va(mvy) = Uy(xay) - Zuy(xay)

(For more details, cf. [1] 24-26, [3] 13-14, [5] 36-38, [10] 741-742, [15]
10-13.)
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9.2 Examples

z

Example 9.3 The function f (z) = e is holomorphic in C and [’ (z) = €*.

Discussion (i) We have

e* = "W = % cosy + ie” siny = u(z,y) + iv(zx,y),

where u and v are C*°(R?) and verify Cauchy—Riemann equations, i.e.
Uy = Uy = €7 Ccosy
Uy = —Vy = —€e¥siny
and, hence, [’ (2) = u, + v, = €*.

(ii) An equivalent way of defining the exponential function is through

oo n

z
6222—.
n!

n=0
Example 9.4 The function defined by

iz —iz
e

. —e
sinz = -
2
is holomorphic in C and its derivative is
e’LZ _|_ 6712

cosz =
2

Discussion (i) We first find the real and imaginary parts of the function
sin z, namely

eiz _ efiz efyeim _ eyefiz
sin z = - = -
21 21

e Y(cosx +isinz) — e¥(cosx — isinx)
21
ey —e Ycosx eY+4e Y .
= — — + sSin
2 ) 2

= coshysinx + ¢ sinhy cos z.
(ii) We next find

u, = coshycosz  uy, =sinhysinx

vy = —sinhysinz v, = coshycosz.
We therefore have u, = v, and u, = —v, and thus

(sin z)" = u, + iv, = coshycosx — isinhysinz = cos z.
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Example 9.5 Let

f(z) =logz
where we define the (principal branch of the) complex logarithm of the
non-zero complex number z as follows

logz =log|z| +i(argz) with —7m<argz<m

where log |z| stands for the usual logarithm (in particular loge = 1) of the
non-zero real number |z|. The function is holomorphic in

O=C\{z€eC:Imz=0 and Rez < 0}.

Its derivative is, for every z € O,
! e
fe) =1

Discussion (i) Recall that the argument of a non-zero complex number
is only defined up to a multiple of 2. We have chosen here the principal
value of the argument. With a different choice of the argument, we would
have had other definitions of the complex logarithm.

(ii) We now prove that log z is not continuous on C\ {0}. In order that
the function be continuous we have to restrict it to O. Let us check the lack
of continuity on C\ {0}. Let t € R\ {0}. We therefore have

log(—1+it) = log /1 + t% + iarg(—1 + it).

From the definition we find

lim log(—1+it) =logl+im =im

t—0t

lim log(—1+it) =logl —im = —im.

t—0—
Thus, f is not continuous on C\ {0} (more precisely we have shown that f
is not continuous at z = —1).

(iii) Let us now show that f’(z) = 1/z, Vz € O. We prove this only in
the half plane Re z > 0. Writing z = x + iy, we have there

7T< t y<7r
—_— arg z = arctan — — .
g S8 z 2

We proceed in a very similar manner if

™ ™
—7T<argz<—§ or §<argz<7r.
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We therefore have, if f = u + v, that
u(z,y) = log \/9ﬁy2 and wv(z,y) = arctan L
x

We therefore have u,v € C* (O N {(z,y) € R? : 2 > 0}) and

__Z __ Y
Ye= @2l WT 22
—y T
Vg = Uy = ————
& 5(12 + y2 Y .'1,'2 +y2
and, hence,
—y T — 1y 1

log 2) = uy + iv, = +1 = : . .
(log 2) Pt e T G-

(iv) One can easily prove that
loge® =z, if Imz € (—m, 7] and €°8% =z, if 2 € C — {0}
log z + log w it argz +argw € (—m, 7|
log (zw) = ¢ logz+logw —2mi if argz + argw € (m, 27]
logz +logw + 2mi  if argz + argw € (=27, —7|.
Example 9.6 Let v € C. We define (the principal branch) of
fz)=2

through
f(z)= e,

Then f is holomorphic in
O=C\{z€C:Imz=0 and Rez <0}

and its derivative is
f(z)=~2"""

Discussion (i) The function f is holomorphic in O since it is a composition
of holomorphic functions. We therefore find that

f/ (Z) — evlogz . ")/2’71 — ,Yz'yfl.

Note that if v € N, the function f is holomorphic in C and not only in O.
Similarly, if (—v) € N, then f is holomorphic in C\ {0}.
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(ii) One can easily prove that if 3,7 € C and z,w € C\ {0}, then
BTy — B
(zw)” if argz + argw € (—m, 7]
DwY =< (2w)? €™ if argz + argw € (7, 27]

(zw)” e=2™* if argz + argw € (=27, —7].

9.3 Exercises

Exercise 9.1 Show that the functions
eiz + efiz e? + e % e? — e %
coszzf7 coshz=T, sinhz = ————

are holomorphic in C and compute their derivatives.

Exercise 9.2 Is the function f(2) = (Rez)? holomorphic? Justify your
answer.

Exercise 9.3 Let f (z) = log(1 + 22). Find the largest domain in C where
the function f is holomorphic.

Exercise 9.4 Find a holomorphic function f : C — C whose real part is
u(z,y) = e(@* =) cos(2zy).
Exercise 9.5 Find a holomorphic function f : C — C whose real part is
u(z,y) = 2° —y? + e “cosy.

Exercise 9.6 Show that if z = = + iy and f(z) = u(x,y) + w(z,y) is
holomorphic in an open set §2, then u and v are harmonic in ¢ meaning
that

Ay = Av =0.

Prove also that
UpVy +uyvy =0 and |f (2) |2 = ugvy, — uyvs -
Exercise 9.7 Prove that if f : C — C is holomorphic, then the three fol-
lowing claims are equivalent.
(i) f is constant.
(ii) Re(f) is constant.
(i) Im(f) is constant.

Deduce that f (z) = |z] is not holomorphic.
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Exercise 9.8 Show that the Cauchy—Riemann equations can be written in
polar coordinates as

Ou _10v  , Ov_ 10u
M ey T e

o rof
Exercise 9.9 Let f be holomorphic in C and verifying

Uz + vy = 0.
Prove that there exists a real constant ¢ and a complex constant d so that
f(z) = —icz+d.

Exercise 9.10 Let g be harmonic in R? (i.e. Ag =0) and f = u + iv be
holomorphic in C. Verify that

h(z,y) = g(u(z,y),v(z,y))
is harmonic in R2.

Exercise 9.11 Let € be open and v € C* (£2) be harmonic in Q (i.e.
Au=0in Q). Let z = z + iy and

f(2) =up —iuy.
Show that f is a holomorphic function in €.

Exercise* 9.12 Prove that if f is holomorphic in an open set Q C R2,
then the Cauchy-Riemann equations are satisfied in €2, namely

Uy =Vy and Uy = —Uy.

Hint: choose in Definition 9.1 first z = 2o + h, then z = 25 +ih with h € R.
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Chapter 10

Complex integration

10.1 Definitions and theoretical results

We refer to Chapters 2 and 8 for precise definitions for curves and line
integrals.

Definition 10.1 (i) Let T C C be a regular curve with regular parame-
trization 7 : [a,b] — T. Let f : T — C be a continuous function. We
write

/Ff(z) dz = [yf(z) dz = /ub FOv(E) ' (¢) dt.

m
(i) If T is a piecewise regular curve of the form T = |J Ty, with regular
k=1
curves I'y, , then

/f(z) dz:z f(z) d=.
r k=1"T%

In the sequel, most of the time, we will not distinguish the curve I" from
its parametrization -y.

Theorem 10.2 Let D C C be a simply connected domain, f : D — C a
holomorphic function and v a piecewise reqular simple closed curve con-
tained in D. Then the Cauchy theorem holds true, namely

[yf(z)dz:o.

7
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Moreover, f is infinitely many times differentiable and if n € N, then the
Cauchy integral formula is satisfied, namely

() = m/&dg Vz € int~y.

T o

In particular when n = 0, this formula reads as
1 [ f) :
=— | —22d t .
(2 277@'/5—,2 ¢ Vz€inty
¥

(For more details, cf. [1] 102-123, 141, [3] 27-45, [5] 126-148, [10] 767-793,
[15] 45-47 and 97.)

10.2 Examples

Example 10.3 Let f (z) = 22, v, be the upper half circle of radius 1 cen-
tered at the origin and 4 be the circle of radius 1 centered at the origin.
Compute f% f(z)dz, i=1,2.
Discussion (i) We have 7, : [0,7] — C, where 7,() = € and, hence,
71 (0) = ie?®. We therefore find

T T 3i6
/ f(z)dz= / (e9)%ie? dh = z/ S0 = ¢
Y1 0 0 3

(ii) We now have 7, : [0,27] — C, where v,(0) = ¢ and thus v4(0) =
ie?. We therefore obtain

27 ) ) 2m ) 631'9
/ f(2) dz :/ (€)% ie? dh = z/ 0dp = —
Y2 0 0 3

In this last case we could directly apply Cauchy theorem and immediately
conclude.

K

2
-

0

27
=0.

0

Example 10.4 Let v be a piecewise regular simple closed curve. Find in
terms of v the value of the integral

2
/cos( z) &
y 2
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Discussion Observe that £ = 0 is a singular point for f(£) = cos (2€) /€.
We consider three cases.

Case 1: 0 € inty. We apply Cauchy integral formula to g(§) = cos (2¢)
and we get

1 [cos(2¢)
1 = = —
9O =55 %0 %
v
and thus
/ cos (22) dz = 2mi.
Ny 2

Note that a direct computation (without using Cauchy integral formula)
would have been difficult, since we would have had to compute

27 ) 2 i0 ) 2 )
/ cos (22) dz = / &,:) ie'? df = z/ cos(2¢%) db.
~y 0 e’ 0

z

Case 2: 0 ¢ inty. Cauchy theorem applied to f leads to

/Mdzzo.
5 z

Case 3: 0 € 7. In this case the integral is not well defined.
Example 10.5 Let v ={z € C: |z — 2| = 1} be a piecewise regular simple

closed curve. Evaluate
/ ez+2
—dz.
AEEDE

Discussion Let f(¢) = €2, 2 = 2 and n = 2. Cauchy integral formula
immediately gives

e g = 2T "(2) = 2m g4
(- 2) 9 2

10.3 Exercises

Exercise 10.1 Let v be a piecewise regular simple closed curve. Evaluate,
in terms of ~, the integral
/ — dz
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Exercise 10.2 Let y = {z € C: |z — | = 1}. Compute

/ 2?2 sin 2 &

y (2= 3)?

Exercise 10.3 Compute the following two integrals.
(i) [, (z°+1)dz wherey = [1,1 + i] (the segment joining 1 and 1+).
(ii) fv Re(2?) dz where 7 is the circle of radius 1 centered at 0.

Exercise 10.4 Let v be a piecewise regular simple closed curve. Find, in
terms of v, the value of the integral
dz
72 .
v Z

Exercise 10.5 Discuss, in terms of « (a piecewise regular simple closed
curve), the following quantity

/522—32+2dz
- (z—1)3 '

Exercise 10.6 Find the value of the following integrals

2z

/e dz where y={z€C:|z|=2}
z

~

3422242 1
/wdz where 7—{26C:|z—2i|—}
v 22 4

dz where y={ze€C:|z—n|=1}.
z—m

/ sin(222 + 32 + 1)
N

Exercise 10.7 Evaluate

/ 322 4+ 2z +sin(z + 1)
-

2 dz where y={2€C:|z—-2|=1}

and

z
/ﬁdz where y={z¢e€C:|z|=1}.
N

Exercise 10.8 Find the value of

2

in the following cases.



FExercises 81

(i) ~ is the circle centered at (1,0) and of radius 1.
(ii) + is the boundary of the rectangle [—1/2,1/2] x [0,4].
(iii) ~ is the boundary of the rectangle [—2,0] x [—1,1].

Exercise 10.9 Show that

00 o0
/ e~ cos (2bz) dz = re " and / e~ sin (2bz) dz = 0.

— 00 — 00

Hint: first prove that f (z) = e is holomorphic. Then consider the curve
v =y, UyyUyg Uy, (cf. Figure 10.1).

A

A72

Figure 10.1: Exercise 10.9
Show that
(1) aEToo f'Y? f (Z) dz = aEI}}oo f"/4 f (Z) dz =0.
(i) fﬁ/ f(2)dz =0 (use the fact that f is holomorphic).
(iii) Recalling that [ e dr = /7, conclude.

Exercise 10.10 Let f be a continuous function in a simply connected
domain D. Let FF : D — C be a holomorphic function and such that
F'(z) = f (z). Show that, for every regular curve v : [a,b] — D C C, then

In particular, if v is closed, deduce that

[Yf(z)dz:o.

(This is a weaker version of Cauchy theorem.)
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Exercise 10.11 Let f (z) = 1/z, vv; be the circle of radius 1 centered at
z = 2 and v, be the circle of radius 1 centered at the origin. With the help
of the previous exercise, compute, for ¢ = 1,2,

f(z)d-=.
Vi
Exercise* 10.12 Prove Cauchy theorem.
Hint: (i) Write f = u +4v and v = a + i : [a,b] — C, v = ~(¢). Prove
that
b

b
/ f(2) dz = / (u(, B)’ — v(a, B)B') di-+i / (v(a B’ + u(ar, B)8') dt.

a

(ii) Apply Green theorem (cf. Chapter 4) to obtain

int vy

dz = —vy — Uuy) drdy + 1 « — Uy) dz dy.
Kyf(z) z /inm( Uy — Uy) dx dy z/ (ug —vy) dzdy

(iii) Deduce the result using Cauchy-Riemann equations.



Chapter 11

Laurent series

11.1 Definitions and theoretical results

Theorem 11.1 Let D C C be a simply connected domain and zg € D. Let
f:D\A{z} — C be a holomorphic function, N € N and

N
L) = 3 enlz—20)"
n=—N
=cn(z—20)V + - +er(z—2) +co+ €1 Ly &N
(2 — 20) (z —z0)N
where
1
Cn = 7/% df
2mi ~y (5 - ZO)
(in particular c_; = 27” f f (&) d¢ ) and where v is a piecewise regular

simple closed curve contamed in D (29 € inty). Let R > 0 be such that (cf.
Figure 11.1)

{z€eC:|z—2| <R} CD.
Then, for every 0 < |z — zo| < R, imn_,0o Ly f (2) = Lf (2) exist, is finite
and, moreover,

+oo +oo
Lf(Z):f(Z): Z Cn(Z*ZO)n:Zansz +Z Z—ZQ
n=-—o0 n=0 n=1

83
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Figure 11.1: Laurent theorem

Definition 11.2 We adopt the notations of the theorem.
(i) The quantity Lf (z) is called the Laurent series of f at 2y .
(i) The quantity

+oo
> e
n=0

1s called the regular part of the Laurent series. The quantity

-1
—n
E en(z — 20)" E c_n(z — 20)

n=-—oo

is the singular part of the Laurent series.

(i) We say that zy is a regular point for f if the singular part of the
Laurent series is zero.

(iv) We say that zq is a pole of order m for f if c_, #0 and c—j, =0,
Yk >m+ 1. We therefore have

m

Lf(Z):ZZ—ZO ZCnZ—ZO

n:l

(v) We say that zq is an (isolated) essential singularity for f if c_y #
0, for infinitely many k. In this case we have

Lf(z)zz =2 +chz—z0

n=1

(vi) The value c_q is called the residue of f at zy and is denoted
Resy, (f)-

(vii) The radius of convergence of the series is the largest R > 0
such that {z € C: |z — z| < R} C D.
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Remark If f : D — C is holomorphic, then the Laurent series coincide
with the Taylor series, meaning that ¢, = f( (z) /n! and

Lf(2) Zf(" ) ;o

Proposition 11.3 Let

where p and q are holomorphic functions in the neighborhood of zy . Let zg
be a zero of order k of p, i.e. (if p(20) #0, we let k=0)

p(z0) = =p* P (20) =0 but p* (z)#0

and zy be a zero of order 1 of q. Then the following conclusions hold true.
(i) If I > k, then zo is a pole of order I—k of f.

(ii) If 1 < k, then zo is a regular point of f (where we have set f (z9) =
lim p(z) /q(2), c¢f. Example 11.12).
z—20

Proposition 11.4 If zg is a pole of order m, then

1 ) dm—l .
Res., (f) = m—1) Zhjzlo Tom—1 [(z —20)™ f (2)] -

Proposition 11.5 Let

where p and q are holomorphic functions in the neighborhood of zg € C and
such that p (z0) # 0 and zo is a zero of order 1 of q. Then

Reszo (f) =

(For more details, cf. [1] 184-186, [3] 62, [5] 155-159, [10] 842-844, [15]
109.)
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11.2 Examples

In the following examples, we will find the Laurent series of the given func-
tion f. We will also specify the nature of the singularity, the radius of
convergence of the series and the residue.

Example 11.6 f (z) =1/z and 2y = 0.

Discussion We immediately have
1
Lf(z)=0+ 2

i.e. the regular and singular part are respectively 0 and 1/z. Moreover,
zo = 0 is a pole of order 1 and Resy(f) = 1. The Laurent series converges
Vze C\ {0}, ie R= 0.

Example 11.7 f(z) =1/z and 2y = 1.

Discussion We first recall the sum of the geometric series. If ¢ € C and

lg] <1, then
D)
— q'VL.
1- 4 n=0

In our case we have

1 1 +oo

Lf(z) = ol vy o Vi ;(_1)71(2 —1)™

The Laurent series of f therefore coincides with its Taylor series and zg = 1
is a regular point. The convergence of the series hold in |z — 1| < 1, i.e.
R =1, and the residue is zero.

Example 11.8 f(z) =1/z% and 2o = 0.
Discussion It is easy to see that zg = 0 is a pole of order 2 and that

1

Lf(z)z;.

The residue is zero and the series converges Vz € C\ {0}, i.e. R = oc.

Example 11.9 f (z) = % + 2 and z = 0.

ZS
Discussion We have that
1 2
L = — 4+ -
)=+,

zop = 0is a pole of order 3, Resg(f) = 2 and the series converges V z € C\{0},
ie. R =o0.
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Example 11.10 f (z) = and zp = 0.

1
2242
Discussion We write (using the formula for the sum of the geometric se-
ries)

1 1 1 1

242z 2z+1) 2z z+1

1 X
=Y = L)
n=0
for every 0 < |z| < 1 (i.e. R =1). Furthermore, zp = 0 is a pole of order 1
and Reso(f) = 1.
Example 11.11 f (z) = e* and 2o = 0.

Discussion Letting y = 1/2z we get, since

1t n
WY
n!’
n=0
that
+oo —+oo
1 11 11
—ez = [, e = I
fE=et =L@ =Y o = Y

We therefore have that zp = 0 is an essential singularity for f, Reso(f) =1
and the series converges Vz € C\ {0}, i.e. R = 0.

Example 11.12 A function f may seem to have a singularity at zo, but
when properly redefined this is not the case. In this case we speak of a
removable singularity. For example, zo = 0 is a removable singularity
for f(z) =sinz/z, since it is enough to set

sinz Zfz#o

f(z)= e
1= lim 222 jf 2 =o0.

z—0 z

Conclusion: zy = 0 is a regular point and the function f is holomorphic in

C.

Example 11.13 Give an example showing that not all singularities are
poles or essential singularities.

f(2) = tan (i) .

Discussion Let zp = 0 and
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‘We recall that

tany = co & y:yk:(2k+1)g, keZ

and, hence,
; 1 N 1 2 ( 0. wh 1 )
Z ) =00 z=—=——— (— 29 =0, whenever k — o).
Mz e (2k+ D 0

Therefore, f cannot be written in Laurent series at zy = 0, since then we
should have that the radius of convergence is R = 0. In conclusion, zg = 0
is not an isolated singularity.

11.3 Exercises

In Exercises 1 to 13, one should find the Laurent series of f (or at least
some of its terms), identify the type of singularities, the residue and the
radius of convergence.

Exercise 11.1

sin z

(i) sinz at zp = % (ii) e at zp=0

z . (1

(iii) o2 at zp=1 (iv)  sin (z) at z0=0
242 1 1

(V) % at zZo = -1 (VI) m at zZo = 1
2 1 1

(vii) % at zp=1 (viii) . at zp=0

Exercise 11.2 f(z) = at z1 = 0 and 2y = —2. (Write at least

2(z+2)3
the four first terms.)
Exercise 11.3
(i) (Zcoj jr) at zo=m (i) z%e'/* at 2z =0

Exercise 11.4 f (z) = 2% e=D " at 29 = 1.
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Exercise 11.5 f(z) = zcos (1) at z = 0.

Exercise 11.6 f(z) = oz at 20 = 1.

(z—

Exercise 11.7 f(z) = Lz at zp = 1.

-1
. 1
Exercise 11.8 f (z) = ——=— at 20 = 1.
cos? (fz>
2
log(1
Exercise 11.9 f (z) = M at zp = 0.
sin (22)

1
Exercise 11.10 f (2) = e(!/#) sin <> at zp = 0.

z
sin z
Exercise 11.11 =———at z=0.
x 1) z(ez—1) =
sin z

Exercise 11.12 f(z) = 5 at 2o = 7.

(z =)
Hint: observe that sinz = —sin(z — ), Vz € C.
sin z

sin(z2)

two terms of the Laurent series).

Exercise 11.13 f (z) = at zp = 0 (it is sufficient to give the first

Exercise 11.14 Let f (z) = log(1 + 2).
(i) Find the largest domain in C where the function f is holomorphic.
(ii) Find its Taylor series at zp = 0 and zp = i. Give, in both cases, its
radius of convergence.
sin(z% + 1)
1)
(i) Find all singularities of f and determine the nature of these singularities.

Exercise 11.15 Let f (z) =

(ii) Find the residue at all these points.

(iii) Find the radius of convergence of the Laurent series at these points.

Exercise 11.16 Let f (2) = log(1 + 2?).

(i) Find the largest domain in C where the function is holomorphic
(justify your answer).

(ii) Compute the Taylor series of f at zp = 0 (what is the radius of
convergence and the terms in 2" when n =0, 1,2, 3).
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Exercise* 11.17 (L’Hépital rule) Let f and g be holomorphic functions
in the neighborhood of zy such that

f(20)=9g(20)=0 and ¢ (2)#0.

Prove that

Exercise* 11.18 (Liouville theorem) (i) Show that if f is holomorphic and
bounded in C, then f is constant.

(ii) Give an example of a real analytic function, namely, a function of
the form

f(x)= Zanx", VzeR
n=0

which is bounded but not constant.
Hint: (i) Apply the remark following Definition 11.2 to deduce that

o r(n)
fz)= ZfT(O)z", VzeC.

n=0

(ii) Write Cauchy integral formula for f(™)(0) on a circle of radius R
centered at 0.

(iii) With the help of the previous question prove that

nl 27 )
1001 < g [ @] an

(iv) Conclude that f(™(0) = 0, for every n > 1.



Chapter 12

Residue theorem and applications

12.1 Partl

12.1.1 Definitions and theoretical results

Theorem 12.1 Let D C C be a simply connected domain, v be a piece-
wise reqular simple closed curve contained in D (cf. Figure 12.1). Let
21,0, Zm € 1INty (2 # 25, if i # j)and f: D\ {z1,--- ,zm} = C a
holomorphic function, then

/f (2)dz = QWiiReszk_(f)
v k=1

where Res,, (f) is the residue of the function f in zj .

Figure 12.1: Residue theorem

(For more details, cf. [1] 150151, [3] 64-65, [5] 201-202, [10] 865-866, [15]
77.)
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12.1.2 Examples

Example 12.2 Let D be as in the theorem. If f is a holomorphic function
in D, we deduce from Cauchy theorem that

/ f(z)dz=0.

.

Example 12.3 Let D and~y be as in the theorem and f (z) = 1/z. Compute
£ () e

Discussion Case 1: 0 € int~y. We have Reso(f) = 1 and thus

/7f (z) dz = 2mi.

Case 2: 0 ¢ inty. Cauchy theorem implies

Lf(z)dz:O.

Case 3: 0 € . In this case the integral is not well defined.

Example 12.4 Let D and v be as in the theorem and

2 3 1
f@ =S+ 3+

Bvaluate [ f (2)dz.

Discussion We can observe that the singularities of f are in z = 0 and
z = 1. It is clear that Reso(f) = 2 and Res;(f) = 3. We consider five cases.

Case 1: 0,1 € int y. We immediately find
/ f(z)dz = 2mi(2 + 3) = 10mi.
.
Case 2: 0 € inty and 1 ¢ int~y. We obtain
/f (2) dz = 4.
gl
Case 3: 1 € inty and 0 ¢ intvy. We get
/ f(z)dz = 6mi.
v
Case 4: 0,1 ¢ inty. We find

Lf(z)dzzo.

Case 5: 0 € v or 1 € . In this case the integral is not well defined.
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12.2 Part II: Evaluation of real integrals

Application 1 We first show how to compute integrals of the form

27

f (cos@,sin ) df
0

where f:R? — R is such that

f(x,y) =

P and Q being polynomials and
Q(cosb,sinf) #0, VO e]l0,2n].

Discussion We set z = e’ and we recall that

) e 4e 0 1 +1
cos = ———=—-|2+-
2 2 z
- ew_e—ie 1 1
n = — == —-— .
° 2% % \* " 2
Note that
1d
d@zf—z.
1 Z

Let « be the circle of radius 1 centered at the origin and

f(z)ilzf@ (eri),le(zi))

It follows from the residue theorem that

/ f(z) dz = " f (cosB,sin @) do = 27i i Res., (]F‘V)7
¥ 0

k=1
where zj, are the singularities of fin the interior of v (cf. Figure 12.2).

(For more details, cf. [1] 155, [3] 65-66, [5] 203-205, [10] 868-869.)

db

Example 12.5 Compute fozﬂ o0
cos
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Fahis
NS

Figure 12.2: Application 1

Discussion We here have
1
s 0.sinf) = —
f(cosf,sin ) 3+ 0050

and, recalling that z = e/,
~ 2 2

IO = T T D) " e 2B 2=v)

The singularities of J"v are
21 =—(2+\/§) and 2o = V3 —2.

Only z,, which is a pole of order 1, lies in the interior of . We therefore
get

T 2(z+2—/3) _ 1
Ress,(F) = zj%a i(z4+24+V3)(2+2-V3) V3

/2” do 1 or
—  —omi——— =
o 2+ cosf i3 V3
Application 2 Let a > 0, P and Q be polynomials verifying
Q(x)#0,Vr €R and deg@ —degP >2

(deg denoting the degree of the polynomials). We want to evaluate integrals
of the form
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We set )
P(z) .,
f(z)= e,
B=20
Under our hypotheses the integral is well defined and it follows from the
residue theorem that

+oo m
/ f(x)da:zQwiZReszk(f),

e k=1

where zy, are the singularities of f lying in the upper half plane (i.e. Im z >

0).

Ay

av

Figure 12.3: Application 2

2
Example 12.6 Evaluate fjoos 16:1 5 d.
T

Discussion The discussion is divided into two steps. The first one applies
to the general setting, while the second one applies to the example.
Step 1. Let r > 0 and
r.=C,.uUlL,

where (see Figure 12.3)

C.={2€C:|z|=rand Imz > 0}
r={2€C:—r<Rez<rand Imz=0}.

We choose r sufficiently large so that all singularities of f lying in the upper
half plane are in the interior of ', (note that, since @ (z) # 0, Va € R, the
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function f has no singularity on the real axis). The residue theorem leads
to

/ f(2)dz =2miy Res., (f),
Iy k=1

where zj, are the singularities of f lying in the interior of I',.. It is fairly
clear that our hypotheses imply that

+oo
lim f(z)dz=0 and lim f(z)dz = / f(x)dz.
=00 Jo r—oo Jr 0

Combining all these results we find
+oo m
/ f(x)d;v:2m'ZReszk(f).
- k=1

Step 2. Let us now return to the example (here a = 0) that satisfies all
the hypotheses. The (complex) zeroes of @ are given by

16+24 =0 & 2* =162 o 2 =2:07H0)% 5 =0,1,2,3,
i.e. _ .
21 =2e'T =2 +iV2 29 = 2e'T = /2 +1iV/2
33:2ei%:— 2 —iv2 Z4=2€i%=\/§—i\/§.
These are poles of order 1 of f where

2

Te) =15

Only z; and z are in the upper half plane and thus

+o0 JC2 .
[m To g do = 2mi [Res., (f) + Res., ()] -

We next compute the two residues, with the help of Proposition 11.5. We
immediately have

22 1 1 1+
Resz = 71 = — = =
() 428 Az 4(140)V2  8iV2
23 1 1 o 1—i

R = PV N - RN
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and thus

65 o = 2mi (Res, (f) + Rese, (f) = ==

/+°° 22 ™2
4

— 00

(The example could have been treated without the use of the residue the-
orem.)

(For more details, cf. [1] 156, [3] 69-71, [5] 208-212, [10] 873-877.)

12.3 Exercises
Exercise 12.1 Let v C C be a piecewise regular simple closed curve. Eval-

uate in terms of ~
/ez% dz.
¥

Exercise 12.2 Let v be a piecewise regular simple closed curve. Compute
the following integrals in terms of

1
L (z—i)(z+2)2(z — 4) dz

2492241 :
/72 + Z+3 dz and /62 dz.
5 (2—3) iy

Exercise 12.3 Evaluate
/+°° dx
—oo Coshz’

Hint: (i) Let R > 0 (cf. Figure 12.4) and vy be the boundary of the
rectangle (—R, R) x (0, 7). Evaluate, with the help of the residue theorem,

A

—R 0 R

Figure 12.4: Exercise 12.3
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/ dz
. cosh z

(ii) Assuming that

lim / [P —
L—#oo Jy cosh(L +iy)
conclude.

Exercise 12.4 Let v be a piecewise regular simple closed curve. Find the

value of )
1 — i7?
_——dz.
[y 2(z+14)(z — 1)2 i

Exercise 12.5 Let v be a regular simple closed curve contained in the disk
of radius 2 centered at z = 0. Evaluate

/ tan z dz.
~

de
V5 —sinf
or cos fsin (26)
O 5+ 3cos(20)

Exercise 12.6 Evaluate f027r

Exercise 12.7 Compute
o cos? 0

0 13— 5cos (26)
o sin? (560/2)

O sin?(0/2)
Exercise 12.10 (i) Let n € N and

(2 — 1)2” (22” + 1)
Z2n+1 :

Exercise 12.8 Compute

Exercise 12.9 Evaluate

h(z)=

Show that Resg(h) = 2.

(ii) Invoking the residue theorem evaluate the integral

27
/ (1 — cos6)" cos (nh) do.
0

Exercise 12.11 Let p € (0,1). Compute

/271’ d&
o 1—2pcos®+p?’
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Exercise 12.12 (i) Let z = re’®. Prove that
[T+ 2% > |rf —1].

(ii) Let C, be the upper half circle of radius » > 1 and centered at 0.
Show, with the help of (i), that

22
lim / dz| =
r—oo | Jo 1+ 26

+o00 2
/ Lﬁ da.
oo 142

Exercise 12.13 (i) Let 6 € [0,7], 7 > 0 and z = re'’. Prove that |e*| < 1.
(ii) Let z = re’® € C. Show that

(iii) Calculate

rt—16 < |16 + 2*|.

(iii) Establish, invoking (i) and (ii), that if @ € [0, 7], 7 > 2 and z = re®?,
then

iz

1
rt—16"

e
16 + 24

(iv) Let C, be the upper half circle of radius > 2 and centered at 0.
Deduce from (iii) that

=0.

i | [

(v) Using (iv), compute

+o0 +o0 .
/ cosa:4d$ and / smx4dm
oo 16+ oo 164z
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Chapter 13

Conformal mapping

13.1 Definitions and theoretical results

Definition 13.1 Let D C C be open. We say that f : D — f(D) =D* C C
s a conformal mapping from D onto D* if

(i) f is one-to-one and onto from D onto D*,

(ii) f is holomorphic in D,

(i1i) f'(2) #0,Vz € D.
Remark The definition of conformal mapping that we adopt here is not
the usual definition (cf. [1] 6776, [3] 20-22, [5] 427-434, [10] 882-886), but

it is equivalent. However, in [5] 432, we find the same definition and it is
shown (in [5] 429) that (i) + (ii) = (iii).

Definition 13.2 (Mobius transformation) A Mdébius transforma-
tion is a map of the form

az+b
cz+d

2= f(2) =

where a,b,c,d € C with ad —bc#0 (= ¢#0 ord #0).
Proposition 13.3 Let ad — bc # 0 and

az+b
cz+d’

f(z) =

(i) If e £0,
N=C—-{-d/c} and Q" =C-{a/c},

101
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then the Mobius transformation is a conformal mapping from Q onto Q2*.
(i) If c=0 (= d#0), then f is conformal from C onto C.

Proposition 13.4 Fvery Mdbius transformation maps circles and lines
onto circles and lines.

(For more details, cf. [1] 76-89, [3] 8, [5] 436459, [10] 887-896, [15] 206
212.)

Theorem 13.5 (Riemann theorem) Let Q # C be a simply connected
domain. Then there exists a conformal mapping from  onto D, the unit
disk (cf. Figure 13.1). Furthermore, if the image of a point zy €  is
fized, for example f(z) = 0 and f'(z0) > 0 (i.e. Ref' (z0) > 0 and
Im f’ (29) =0), then such a map f is unique.

Y, ¥

/F\ D

|V

Figure 13.1: Riemann theorem

(For more details, cf. [1] 229-249, [5] 485-504, [15] 224.)

13.2 Examples

Example 13.6 The function f(z) = z is obviously a conformal mapping
from C onto C.

Example 13.7 f (z) = Z is not a conformal mapping.

Discussion It is enough to observe that f(z) = Z is not a holomorphic
function.

Example 13.8 (i) Let z,w; € C, i = 1,2,3, with z; # zj, w; # w;, if
i # j. Find a Mébius transformation f such that f(z;) = w;, i = 1,2,3
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(i.e. Mdbius transformations are fully characterized when one prescribes
three different points and their three different images).

(i) Find a Mobius transformation from Q = {z € C : Rez > 0} onto
D={zeC:|z| <1}.

Discussion (i) If f(z;) = w;, i = 1,2, 3, then necessarily

f(z)—ﬂh_ W3 —Wz _ 272 23— %2 (13.1)
wy —we  f(2)—ws 21—20 z—23
Set
23— % w3 — W
_ %3 2 nd 3= 3 2
21 — 22 w1 — W2

We deduce from (13.1) that
Blf (z) —wr](z = 23) = a[f (2) —ws] (z — 1)
which implies
f(2)[(B—a)z— Bzz+ az] = Pwi(z — 23) — aws(z — 21)

and thus
(Bwy — aws)z + (cwsz — Pwy23)

=)= (8 —a)z+ az — Bz

‘We hence have the result
az+b

cz+d

f(z) =

setting
a = PBw; —aws b= aawsz — Pwizs

c=p—-« d=qaz — [z3.

(ii) We look for a map of the form

az+b
We choose, for example,
lei, ZQZ—i, Z3=0

(which all belong to the imaginary axis, i.e. Rez = 0) and

wlzi, wngi, w3:1
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(which all belong to the unit disk, i.e. |w| =1). We then use (i) to get

. . ai+b
f(z)_z_cz#d. 2 = —2¢
Floi) = —i= 290 ) o = o
—ci+d b—d
b =
0)=1=-
) =1=2
We therefore find that a = b = —¢ = d and hence
z4+1
fe =2

It remains to find out whether f maps 2 onto D or onto the exterior of D.
To prove this we take a point belonging to €2, say z = 1, and we find that
f(2) =00 ¢ D. Thus, the required map, that we call g, is given by

1—2z
g(z)—z+1

(since the map h(¢) = ¢! sends the interior of the unit disk onto the
exterior of the unit disk and conversely).

13.3 Exercises

Exercise 13.1 Let z = x + iy and

1
f(z) = 2
(i) Find w = Re f and v = Im f as functions of z and y.

(ii) Express = and y as functions of v and v (i.e. find the inverse function

of f).
(iif) Let

Ai={2€C:Rez=Imz}, Axs={z€C:Rez=1}

As={z€C:|z—1]=1} and As={z€C:|z—-1|=2}.
Find the image by f of these sets (what is the geometrical meaning of A;
and f(A4;)7).
(iv) More generally, show that the map z — 1/z sends {circles, lines}
onto {circles, lines} (this is nothing other than Proposition 13.4 when

f(z2)=271).
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Exercise 13.2 Find a Mobius transformation that sends
(i)0——-1, 1+i—1, 1—i— —14 24,

(ii) the unit disk onto the exterior of the disk of radius 2 centered at
the origin.

Exercise 13.3 Find a Mobius transformation sending
Q={zeC:Imz >0}

onto
D={zeC:|z| <1}.

Exercise 13.4 (i) Find a Mobius transformation sending
Q={zeC: |z—-2(i+1)| >2}

onto
D={zeC:|z| <1}.

(ii) Find its inverse.
Exercise 13.5 (i) Prove Proposition 13.3. In particular, show that

FL(w) = —dw+b

cw—a

(ii) What happens to a Mobius transformation if ad = be?
Exercise 13.6 The Joukowski transformation is given by

1
fz)=z+ .

(i) Find Re f and Im f.

(ii) Find the image by f of the circle |z| = a, a > 0.
Exercise 13.7 (i) Show that the function f (z) = e? is conformal from

A={2e€C:0<Imz <7}

onto
Q={weC:Imw > 0}.

(ii) Using Exercise 13.3 and the previous question, find a conformal
mapping from A onto the unit disk D.
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Exercise 13.8 (i) Prove that if u is harmonic (i.e. u € C* (R?) with
Awu = 0), then there exists a holomorphic function g : C — C such that
Reg = u.

(ii) Appealing to (i), show that if u is harmonic and if f : R? — R? is
conformal, then wo f is harmonic (where it is understood that f : R? — R2
f(z,y) = (e, B) is conformal if f(x +iy) = a + if is conformal). Compare
with Exercise 9.10.

Exercise 13.9 Let
Q={(z,y) eR?*: 2,y > 0}
O ={(z,y) eR?:y >0}
D={(z,y) eR*: 2% +y* < 1}.
(i) Show that
z—1

h(z) = P

is conformal from O onto D. Find the real and imaginary parts of h=!.
2

(ii) Prove that the map g (z) = 2* is conformal from © onto O. Find

the real and imaginary parts of g—1.

(iii) Find a conformal mapping f from Q onto D.

Exercise* 13.10 Show, invoking Liouville theorem (cf. Exercise 11.18),
that there cannot exist a conformal mapping from C onto the unit disk.



Part 111

Fourier analysis
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Chapter 14

Fourier series

14.1 Definitions and theoretical results

Definition 14.1 We say that f : R — R is piecewise regular (cf. Figure
14.1) if it is piecewise regular on every compact set of the form [a,b]. This
means that

(i) f is piecewise continuous on [a,b], namely, there exist
a=ag < ay <~~~<an+1:b
such that, Vi=0,1,---,n, f|(ai,ai+1) s continuous,

lim f(z) = f(a; +0) and lim f(z)=f(ai;1—0)

T >a; Tai41
xr>a; r<a;4+1

exist and are finite;

X

Figure 14.1: Piecewise regular function
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(i) f' exists and is piecewise continuous on (a;,a;y+1) and

Jim f (@) = f' (0 +0) and  lim f'(2) = f'((ai1—0)
T>a; r<ait+1

ezxist and are finite.

Definition 14.2 Let T > 0, N > 1 be an integer and f : R — R be a
bounded function, T—periodic (i.e. f(x +T) = f(x), Va) and integrable
on [0,T]. Let n € N and

9 (T
an:T/ f(x)cos(%x)dm, n=20,1,2---
0

2 [T o
bp=— [ f(z)sin(3rz)de, n=1,2-

(i) The quantity

N
2 2
Fy f(x) = % + Zan cos <;nx> + by, sin (;n$>
n=1

is called the partial Fourier series of order N of f.

(i) The limit of Fn f (z), when it exists, is called the Fourier series
of f and we denote it by

Ff(z)= lim Fy f(z)= a;+i{ancos <22}nw> + by, sin (Tm)}

N—oo
n=1

Theorem 14.3 (Dirichlet theorem) Let f : R — R be a piecewise reqular
T —periodic function. Let a, , by, and Fn f be as in the previous definition.
Then the limit F f (x) exists for every x € R and

fa+0)+f@=0) o

Ff(x) =
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(where f(x+0) = ?}gr}gf (y) and f(z—0) = ;Lmzf (y)). Hence, in particular,
y>x y<x
if f is continuous at x, then

Ff(z) = f(z).

Moreover, if f' is continuous, then the convergence to f of the above series
s uniform.

Corollary 14.4 Let f : R — R be a piecewise reqular T'—periodic function.
Then Ff is T—periodic and the three following statements hold true.

(i) If f is even (i.e. f(x)= f(—x), Vz), then b, =0 and

[ee]
2
Ff(z)= %—FZancos <;nx) .
n=1

(i) If f is odd (i.e. f(z)=—f(—x),Va), then a,, =0 and

Ff(z) = ibn sin <2;"x) .

n=1

(i4i) The series can be written as a complex series

oo T
Ff(z)= Z cn€ T where ¢, = %/ f(z) e 7% dg.
0

n=—oo

Theorem 14.5 (Term by term differentiation) Let f : R — R be a
continuous T—periodic function such that f' is piecewise reqular. Let

= 2 2
a270 + ,;1 {an cos (?m) + b, sin (?w) }

be its Fourier series. Then the series obtained through term by term differ-
entiation of the Fourier series of f converges and Vx € R

#'(z +0) -;— flz—0) _ i %Tn {bn Cos <2;n$> — G Sin (27;1:8) } '

n=1
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Theorem 14.6 (Term by term integration) Let f : R — R be a piece-
wise reqular T—periodic function. Let

ag > 2mn . 2mn
> + Z {an cos <T$> + b, sin (Tx> }

n=1

be its Fourier series. Then, for every xqg,x € [0,T] the following holds

z ~ [Tag = (7 2mn . (2mn
/zof(t)dt_/xo 2dt+,;/zo {ancos( T t>+bnsm( T t>}dt.

Furthermore, for fived xq, the convergence is uniform.

Theorem 14.7 (Parseval identity) Let f : R — R be a piecewise regular
T—periodic function. Then

2 o0
2 _ Qg E 2

Corollary 14.8 (Cosine Fourier series) Let f : [0, L] — R be a piecewise
reqular function. Then the following series converges

F.f = a() + Z ay, COS (—x)

n=1

-2 [ e ()

Moreover, for every x € (0,L) where f is continuous, the following holds

Fef (x) = f ().

Corollary 14.9 (Sine Fourier series) Let f : [0,L] — R be a piecewise
reqular function. Then the following series converges

= nij:l b, sin (%ax)

where
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where

2 [k . (TN
by = f/o f(y)sin (fy) dy.
Furthermore, for every x € (0, L) where f is continuous the following holds
Fof(x) = f(2).
(For more details, cf. [2] 61-73, [6] 239-293, [8] 51-64, [9] 53-69, [10] 582—
605, [11] 262-281, [12] Chapters 1 to 4, [14] Chapters 2 and 3.)
14.2 Examples

Example 14.10 Find the Fourier series of f (z) = cosx with T = 2.

Discussion We immediately note that the function being even, we have
b, = 0, Yn. We also observe that a,, =0, Vn # 1 and

27
a; = — cosxcosxdr = 1.
™ Jo

We therefore have
Fof=0, Ff=coszx, Fnf=Ff=Ff=cosz, VN.

Example 14.11 Let

1 dfzelo,m)
f(x)_{o if x € [m,2m)

be extended by 2w —periodicity to R. Find the Fourier series of f, compare
Ff and f. Fvaluate the series

e
= 2n+1

Discussion We first determine the Fourier coefficients, namely

1 [ 1
an:,/ cos(nx)dmz[
™ Jo '/T n
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1 [ 1[- T
- / sin(m)dx:[ws(?m]
0 Q0 0

n

0 ifniseven
= —[1-(=D"=9 2

nm

if n is odd.

We therefore have
2 S sin(@at ) 1 ifze(0,m)
n+
e = if 2
Ff 5 WZ 2n—|—1 0 ifxe(m2m)
n=0 1/2 ifx=0,m27

and in particular, if z = 7/2,
o n
z:: 2n + 14

Example 14.12 Find the Fourier series of

f(x):{ xf Zcii;—mﬂ

for x € (—m, x| and extended by 2w —periodicity. Compare Ff and f. Com-

pute
>
72 .
n=1 n

Discussion (i) We first observe that, since the function is odd, all the
coefficients a,, = 0. For n > 1, we get

1 [" 2 [T
bnzf/ gsin(mc)da::;/o gsin(nx)d:ﬂ

T™J

2 [ - o2 7 —1)n-t
== [m cos (n:c)] + —/ cos (nz) dr = = .
T | 2n o T Jo 2n n

Since the hypotheses of Theorem 14.3 are satisfied, we find

> (_1 n—1

Ff(x)=f(z) = +Sin(na:), Vo € [-m, .

=1 2 /7r x? 12217 w2
n?2 27 4 T 12] 6

n=1
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Example 14.13 Let

T—x ifg<33§7r.

{ x  f0<z<T

Find its Fourier series in sines. Compare Fsf and f. Can we differentiate
the series term by term?

Discussion We apply Corollary 14.9 with L = 7 and get, forn =1,2,--- |

2 (" i fisin nmw
:;/0 f(x)sm(m:)da:—n27T (nm/2).

We thus find b, = 0 and

A=1"

bops1 = "t
T O+ 1)

We therefore obtain

(oo} ’IL

Z 2n+1 sm((2n—|—1)x).

The function f being continuous on [0, 7] and f(0) = f(7) = 0, we can
extend it in an odd way to [—m,0] and then by 2w —periodicity to R. The
function that we obtain in this way is therefore continuous and its derivative
is piecewise regular. We can therefore apply Theorem 14.5 and differentiate
term by term its Fourier series. We thus deduce that, for every x € (0, )
except x = /2,

f(x) = T;)MCOS((Qn—&— 1)z).

Example 14.14 Let f be the 4w—periodic function defined by

0 ife =27
—(r+x)/2 if —2r<2x<0
fx)= 0 ife=20
(m—x)/2 f0<z<2rm
0 if x = 2m.

Find its Fourier series. Compare Ff and f. Can we differentiate the series
term by term?
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Discussion Since f is odd, we have that a,, = 0 and

) 2m 1 2

n = f( )sm(nm)d:c:; ; f (z)sin (nx) dz
1 2”7r—a: 1

_;/0 5 s1n(na:)dx—g

We therefore get

Ff) =)=y 20

Differentiating the series term by term, we find, for z € (=27, 27),

) , Vo € [-2m, 27].

(x) = i cos (nz) although f'(x) = _71 if z #0.

n=1

The above series clearly diverges. We have, however, no contradiction with
Theorem 14.5, since f is not continuous at x = 2nw, n € Z.

14.3 Exercises

Exercise 14.1 (i) Find the Fourier series of f (z) = ¢(*~™ on [0,27) and
extended by 27 —periodicity.

(ii) Invoking Dirichlet theorem compare F'f and f on (0,27).
(iii) Using (i) and (ii) prove that

sor
71:21—1—712 T em—e T

Exercise 14.2 (i) Find the Fourier series of f (z) = (z —7)? on [0,27) and
extended by 2w —periodicity.

(ii) Appealing to Dirichlet theorem compare F'f and f on [0, 27].
(iii) Deduce that

3

2

=1 w2
— d — = —.
an ;ﬁ c
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Exercise 14.3 Let f : R — R be the 2r—periodic function defined by

sint ingth

T 3T
= 0 if — <t< —
f@® 1 2< <2

3
sint ifg <t<om

Find its Fourier series.

Exercise 14.4 Let f : R — R be the 2—periodic function defined by
f@)y=t iftel0,2).

Find its complex Fourier series.

Exercise 14.5 (i) Find the Fourier series for the 27w —periodic and odd
function defined by

f@)=z(r—2z) ifzel0n].

(ii) Invoking (i) and Parseval identity, evaluate

i 1
—1)6 "
— (2n—1)
Exercise 14.6 Appealing to Parseval identity, prove that
e
3
/ cos*xdr = S
. 4

Exercise 14.7 (i) Write the Fourier series of the 2r—periodic function
defined by
f(x)=|z| fze[-mmr).

(ii) Evaluate the following two series

=1 > 1
;F and ;7(%%’_1)4.

Exercise 14.8 Find the Fourier series of f (z) = |cosz| and compute

> 1
;41@2—1'
=1
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Exercise 14.9 Let f be the 2r—periodic and even function such that
f(t)=sin(3t) iftel0,n].
Find its Fourier series.

Exercise 14.10 (i) Let o € R\Z be given. Find the Fourier series of the
2m—periodic function defined by

f(z) =cos(az) ifze[-mmn).

(ii) Deduce that

o0

) S —
n?—a?2 202 2atan(ar)’

n=1

Exercise 14.11 (i) Find the complex Fourier series of the 2r—periodic and
odd function given on [0, 7] by

T ifogxgg
f(z)= o
T—x 1f§<x§7r.

(ii) Deduce that for a > 0 the following result holds, for every x €
[—G,CLL

—+00 k .
4 (—1) riz(2k—1)
P Y gt

(iii) Evaluate
+oo 1

2 2k —1)2

k=—o0

Exercise 14.12 Let f be the 2r—periodic function such that
fl@)=az+7 if —7 <z <.
(i) Compute

@)= Faf @)] fora=—m,~3.0,5.m.

2
(ii) Evaluate (with the help of Exercise* 14.13 below)

/0 1 @) - B (o) de.
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Exercise* 14.13 Let f : R — R be a piecewise regular 2w —periodic func-
tion. Let a, and b, be its Fourier coefficients and

N
Fyf(z) = ajo + Z (an, cos (nx) + by, sin (nz)) .

n=1

(i) Prove that

/ﬂ|f(m)—FNf(x)|2d$:/W(f(ac))de—w
0 0

(ii) Establish Bessel inequality

M‘ow

Z a2 1 12) %/O " (f (@))2ds.

Hint: (i) Show that, for every k =0,1,--- | N,

2
/ Fn f (x) cos (kx) de = may,
0

2m
Fy f (z)sin (kx) de = wby, .
0
(ii) Observing that
27 ao 27
Fyf(z)cos (kx)dx = > cos (kz) dx
0 0
2m
+ Z an/ cos (nx) cos (kz) dx
n=1
N 2m
+ Z b, / sin (nz) cos (kx) dz
n=1 0

prove that
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(iii) Show that
27

2 N
() Fnf (z) dq::ﬁ{a;—I—Z(ai—&—bi)}.

0 n=1
(iv) Deduce the result from the two previous observations.

Exercise* 14.14 Let f : R — R be a continuous T'—periodic function. Let
a, and b,, be its Fourier coefficients.

(i) Prove that if f € C', then there exists a constant ¢ > 0 such that

(ii) More generally, if £ > 1 and if f is C*, show that there exists a
constant ¢ > 0 such that

&
|an‘7 |bn|gﬁa n:172a"'
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Fourier transform

15.1 Definitions and theoretical results

Definition 15.1 Let f : R — R be a piecewise continuous function (cf. De-

finition 14.1) and such that fj;o |f (z) |dx < co. The Fourier transform
of f is defined by

—~ 1 +oo iay
5@ =Fla)=—=[ seeray

Remark Some authors define the Fourier transform by replacing the coef-
ficient 1/4/27 by 1 or by 1/27 and sometimes e~ ‘¥ by e=27¢V,

Theorem 15.2 Let f,g : R — R be piecewise continuous functions such
that

+o0 400
/ If () |dz < 00 and / lg (z) |dz < oco.

The following properties then hold.

(i) Continuity. The function f: R — C is then continuous and

lim ‘f(a)‘ =0.

|| — o0

(i) Linearity. Let a,b € R, then

S (af +bg) =aF (f)+0F(g).

121



122 Fourier transform

(iii) Differentiation. If, moreover, f € C*(R) and f_+O°: |f (z)|dz <
oo, then

F(f) (@) =iaF(f)(a), YaeR.
More generally, if n € N, f € C™ (R) and

+oo
/ \f(k) (z)|dx < oo for every k=1,2,---,n,

then

F(f™) (a) = (i) F(f) (@), YaecR.

(iv) Shift. If a,b € R, a # 0, and
h(z) =e ™ f (ax)

then

(v) Convolution. Let the convolution product be defined by

f*g(w)=/_oo fx—t)g (1) dt

then

S(fxg)=V2rF(f) T (9)-

(vi) Plancherel identity. If, in addition,

+oo
/_ (f (2))? dz < oo,

then
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Theorem 15.3 Let f: R — R be a continuous function such that

/+OO If () |de < o0 and /+°0 ‘f(a)‘da < 0.

—00 — 00

(i) Inversion formula. The following formula holds

1 oo iQax
fa)=—o=[ Fleyea

(ii) Cosine Fourier transform. If f is even, then

—+o0
\/7/ ) cos (ay) dy

+o0 A
\/>/ ) cos (azx) da.

(iii) Sine Fourier transform. If f is odd, then

+oo
\/7/ ) sin (ay) dy

+oo A
\/>/ ) sin () dav.

(For more details, cf. [2] 79-89, [6] 467-484, 503, [10] 617-635, [12] 246264,
[13] 1-9, [14] Chapter 5, [16] 202 204)

and

and

15.2 Examples

f(x):{ 1 if\z|§1

Example 15.4 Let

0 otherwise.
Find the Fourier transform of f.

Discussion Observe first that f is piecewise regular and that

/_J:Of(x)|dx:/_11da;:2<oo.
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‘We have
~ 1 +oo ) 1 r
Q)= — e " Mdy = —/ e 'Y
f (@) M/mf(y) V=72, Y
7 1 |: eiay:| 1 _ 2 eia _ efia
\2r (¢ L aV2r 21
and thus
~ 2 sinw
fla)= T o

Example 15.5 Let f (z) = e ¥l Find the Fourier transform of f. Evaluate

+o00
cos T
[,
oo 142
Discussion We have that f € C! except at 0. Indeed f is continuous at 0

and
, B —e 7 ifx>0
fi@) = { e ifz<O

is piecewise continuous. We also have

+oo +oo +oo
/ |f () |dx:/ e_‘xldas=2/ e Ydr =2 < o0.
0

—00 — 00

We can therefore compute fand find

Flor=— [T rwemay= L [T e
o) = —— e = — e e
27 J—o 4 4 V2T J oo Y
0 “+o0
_ / evi=ie) g 4 L ey(1+ie) gy
V2T J oo V2 Jo
1 ey(l—ia) 0 e—y(l-i—ia) +oo
Vo [(1—1@&)] . [(HZ@)]O '

Since a € R, we get

lim |e” (i)Y — Jim e ¥ =0
y—+00 y——+00
lim e(lfm)y’ = lim =0
Y——00 Yy——00
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fo- i s

+o0
/ ‘]?(a)‘ do < 00

— 00

and thus

Note that

and therefore Theorem 15.3 (i) leads to

e—|r|_1/+°° /Qawda_l/ﬂoemda
CVor) oo Vaol+a2 w1402

In particular, if z = 0, we have f (0) = 1 and hence

1_1/+°° do
Cr ) 14a?’

If x =1, we find

1 1/*00 el J 1/+°° cosa_ +i/+°° sin a J
- == — da = — — aa + — — da.
e TJ)_ o 14+a? T o 14+a? T o 14+a?

We therefore deduce that

Foo s +oo
/ e a2 da=0 and T_ / cose O; da.
oo 1+ e oo 1+

15.3 Exercises

Exercise 15.1 Find the Fourier transform of the function

0 if 0
ﬂm={eﬂ .

if > 0.
Exercise 15.2 Let f: Ry — R be given by
f(x) =e"cosx.
(i) Find the cosine Fourier transform of f (extended as an even function
to R).

(ii) Find the sine Fourier transform of f (extended as an odd function
to R).
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Exercise 15.3 Prove (iii) of Theorem 15.2 under the further hypotheses

lim ‘f(k) (y)‘ —0, k=0,1,--n—1.

ly|—o0
Exercise 15.4 Show (iv) of Theorem 15.2.
Exercise 15.5 Prove (ii) and (iii) of Theorem 15.3.

Exercise 15.6 Under the hypotheses of Theorem 15.3, show that if f is
continuous and even, then

~
o~

FEH @O =5H B =F@t)=rf).
Hint: observe that if f is even, then fis even.

Exercise 15.7 Let
g(z)=2a"f(z).

Assuming that all formal computations are allowed (in particular, we as-
sume that the function g satisfy the hypotheses of Definition 15.1), prove
that

(9) (@) =i"F™ (f) ().
Exercise* 15.8 Show (v) of Theorem 15.2.
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Laplace transform

16.1 Definitions and theoretical results

Definition 16.1 Let f : Ry = [0,4+00)— R be a piecewise continuous
function (extended to R so that f (z) =0, Vz <0) and v, € R be such that

+oo
/ |f () ]e 7ot dt < o0
0

(7o is called an abscissa of convergence of f). The Laplace transform
of f is defined by

+o0o
L(f)(z)=F(z)= ; f)et#dt, Vze€O

where
O={2€C:Rez>~v,} and O={z€C:Rez>,}.

Theorem 16.2 Let f,v, and O be as in the previous definition. Let g :
R+ — R be piecewise continuous (with g () =0, Vo < 0) such that

—+oo
/ lg (t) |e” Yot dt < oo.
0

Then the following properties hold.
(i) Holomorphy. The Laplace transform F of f is holomorphic in O
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and

+oo
F'(2) = 7/0 tf(t)e t*dt=—-L(h)(z), VzeO

where h(t) =tf (¢).
(i) Linearity. Let a,b € R, then

Llaf+bg)=al(f)+bL(g).

(iii) Differentiation. If, moreover, f € C*(R,) and

+oo
[ rwle e <o,
0

then
L(f)(z) =2z L(f) (=) = f(0), VzeO.
More generally, if n € N, f € C"(Ry) and

—+o0
/ |f(k) (t) |e” "ot dt < oo, for every k=0,1,2,---,n,
0

then

n—1

S(fM) (2) = 2" £(f) (z) = Y_ X fFD(0), vzeo.

k=0

(iv) Integration. If f € C(R), 7o > 0 and

s@(t)=/0 £ (s) ds,

then
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(v) Shift. If a > 0, b € R and
p(t) = " f(at),

then

20)(2) = L 2(p) (”b), ¥ such that Re<zz:b> > 0.

a

(vi) Convolution. Define the convolution product as

too t
fro@= [ se=s9@ds= [ fe-sg)as

— 00

Then

L(fx9)(2) =L(f) () £(9)(2), VzeO.

Theorem 16.3 (Inversion formula) Let f be a continuous function such
that f(0) =0 (f(t) =0ift <0) and let F(z) = £(f) () be its Laplace
transform. If

“+oo —+oo
/ If (t)|e” 7" dt < o0 and / |F'(y+is)|ds < oo
0 —o00

for a certain v € R, then

+oo
5 F(y+is)ets)tds = f(t), VYteR.
™ —00

(For more details, cf. [2] 91-109, [3] 75-83, [6] 529-549, [10] 242-300, [16]
35-70.)

16.2 Examples

Example 16.4 Let f (t) =1 fort > 0. Find the Laplace transform of f.
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Discussion We first observe that any v, > 0 is an abscissa of convergence

since
0 Yo o Yo
We then find
+00

+oo e—tz 1
L‘,(f)(z)z/ e dt = — =, if Rez > 0.
0

z

0

Example 16.5 Find the Laplace transform of f(t) = e* if t > 0 and
a €R.

Discussion We immediately find

a—z)t +oo 1

= , if Rez > a.
o z—a

e(

+oo
s(NE= [ -

a—z

Example 16.6 Find the Laplace transform of f (t) = t> if t > 0.

Discussion Note that since f (0) =0, f/(0) =0 and f” (¢) = 2, then
(") (2) = 22L(f) (2) — 2 (0) — f' (0).

Invoking Example 16.4, we find

and thus )
L£(f)(z) ==, if Rez>0.

Example 16.7 Find, appealing to the residue theorem (cf. Theorem 12.1),
a function f whose Laplace transform is

1

P& =T

Discussion This example could be treated in a more elementary way, but
we want to present here a more powerful and more general method. We
proceed into three steps.

Step 1. Define, for t > 0 fixed, the function

F (2) = F(2) e™.
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We first find the singularities of F and calculate their residue. The singu-

larities are in z = —1 (pole of order 1) and z = —2 (pole of order 2). We
easily have

~ - zt

Res-1(F) = lim, (= + DF () = lim 5 ="
~ . d ~ d ezt

Res_o(F) Jim —— (z+2)%F (2)| = -

lim —
A0 (z+1)
— lim M — o2 _ o2t

z——2 (z+1)2
Step 2. We choose v € R such that all singularities of F' are to the
left of the line Rez = . In the particular case that we consider we can
take, for example, v = 0. We next choose r > 0 sufficiently large so that
all singularities of F' (assumed to be a finite number) are in the interior of
I'y,=0C,,UL,, (cf. Figure 16.1), where

Cyr={2€C:|z—y|=rand Rez <~}

L,,={z€C:Rez=vand —r <Imz <r}.
The residue theorem gives

v

/1“ F(z)dz= QWiZReszk (f)=2mi(e" —te® —e ). (16.1)

)
- +ir
Cyr ALy
v

¥ =

Figure 16.1: Example 16.7
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Step 3. Since t > 0, it is not too difficult to show that

lim F(z)dz=0. (16.2)

r—0o0 [
v,T

This last result is true more generally and can be proved for every function
F satisfying, for some constants ¢ > 0 and k£ > 1, and for r sufficiently
large (in our particular case k = 3)

a
|F (2)| < el VzeC, .
Since I'y , = C» U Ly, and
~ +/r. .
/ F(z)dz=1 F(y +is) e0H)t s,
Lo, —r

we obtain, combining (16.1) and (16.2), that (we consider here the partic-
ular case where v = 0)

I : 1 ~ 1 ~

— F(is)e"tds = — li F(2)dz=— F(2)d

o ) (is) e’ ds g L . (2)dz = 5 - (2)dz
= et —tem? — 72,

Appealing to Theorem 16.3, we find that

et —te ™ —e=2 ift>0

SHP) (O=F (1) = { . o

is the function we are looking for.

16.3 Exercises

Exercise 16.1 Find the Laplace transform of the following functions.
(i) f (t) = cos(kt), k € N.
(i) f(t) =t e, aeR.
(iii) Dirac mass. For a > 0, consider the function

. (t):{ 1/a ifte 0,0

0  otherwise.

Evaluate limo L(fa)-
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Exercise 16.2 Find the function f such that its Laplace transform is

1
F(z)zm, a #b.

(One can here proceed directly without appealing to the residue theorem.)

Exercise 16.3 Find the Laplace transform of
f(t)=e % (3cos (6t) — 5sin (6t)).

Exercise 16.4 Find the inverse Laplace transform (if possible without us-
ing the residue theorem) of

4z z

F(Z):m and F(z):m.

Exercise 16.5 Find, invoking the residue theorem, the inverse Laplace

transform of

22

2+

Exercise 16.6 Prove (i) of Theorem 16.2.

F(z) =

Exercise 16.7 Show (iii) of Theorem 16.2, under the further hypotheses
‘f(k) (t)‘ e Yot <e¢, Vt>0andVk=0,---,n—1

for some constant ¢ > 0.

Exercise 16.8 Establish (iv) of Theorem 16.2, under the further hypothesis

“+o0
/ o (£) [e~ " dt < oc.
0

Exercise 16.9 Prove (v) of Theorem 16.2.

Exercise 16.10 Let f be as in Theorem 16.2 and
If ()]e 0t <e, VE>0
for some constant ¢ > 0. If £(f) (2) = F (z), prove that

lim F(z)=0.

Re z— o0
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Exercise 16.11 Let f satisfy the hypotheses of Theorem 16.2 (iii) and let
£(f) (z) = F (z). Show the following properties.

(i) Initial value. If, moreover,
If ()] e 7" <e, VE>0
for some constant ¢ > 0, then

lim zF(z)=f(0).

Rez—o0

(ii) Final value. If, furthermore,

+oo
/0 ()] dt < oo

and lim; .o f (t) exists, then

zF (z)= lim f(¢).

lim
z—0, Rez>0 t—o00
Exercise* 16.12 Establish (vi) of Theorem 16.2.

Exercise* 16.13 (i) Let f be as in Theorem 16.2. Assume that f is
T—periodic. Prove that

T
S(f)(z)zﬁ/o e f(t)dt, Rez>0.

(ii) Using (i), find the Laplace transform of the function

sint f0<t<nm
)= .
0 ifn<t<2m

extended by 2w —periodicity to Ry .
Hint: recall that if |g| < 1, then

Exercise* 16.14 Using the formula for the inverse Fourier transform (cf.
Theorem 15.3), establish Theorem 16.3.



Chapter 17

Applications to ordinary differential
equations

In the present and the next chapters we will show how to apply the results
of the three preceding chapters to differential equations. The way of finding
the solutions is not rigorous, however, the result is true and can be justified
without too many difficulties.

17.1 Cauchy problem

Example 17.1 We wish to find a solution y =y (t) to

azy” (t) + a1y’ (t) +aoy (t) = f(t) t>0
y(0)=yo and y (0)=1m

(17.1)

where ag, a1, az, Yo, y1 € R are given constants (az #0) and f : Ry — R
is given (f (t) =0, if t < 0) with an appropriate reqularity. We will treat
in particular the case where ag =as =1, a1 =0, f(t) =sint, yo =y1 = 1,
i.e. the problem

y' (t)+y(t)=sint t>0
y(0) =y (0)=1.

Discussion We proceed in three steps.

Step 1. We denote the Laplace transforms of f and of y respectively by
F(z)=£(f)(2) and Y (2)=ZL(y)(2).
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We then obtain (cf. Theorem 16.2)

L") (2) = 2°L(y) (2) — 2y (0) — ' (0) = 2°Y — zyo — w1
Ly (2) = 2£(y) (2) =y (0) = 2Y — .

We therefore get

Llazy” + a1y +aoy) = a2(2’Y — 2y — y1) + a1(2Y — yo) + aoY
L£(f)(z) = F(2)
and hence
F (2) + a2yoz + azyr + a1yo
Y (2) = 5 =H(z).
a2z + a1z + ag
. 1

In the particular case F' (z) = P and thus

1 z+1

H(z) =

EESTAREETE

Step 2. The solution is then obtained by taking the inverse Laplace
transform of both sides, i.e.

In the example we have

1 z+1
_ -1
y(t) =< ((z2+1)2 +,z2+1>

(3 1 Lz 1 22-1
B 22241 2241 2(22+41)2

3 . 1
= ismt—l—cost— —tcost.

Step 8. The method is not rigorous. It therefore remains to check that
the solution to (17.1) found heuristically is a true solution. This depends
on the conditions on f and on the coeflicients. It is worthwhile noticing
that the Cauchy problem (17.1) has a unique solution.

Example 17.2 Let A € R, find all solutions to

y' () + Ay (x) =0, >0
y(O0) =y, ¥ (0)=uy1.
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Discussion We consider three cases.

Case 1: A = 0. The problem then becomes

The solution is trivially given by

y(x) = yo + y1.

Case 2: A < 0. From the previous example we get

Yoz + 41 z yi VA
YO ="y ot S 2
=y L (cosh (mﬁ)) (2) + \/% £ (sinh (m\/j)) (2)
and hence

y (z) = yo cosh (mﬁ) + \/yg sinh (mx/j) .

Case 3: A > 0. Invoking again the previous example we obtain

Yoz + Y1 z Y1 \A
YE = T T A 2
=y L (cos (xﬁ)) (z) + % £ (sin (zﬁ)) (2)
and thus

y (x) = yo cos (x\[\) + % sin (zﬁ) .

17.2 Sturm—Liouville problem

Example 17.3 Let L > 0. Find A € R and y =y (x), y £ 0, satisfying

y' (z)+ Ay (x) =0, z€(0,L)
y(0) =y (L) =0.

(17.2)

(Note that y =0 is a trivial solution to (17.2) VA € R.)
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Discussion We start by studying Example 17.2 for fixed A\, namely
(17.3)

To solve (17.2) we still have to impose y (L) = 0 and examine for which
values of A we can find non-trivial solutions. We consider three cases.

Case 1: A = 0. Observe that every solution to (17.3) is of the form, y;
being arbitrary,

y(z) =y

Since we also want y (L) = 0, we find y1.L = 0 and thus y; = 0. Therefore,
only the trivial solution y = 0 satisfies (17.2) with A = 0.

Case 2: X < 0. Every solution to (17.3) is of the form

y(z) = \/y_lj sinh (\/—7)\,@) .

If we also impose y (L) = 0, we must have

\/?J_IT sinh (\/—7AL> =0

which implies y; = 0. Thus, if A < 0, there is no non-trivial solution to
(17.2).

Case 3: X > 0. The solutions to (17.3) are of the form

y(z) = % sin (\F)\x) .

Since we also want y (L) = 0 and a non-trivial solution (= y; # 0), we get
% sin (\f)\L) =0 < sin (ﬁL) =0
& VAL =nm withneN

nm)2

Therefore, for A > 0 there do exist non-trivial solutions to (17.2) provided
A\ = (nmw/L)?, for any n € Z, n # 0. Moreover, the solutions are given by

nm

y(z) = ay sin (Tx)

where a,, is an arbitrary constant.
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Example 17.4 Let L > 0. Find A € R andy =y (x), y Z 0, that verify

y' () + Ay (x) =0, z€(0,L)
Y (0) =y (L) =0.

(17.4)

Discussion This problem is very similar to the previous one (we also use
Example 17.2). We start by considering the system

y' (z) + Ay (z) =0, z€(0,L)
y' (0) =0.
We have to discuss three different cases.

Case 1: A = 0. We immediately find that any solution to (17.5) is of
the form

(17.5)

y(x) =yo.
In particular, for any yo # 0 we have found a non-trivial solution to (17.4)
with A = 0 (contrary to the previous example).

Case 2: A < 0. The general solution to (17.5) is then given by
y () = yp cosh (\/f)w> .

Since y' (L) = yov/—Asinh (V=AL) = 0 can be true only if yo = 0, we
deduce that for A < 0 there is no non-trivial solution to (17.4).
Case 8: XA > 0. The solutions are of the form

y (x) = yo cos (\F)\x) .

Since we also want ¢’ (L) = 0, we have non-trivial solutions (= yo # 0)
provided

Yo sin (\f)\L) =0 < sin (\AL) =0
& VAL =nm, withneN
nm 2
For A > 0 we have, therefore, found non-trivial solutions to (17.4) whenever
A = (nm/L)?, with n € Z, and the solutions are then given by

y (x) = B,, cos (%x)

where (,, is an arbitrary constant.
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17.3 Some other examples solved by Fourier
analysis

Example 17.5 Let f be a 2m—periodic and C* function. Let m,k € R,
m # 0. Find a solution y =y (t) to the problem

my" (t) +ky (t) = f(t), te(0,2m)
y(0) =y (2r) and y (0)=y (27).

Consider, in particular, the case where f (t) = cost.

Discussion We first write the Fourier series of f, namely

f@)= % + Z (v, cos (nt) + 3, sin (nt)) .

n=1

(In the case f (t) = cost, we obviously have 5, =0V n and a, =0Vn # 1
and a7 = 1.) It is reasonable to find y as a 2r—periodic function and we
therefore search for solutions of the form

y(t) = % + Z (an, cos (nt) + by, sin (nt)) .

n=1

We therefore need to find the coefficients a,, and b,, (in terms of the known
coefficients «,, and f3,,). Differentiating twice the function y, we formally
obtain
y" (t) = Z [(—n’a,) cos (nt) + (—n?b,,) sin (nt)] .
n=1

The differential equation therefore leads to

my" + ky = % + Z [(k —mn?) a, cos (nt) + (k — mn?) by, sin (nt)]
n=1
=f= % + Zl (v, cos (nt) 4+ 3, sin (nt)) .

Identifying the coefficients we find

7)) Qn 8
ap = —— an, =

k i

- “n y = —
k—mn2’ k —mn?2

In the case f (t) = cost we obtain a,, = b, = 0 except for
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and thus the solution is given by

y(t) =

cost

k—m’
(Clearly, in the above analysis we have assumed that k/m # n? for every
n € N.)

Example 17.6 Let o # £1 and f be a 2m—periodic and C' function. Find
a solution x = z (t) to

{ z(t)+az(t—7)=f(t), te(0,2n)
x(0) =z (27).

Consider the particular case f (t) = cost + 3sin (2t) + 4 cos (5t) .

Discussion We start by writing the Fourier series of f, namely

(67} i .
ft)= -5t ; (ap cos (nt) + 3, sin (nt)) .
(When f (¢) = cost + 3sin (2t) + 4 cos (5t), we find a1 =1, a5 =4, B, =3
and all the others vanish.) We search for 2m—periodic solutions and we
therefore write

50 z:: ap, cos (nt) + by, sin (nt)) .

We have to find the coefficients a,, and b,, (in terms of the known coefficients
oy, and (,). We thus have

e}
x(t—m) = ?O—&—Z ayp, cos (nt — nm) + by, sin (nt — nx))
n=1
— 30 + ) " [(—1)" an cos (nt) + (—1)" by sin (nt)] .

n=1
Inserting the functions in the equation, we get

() + az(t —m) = 2

1+ a)
+ Z (14 a(=1)")a,cos(nt) + (1 + a(—1)") b, sin (nt)]

=f(t _% Z ay, cos (nt) + f,, sin (nt))
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and thus (recalling that « # +1)

(&%)} Qp 571
a’O: 9’ an:7n7 bn: n
1+« 1+ a(-1) 14+ a(-1)
In the example, we get
1 4 by — 3
“TIa ®T 1o T 1+a

and all the other coefficients are 0. The solution is then given by

cost  4cos(5t)  3sin(2t)
t) = .
z(®) -« -« 1+«

Example 17.7 Find a solution to

+oo

:c(t)+3/ e la(t—rydr =M, teR.
— 00

Discussion We divide the discussion into two steps.

Step 1. For a € R we compute the Fourier transform of f (t) = e~ !l
ie.

N 1 oo —iat
5(f)(a)=f(a)zﬁ/_oof(t)e it

1 0 . 1 +oo .
= \/7 / e(l—za)tdt + \/T / e—(1+za)tdt
T J—co m™Jo

1 1 n 1 1 2
CVor [1+ia 1—ida|  2r l14+a?’
Step 2. The equation can be rewritten as (f*xz denoting the convolution
product)

z (1) +3(f+x) () = ().
We apply Fourier transform on both sides of the equation, letting § (z) () =
Z (), we get
(@) +3v2m f(a) B () = f(a)
and thus

% (a) = f (@) 1 2 \/5 1
xa_l—l—?)\/ﬂf(a)_\/%aQ-i-?_ Ta+7

Applying the inverse Fourier transform we obtain
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17.4 Exercises
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Exercise 17.1 Let n > 17 ap, A1, Any Y0, Y1, Yn—1 € Ra 2% 7& 07 and

f :Ry— R a sufficiently regular function. Solve

any™ @)+ +ary () +ay ) =f@), t>0
y®(0)=yr, k=0,1,---n—1.

Exercise 17.2 Find non-trivial solutions to

y' (@) + Ay (x) =0, =€ (0,27)
y(0)=y(2r) and y'(0) =y (27).

Exercise 17.3 Find € R and v = v (x), v £ 0, solution to

v (x) + 20" () + (1 4+ p)v (x) =0
v(0)=v(r)=0.

Exercise 17.4 Verify that the solutions to the equation
r2f () +rf (1) =0’ f (r) =0, 7 >0

are given by

apr™ +a_,r™™ ifn>0
f(r)= —
ag + bg logr ifn=0

where a,, and by are constants.

Exercise 17.5 Let f : R — R be a 2r—periodic function such that
f($):|l‘|, if:CE[*ﬂ',ﬂ'].

(i) Find its Fourier series.

(ii) Find a solution (discuss for which values of a the method applies)

to
VD oy @)= £ ()
v+ 2m) =y (@),

Exercise 17.6 Find a solution to

x’ (t— g) +xz(t) =1+ 2cost+ sin (2t)
x(t+2m) =z (t).

Hint: write sin (n (t — g)) , COS (n (t — g)) when n = 4k, 4k — 1, 4k — 2,

4k — 3 where k > 1 is an integer.
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Exercise 17.7 Find a solution z = z (t) to

" (t) + 52/ (t — ) — x (t) = cost — 3sin (2¢) + 2
z(t+27m) =z (t).

Exercise 17.8 (i) Let f : R — R be a 2nr—periodic and even function such
that
f(t)=sin(3t) iftel0,n].

Find its Fourier series.

(ii) Find a 27 —periodic and even function such that
x(t) —2x(t—m)=sin(3t) ifte[0,nx].

Exercise 17.9 (i) Let f be a 2r—periodic and C! function. Find a 2m—periodic
solution z = z (¢) (in terms of f) to

() +2x(t—m)=f(t).
(i) Write explicitly « (¢t) when f (t) = 1 4 4sin (6¢) .

Exercise 17.10 Let f : R — R be a T—periodic and C! function. Let
a # 0 and consider the differential equation

2 (1) +aw (t) = (1)

Find a T—periodic solution to the equation by writing both z (¢) and f (¢)
in Fourier series. Apply the result to the case where « = 1, T = 27 and f
is the following function (just write the first terms)

f(t)_{ (t—ggz _ H0st<n
—(t—%’r) + 5 ifm<t<2m.
Exercise 17.11 Let

f@)=e " and g¢(t)= te™.
Solve

@+ [ W) -yl =i =g o).

—00
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Applications to partial differential
equations

We explain in several examples the method of separation of variables. As
in the previous chapter the method is heuristic. However, with appropriate
hypotheses on the given data, it is not too difficult to justify (but we will
not do it here) that the solution found by formal computations is, in fact,
a true solution. An important point to note is that, essentially, all the
equations we consider in this chapter have a unique solution. Our method,
therefore, finds the solution, even though in some cases, notably for the
wave equation, other methods seem to provide a different one.

18.1 Heat equation

Example 18.1 (Bar of finite length) Let a # 0, L > 0 and f be a
C* ([0, L]) function such that f (0) = f (L) = 0. Find u = u (x,t) a solution
to

2
‘?;t‘— 22“ ifze(0,L), t>0

w(0,8) =u(L,t) =0 ift>0
u(z,0) = f(z) ifz€(0,L).

(18.1)

Consider the particular case where f (x) = 2sin (mz/L) — sin (3mx /L) .
Remark The boundary conditions
u(0,t) =u(L,t) =0
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are called Dirichlet conditions. The same method allows us to treat, in a
completely analogous way, other boundary conditions (cf. exercises below)
notably Newmann conditions, namely

ou ou
32 (0,t) = 2 (L,t) = 0.

Discussion We divide the discussion into two steps.
Step 1 (Separation of variables). We start by solving the problem ig-
noring the initial data (u (x,0) = f (z)), namely
ou , 0%u
— =a*— if L), t
5 = ¢ 52 itxe(0,L), t>0
u(0,t) =u(L,t) =0 1if¢>0.

(18.2)

Step 1.1. We search for solutions of the form
u(z,t) =v(x)w(t).

In order to satisfy the boundary conditions (u (0,t) = u (L,t) = 0) for every
t > 0 we should have

58:2 JE?)ZJU((?) :% } = v(0)=wv (L) =0.
Since
%@ ) ad LE = @)
we find that
o :% = v(@)w' (1) =a*" (@ w (?)
and thus

" (z) _ w'(t)

v(z)  a?w(t)’
Since we want this equation to be satisfied for every ¢ and every z, we must
have both sides equal to a constant, denoted —A. We therefore have to solve

the two problems

v(0)=v (L) =0

and
w' (t) 4+ a* w (t) = 0. (18.4)
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We know (cf. Example 17.3) that the non-trivial solutions to (18.3) are

given by
A= (%)2 and v, (z) = sin (n%x) .

The solutions to (18.4), for A = (nw/L)?, are easily obtained by straight
integration, namely
—a?( 2t
wy, (t) =e ()¢,
We have therefore found that
nm 2
Up, (z,1) = sin (%x) e’ ()t

is a solution to (18.2) Vn =1,2,3,--- .

Step 1.2. We now observe that if ¢, and ¢, are two solutions to (18.2)
and if a1, a2 € R, then g, +asyp, is also a solution to (18.2). By iterating
this observation a finite number of times, we find that, for every a, € R,
the function

N

ni 2

U,(l‘,t) = E Qi Sin (7721-33) e_az(T) ¢
n=1

is still a solution to (18.2). Until now, the reasoning is rigorous and it is
at this stage that we proceed formally in allowing N to be infinite. We
therefore find that the general solution to (18.2) is given by

u (.’L‘,t) = i auy, sin (%.’E) 6_a2(%)2t
n=1

where «,, are "arbitrary" constants.

Step 2 (Initial condition). We now go back to our original problem
(18.1). In order to solve (18.1) it remains to choose the constants o, so
that the initial condition, u (z,0) = f (z), is satisfied. We should therefore
have

oo
. (n7w
u(z,0) = nz_:lan sin (fx> = f(x).
We hence choose the a,, as the Fourier coefficients of the sine series, namely

an = Z/OLf(y) sin (%ﬂy) dy.

The solution to (18.1) is therefore

i nim 2
u(z,t) = Z y, sin (%x) e ()
n=1
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with

2 b . o/nm
a, = Z/o f (y)sin (fy> dy.
2 M)Zt

It can be shown that as soon as ¢ > 0 the presence of the term e™* (%
and the fact that f is C' ensure that the series and all its derivatives, in ¢
and in x, converge. The function w is hence C* (as soon as t > 0). It can
also be proved that u (z,t) — 0 if t — oc.

In the particular case, the coefficients a,, are given by
a; =2, a3=-1, «ap =0 otherwise

and, thus, the solution is

SlE]

u(z,t) = 2sin (%37) e~ )t sin (?ﬂTx> 6_“2(3%)2t.

L
Example 18.2 (Bar of infinite length) Leta 20 and f : R — R be a
C' function such that

+oo|f(:z:)|dm<oo and o f(@)| da < 0.
/ [l

— 00 — 00

Find u=u(z,t) a solution to

ou  ,0%u
a—a@ th>0,CL’ER
u(z,0)=f(z) ifzelR

(18.5)

Discuss the particular case where f (z) = e~

Discussion Before starting we should point out that, contrary to the pre-
vious case, the problem under consideration has other solutions than the
one that we will find. The one that we provide here is the "best" both from
a mathematical and physical point of view. We proceed in two steps.

Step 1 (Fourier transform in x). We define the function v as

+o0o
v(&,t) =F(uw) (&, 1) = \/%/_ u(y,t) e Y dy
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(it, therefore, is the Fourier transform in z, considering t as a parameter,
of the function u). Using the properties of the Fourier transform we find
0%u ,
5 (58 ) (€)= (9750 €0 = ~€ .1
v 1 T 9u . ou
— (&,t) = — — (y,t) e ®dy =F (= t).
== [ S eea—5(5) e

‘We next let
F&) =5()© = J% / ) ey,

Applying Fourier transform (in x) to both sides of the differential equation
in (18.5) we find that (£ being considered as a parameter)

5 (60 =&, ¢>0

v(§,0) = (&)

The problem (18.6) has as an obvious solution

v (E,t) = f(£) e ¥,

Step 2 (Solution to (18.5)). Applying to v the inverse Fourier transform
(in &), we find that a solution to (18.5) is given by

(18.6)

oo ’ 2.2
w () = % /_ Fle) eitr—ate g,

In the particular case we have f(f) = (1/\/5)6_52/4. Therefore, the solution
is given by
+o00o
w(z,t) = 1 i eiﬁw—£2(1/4+a2t) d¢

Vo )w V2
B %Me-f?“/‘**“z“) (~).

An elementary computation leads to

e_#i%
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18.2 Wave equation
Example 18.3 Let ¢, L > 0, and f,g € C3 ([0, L)) be such that
fQ0)=f(L)=g(0)=g(L)=0.

Find u=u(x,t) a solution to

2 2
%:c‘l% ifze(0,L), t>0

w(0,¢) =u(L,t) =0 ift>0
u(z,0) = f(x) if v € (0,L)

ou .
Fn (2,0) =g () if x € (0,L).

(18.7)

Consider the special case where f = 0 and g (x) = sin (mz/L)—sin (2rz/L) .

Discussion We proceed by separation of variables (for another method,
see Exercise 18.17).

Step 1 (Separation of variables). We first solve the problem ignoring

the initial conditions (u (x,0) = f (z) and ?’9 (2,0) = g (x)), namely

2 2
%:CQ% if € (0,L), t>0

w(0,t) =u(L,t) =0 1if¢>0.

(18.8)

Step 1.1. We look for solutions of the form u (z,t) = v (z)w (t). As for
the heat equation, we are lead to (A being a constant)

,U// (:L‘) _ w// (t)
v(z) A= cw (¢
v(0)w(t) =v(L)w(t) =0
and, hence,
v () + M (x)=0 ifxe (0,L)
{ 0(0) = (L) =0 (18.9)
w” () + 2w (t) = 0. (18.10)

We have seen (cf. Example 17.3) that the non-trivial solutions to (18.9) are
given by A = (nw/L)* and v, = sin (“Zz/L) where n = 1,2, - --. Moreover,
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the solutions to (18.10), for A = (nw/L)?, turn out to be (cf. Example
17.2)

nmwc . [/nmc
wy, (t) = ap cos (Tt) + b, sin (Tt) .
Step 1.2. As for the heat equation, any finite combination of solutions

found above is still a solution to (18.8). By abuse of reasoning, we deduce
that the general solution to (18.8) is then given by

u(z,t) = i {an Cos (?t) + by, sin (%t)} sin (%x) .

n=1

(18.11)

Step 2 (Initial conditions). We now have to determine the constants a,

and by, so as to satisfy the initial conditions u (x,0) = f (x) and % (z,0) =
g (z) . For the first one we have

= ni_o:l ay, sin (n%m) = f(x)

and, thus, we choose a,, to be the coefficients of the sine Fourier series of

f, ie.
= i/oLf (y) sin (%ﬂy> dy.

The second initial condition (differentiating the series with respect to ¢t and
then setting ¢ = 0) leads us to

Zb "7 in (mrx) =g(z).

(18.12)

i.e.

(18.13)
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The solution to (18.7) is therefore given by (18.11) with a,, and b,, satisfying
(18.12) and (18.13).

It can be shown that the hypotheses on f and g ensure the convergence
of the series (18.11) as well as of its derivatives du/dx, Ou/dt, §%u/dx?,
0?u/0x0t and 9%u/0t?. The function u is thus C2. However, contrary to the
heat equation, unless f and g are more regular, the formal series expressing
the higher order derivatives do not, in general, converge.

In the particular case we find

2
an=0Yn, b,=0Yn>3, bl%czl and bQ%C:A

and the solution is
(2,8) = Lsi (%) s (5)_L- 27 ain (25
ul\zx, = e S I S L.’IJ ome Sin 7 Sin 7 x| .
18.3 Laplace equation in a rectangle

Example 18.4 Let L, M > 0. Let
a,B:[0,L] =R and ~,0:[0,M] —R
be C' functions satisfying
a(0)=p5(0)=7(0)=6(0) =a(L)=p(L)=~(M)=04(M)=0.

Find u=u(z,y) a solution to

0%u  0%u
o2 " a2
u(z,0) =a(z), ulz, M) =p3(x) ifzec(0,L)
u(0,y) =), u(L,y) =4(y) ifye(0,M).

Au = ifx e (0,L), ye (0,M)

(18.14)
Discuss the particular case where v =§ =0,

a(xz) =4sin(rxz/L) and B(x) = —sin(2rz/L).
Discussion In fact, it is enough to solve the two problems
Av =0 ifze(0,L), ye(0,M)
v(2,0)=0, v(z,M)=0 ifx e (0,L)
v(0,y) =7 (), v(Ly) =d(y) ifye(0,M)
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and

Aw=0 ifze(0,L), ye (0,M)
w(z,0)=a), wE,M)=p(x) ifze(0,L)
w(0,y) =0, w(L,y)=0 if y € (0,M).

The solution to problem (18.14) is then given by
u=v—+w.

Since both problems are solved in the same manner, we will treat only the
second one (this means that we solve (18.14) with v =46 = 0).

Step 1 (Separation of variables). We first solve the problem (ignoring
the conditions w (z,0) = a(x), w(x, M) = B (x))

(18.15)

Aw =0 ifze(0,L), ye (0,M)
w(0,y) =w(L,y) =0 ifye (0,M).

Step 1.1. We look for solutions of the form

w(z,y) = f(z)g(y).

As before, by separating the variables 2 and y, (\ being a constant) we find

" (@) g )+ f(x)g" (y) =0 - f];’(gp — )= Jg”(;y)>
fO)=f(L)=0

We have, therefore, to solve the two following problems

f'(z) + Af(x) =0 ifze(0,L)
{ fO)y=f(L)=0 (18.16)
and
9" (y) = Ag(y) =0. (18.17)

In Example 17.3 we saw that the non-trivial solutions to (18.16) are of the
form

A= <%)2 and f, (z) =sin (%m)

while (cf. Example 17.2) the solutions to (18.17) are given by

gn (y) = ay, cosh (%y) + by, sinh (%y) .
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Step 1.2. Since the problem (18.15) is linear, we have, by the usual
abuse of reasoning, that the general solution is given by

D) =3 [ cost (2y) + b sin ("] sin (")

n=1

Step 2 (Boundary conditions). To solve (18.14) it remains to fix the
constants a,, and b,, so as to verify

w(z,0)=a(zx) and w(z,M)=p3(z).
Since we want that -
. /nm
= nz::l ap sin (fm)

we find

2 L
ap = Z/o a (t) sin (%t) dt.
The coefficients b,, are obtained by solving
B(x) = ; [an cosh (%M) + b, sinh (%Mﬂ sin (%x)

Cy, Sin (%x)

M8

Il
—

n

where we have set
nw . nw
Cn = ap cosh (TM) + b,, sinh (TM) .
We therefore choose
2 L
- f/o B () sin (”%t) dt

and thus b,, are found through the equations

b,, sinh (%M) = ¢, — a, cosh (%TM) .
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It can be shown that if 0 < y < M and under our hypotheses, then
the series, as well as all series obtained by differentiating the original se-
ries, converges. We therefore have the same phenomenon as for the heat
equation, namely the function w € C*° ((0, L) x (0, M)).

In the particular case, we find a; = 4, a, =0, Vn > 2 and ¢co = —1,
¢, =0,Vn#2 ie.
us . 21
by = —4coth (—M) and by =—1/sinh | —M | .
L L
Thus the solution is given by
™ ™ . m . 0
w(z,y) =4 {cosh (Zy) — coth (ZM) sinh (Zy)} sin (Z:c)
1 il 27 . (27
———————ginh | —y |sin | —z ] .
sinh (2eM/L) S\ T Y )T\ T
18.4 Laplace equation in a disk

Example 18.5 Find u (z,y) a solution to

u  0%u ,
:@‘F@:O Zf(i,y)EQ

u(z,y)=p(x,y) if (z,y) €0Q

Au

(18.18)

where Q = {(z,y) € R? : 2® + y> < R*}and ¢ is a C' function. Consider
the special case where p = x% + .

Discussion We use the separation of variables method again, but after
passing to polar coordinates.
Step 1 (Polar coordinates). We write

x=rcosf and y=rsinf

v(r,0) =u(z,y) = u(rcosb,rsinb)
and therefore find
YT T rar T 2 992"

Letting
¥ (0) = ¢(Rcosf, Rsin )
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the problem to be solved becomes

I T = if 2
87"2+T8T+T2302 O 1T6(07R)a96(07 ﬂ-)

0%v 10w 1 0%v
{ v(R,0) =1 (0) if 6 € (0,27).

(18.19)

Note that, since we are dealing with polar coordinates, we also have to
impose

v v
v(r,0) =v(r,2r) and 2 (r,0) = 2 (r,2m).
In the particular case we have
R2 R2
¥ (0) = p(R,0) = R?*cos® 0 + Rsinf = - t 5 cos (260) + Rsin#.

Step 2 (Separation of variables). We start, as usual, by ignoring the
boundary condition (v(R,8) = v (0)) and we solve the equation

9%v  10v 1 0%v

ﬁ‘f’;g‘i‘ﬁﬁzo lfTG(O?R)796(0’27T)

v (r,0) = v (r,2m) if r € (0,R)
Ov ov .
%(7‘,0) 20 (r,2m) ifre(0,R).

We search for a function v (r, ) under the special form

v(r,0)=f(r)g(0).
We therefore get, by separating the variables r and 6, (A being a constant),

7 (1) 9 (6)+ L F (1) g (6) + 57 (1) g" (6) =0

and thus
r2f" (r) +rf' (r)
f(r) 9(0)

and from the periodicity conditions

g(0)=g(2r) and ¢'(0) =g (2n).

‘We hence obtain

(18.20)
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and

r2f" (r) +rf' (r) — Af (r) = 0. (18.21)
The non-trivial solutions to (18.20) (cf. Exercise 17.2) are therefore given,
for n € Z, by

A=n? and g, (0) = o, cos(nd) + 3, sin (nh).
The solutions to (18.21) with A = n? are then (cf. Exercise 17.4)
Yo" ifn#0,neZ
In (T) = . -
Yo +dologr ifn=0.

The general solution is then of the form

v(r,8) = ag (vy+ dologr) + Z ¥ ((au, cos (n0) + B, sin (nd)) r™
n€Z,n#0

Relabeling the constants
ap = 2a07yy, bo=apdo, an=ayy,ifn#0,
o B >0
"l By ifn <0

we can rewrite the general solution as

v(r,0) = % + bglogr + Z [(ay, cos (nB) + by, sin (nh)) r"|

n=1

+ D (@ 05 (n0) + by sin (n6)) ).
n=1

(18.22)

Since we are interested in solutions in the disk centered at 0, the solutions
of the form r~™ and logr are not allowed, as they are singular at » = 0.
We therefore deduce that

bo=b_n=0a_,=0

and, consequently, the general solution v to our problem is

_— Z (ay, cos (nf) + by, sin (nd))r™
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(Note that if the domain € is an annulus instead of a disk, then the general
solution is indeed of the form (18.22).)

Step 3 (Boundary conditions). It remains to identify the coefficients a,
and b,, in order to have

v(R,0) = p(Rcosb, Rsinf) = (0) = %4—2(@” cos (nf)+b, sin (nh))R™.

n=1
This leads to
1 27‘!‘
apR" = 7/ ¥ (0) cos (nd) do
T™Jo
and
1 27\'
b R" = — 1 (0) sin (nd) d6.
T™Jo

One can also show that, under our hypotheses, the function v that we
obtained is C*° whenever r < R.

In the particular case

R?> R?
P (0) = - + — cos (20) + Rsin#,
we get
1
apg = 1’?,27 as = 3 a, = 0 otherwise
by =1, b, =0 otherwise
and thus
2 2 R2 2 2

v(r,0) = - + 7n?cos(%) +rsinf = - + %coszﬁ - %sinzﬁ—t—rsinﬁ.

Returning to the Cartesian coordinates, we have found the desired solution,
namely
2 2 2

z? —y

+y.
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18.5 Laplace equation in a simply connected
domain

Example 18.6 Find u = u(z,y) a solution to

u  0%u ,
:@‘Fain:O zf(z,y)EQ

u(z,y)=p(x,y) if (z,y) €0Q

Au

where Q # R? is a simply connected domain whose boundary is sufficiently
reqular and ¢ is a C* function. Solve the special case where

O | 2

Au=o5at 5,

=0 ifx>1 yeR

u(l,y) = ¢(1,y) ify € R.

T 1+

Discussion The idea is to get, via a conformal mapping, to the case of the
disk. We divide the discussion into three steps.

Step 1. Tt follows from Riemann theorem (cf. Theorem 13.5), that there
exists a conformal mapping

f=a+if:Q— D
where D = {z € C: |z] < 1}. We write the inverse of the function f as
ft=a+ib: D —Q.
In the particular case
Q={2€C:Rez>1}

we easily find that

2 2
=--1 d [t = —.
FE=2-1 and f7w) =
In terms of coordinates this leads to
2
flayy) = alz,y) +ib(e,y) = ey

2 L —2y
=— - 7
172 + y2 1’2 + y2
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and

2
fH@p) = alep)+ib(af) =1z

2(1+ ) +i -2p
(1+a)+8 (1+a)?+s%

Step 2. We set

V(. B)=(pof)(a,8) =p(ala,B),b(,B))
and we solve, as in Section 18.4, the problem

0? 0?

o(@,B) = ¥(,B) a2+ =1

Av

In the particular case we have, if a2 4+ 3% = 1 and hence

(14+a)’+82=2(1+0),

that
2 2
¢(04,ﬂ) = 25 2 = Y 2
- (mares) 1+ (o)
2(1+a)?
= 7( 2a> B} == ]. + .
(1+a)"+8

The solution to the problem is, trivially, given by
v(a,B8) =1+ .
Step 8. The solution is obtained by setting v = v o f, namely
u(z,y) = v(a(z,y),B(z,y).

Indeed, from Exercise 9.10 we have Au = 0 while since ) = p o f~1, we
clearly have u = ¢ on 0f.

In the particular case we get

u(x,y):v(a(x,y),g(m)):U< 2z —2y )_ 2

x2—|—y2_ 22 4y2) T a2y
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Example 18.7 Find u=u(x,y), a solution to

0%u  O%u .
82
= — ; R
u(z,0) 1+ 222 if v €
u(z,y) — 0 if y — +o0

where Q = {(z,y) € R? : y > 0}.

Discussion This problem can be solved as in the above example (cf. Ex-
ercise 18.15 below). We propose here another way of solving the problem
similar to the one in Example 18.2. As usual, it is only a posteriori that
the procedure can be justified.

Step 1 (Fourier transform ). We write v(c, y) for the Fourier transform
in z (y being considered as a parameter) of u (z,y), by abuse of notations
we write §(u), i.e.

1 oo —iax
o) =3y = —= [ @) dn
We easily find that
v(,0) = F(f) (@) = (@) = 2v27 (1 - Jal) 1.

The properties of the Fourier transform lead us to

2u
3 (22) (0.0 = 50000, = 0o

8%u 8%v
g <6y2> (avy) = aiyg(avy)

Returning to our problem, we apply Fourier transform (in ) to both sides
of the equation and we are driven to the following problem

2
%(a,y) —®v(a,y) =0 ify>0
v(a,0) = f ()
v(a,y) — 0 if y — +o0.

Considering « as a parameter (here we suppose that o # 0) and appealing
to Case 2 of Example 17.2, we find

v(a,y) = f(a)cosh(laly) + Tal sinh(|aly)
elely 4 e—laly v eloly — e—laly
+ )
2 || 2

= f(a)
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where 7 is a constant to be determined so as to satisfy the condition
v(a,y) — 0 if y — +00. We therefore choose

—lalf ().
The solution is then
o(ayy) = F (@) €717 = 2vB7 (1~ af) 110+

Step 2. The solution to the problem is obtained by applying the inverse
Fourier transform, namely

w(z,y) =F (v o A e~ laly giew o
(,9) =% ((v(a,y)) (= \ﬁ

o (o ( ) o w) o

1
-1 <2\/ 27 (1 - ) e‘l|(1+y)) (z)
1+y
which implies

w(ea) =257 (Var (ol ) 1100 )

1+

| (1+y)
1 e
(3 ) e

and thus

9 472 44 1
(T+y2+a22 VA +y2+a2
y(1+y)* +2*(2+y)

@+ 97 + )

U(Z‘,y) =

18.6 Exercises
Exercise 18.1 Find a solution v = u (x,t) to

2
%:% ifze0,m),t>0

u(0,t) =u(m,t)=0 ift>0
u(xz,0) = cosx —cos (3z) if z € (0,7).
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Exercise 18.2 Find u = u (z,t) solving

2
%:% ifxe(0,m), t>0
O 00y = P (mty =0 ift>0

ox oz

u (z,0) = cos (2z) ifxe (0,m).
Exercise 18.3 Find a function v = u (, t) satisfying

ou  0%u )
(2+t)52@ 1f$€(0,77),t>0
u(0,t) = u(m t) = ift >0

0
u(x,0) =sinz +4sin (2z) if z € (0,7).

Exercise 18.4 Let v = u (z,t) and solve

2 2
%:% if 2 €(0,1), t>0
gZ(O,t):gZ(l,t)zo if £ >0
u(z,0)=0 if x € (0,1)
?;tb (2,0) =1+ cos? (rz) if z € (0,1).

Exercise 18.5 Find a solution u = u (z,t) to

ou  0*u
e if
8t+8x4 0 ifxe (0,m), t>0
w(0,t) =u(mt)=0 ift>0
0u 0%u

_— = — = .f
92 (0,t) 502 (m,t) =0 ift>0
u(x,0) =2sinz +sin(3z) if z € (0,7).

Exercise 18.6 Find u = u (z,t) satisfying

ou  0%u ou .
5% = 92 2%+2u ifze (0,m), t>0
w(0,t) =u(mt)=0 ift>0

u(z,0) =e ®sin(2z) ifxze€ (0,7).
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Exercise 18.7 Find v = u (z,y) solution to

%u  O%*u i
AU_@_FTZP_O lfl‘,yE(O,ﬂ')
ou ou .

@CE’ )7@(‘%”“—)70 1fl‘€(0,7r)

u(0,y) =cos(2y), u(m,y) =0 ifye (0,7).
Exercise 18.8 Find u = u (z,y) satisfying

0?u  O%*u _
AU:@"—TyQ:O lf$2+y2<4

u(z,y)=1+22+y> ifa?+y?=4.
Exercise 18.9 Let O = {(z,y) € R? : 2? + y*> < 1} and u = u (z,y) . Solve

0’u  0%u _
AU:@"—TZJQ:O lfl'2+y2<1

Ju ou 5 1
—ty— =2t ifa? 4y’ =1
$8m+y6y T 2 x4y

ov
First write v (r,6) = u (r cosf,rsinf) and then compute 9, 258 function
r
ou ou

f — and —.
o awan ay

Exercise 18.10 Let O = {(z,y) € R? : 1 < 2? +y? <4} .Findu = u(z,y)
such that

9%u  0%u .
u(z,y) =2 ifa?2 +9y2 =1

u(z,y) =z —y if 22 +y° = 4.

Exercise 18.11 Let v = u (z,y) and v (r,0) = u (rcosf,rsinf).

(i) Compute % as a function of % and %

(ii) Let Q@ = {(z,y) € R? : 1 < 2% 4+ y* < 4} and solve

?u  0%u .
Au—@ﬁ-aiy?—() if (z,y) e
u(z,y) =0 ifz2+9%=1

1
<:cgz+ygz> +u:§+log2+mf% if 2 + 9% = 4.
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Exercise 18.12 Let Q = {(:c,y) €R?:y>0and 2% +9% < 1}. Find a
function v = u (z,y) such that

u 0%*u .
Au:@—i—&?ﬂ:o if (z,y) € Q
u(z,0) =0 if —1<z<1
u(z,y) = y? ify>0and 22 4+y%=1.

Hint: use polar coordinates.

Exercise 18.13 Find, using Fourier transform, a function v = u(z,y)
satisfying

?u  O%u ,
u(z,0) = ifzeR
u(z,y) — 0 if y — 4o00.

Hint: (i) The result can be given in terms of integrals.
(ii) We recall that if @ € R (a # 0), then the solution ¢ = ¢ (y) to

¢"(y) —a’p(y) =0 ify >0
¢ (0) = g
p(y) —0 if y — +o0.
is given by ¢ (y) = ppe 1Y, y > 0.

Exercise 18.14 Let u = u (x,y) and solve

2 2
Au:% g—;:o ifyeR, >0
1 .

Exercise 18.15 Consider Example 18.7 (which was solved using Fourier
transform) and solve it by the method that uses conformal mapping.

Exercise 18.16 Let Q = {(z,y) € R?: (z —2)? + (y —2)? > 4}. Find a
solution u = u (z,y) to
Pu  0%u .
u(z,y) =2 +2y* if (z,y) € ON.
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Exercise 18.17 (D’Alembert method) Let ¢ € R, f € C*(R) and g €
C' (R). Verify that

x—+ct
u () = [f<w+ct>+f<x—ct>}+i[ g (s)ds

2c —ct

[N

is a solution to the wave equation

Pu 0%

u(z,0)=f(z) ifzeR
ou

a(x,())zg(:c) if x € R.
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Chapter 1

Differential operators of mathematical
physics

Exercise 1.1 (i) We first compute the gradient of f1, fa, f3 and find

y%z cos (x2) —2zeYsin (z? + 2)
grad f1 = 2y sin (x2) , grad fo = e¥ cos (2% + 2)
xy? cos (12) —e¥sin (22 + 2)
ysin (zy)
2 + cos (zy)
grad fs = | zsin(zy)
2 + cos (zy)
0
(ii) We have
o Ofi [ Ofy Ofs o y 2
divF = (‘3x+6y+ 5, — Y zcos (z2) + €Y cos (27 + 2) .
(iii) Finally, we get
Ofs 0f xsin (x
ZJs ZJ2 _ y) Yo 2
gy 9z 72 T cos (xy) + e? sin (x + z)
curl F = Oh _0fs | _ 5 ysin (zy)
9z Oz zy® cos (v2) + 57—~
of,  Ofs 2 + cos (zy)
r oy —2(zeY sin (22 + z) + ysin (zz))

Exercise 1.2 (i) The following expressions make sense: (i); (ii); (iii); (v);
(vi) and (viii).

(ii) The following expressions are not well defined: (iv); (vii) and (ix).
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Exercise 1.3 We first deduce from Example 1.3 (by taking a = 0) that

or
dx; 1
(i) We begin by writing
of or zi
Ly ) g = (D
We then get
82f_ ,, or x; , 0 _
ar =V O g7 TV g, @)
2
R BIN TR
G ACIEREE Y
2 2
" (E g | LT
—v ) G [L -4

We finally have

n 82 " n )
ar=3 2L Sy
i=1 i i

r i=1 =1 =1
=)+ 0| E - 7| =+ ).
(ii) If Af =0, we then find
" _1_n / wﬁ(T)_l—’rL
v == ) = =

and thus
logd/ (1) = (1 —n)logr = ¢ (r)=r"".
We easily get
logr ifn=2
P (7") = p2-n
2—n

if n > 3.

Exercise 1.4 (i) Since z,y > 0, we have

)1/2

r:(m2+y2 and tan@z% = 9=arctan%.



Moreover, we saw (cf. Example 1.3) that

171

or _z 4 9 _y
dr  r & oy r
We thus get
-y
% _ @ -y -y
or 1+yiz 2492 2
T
and
0 L
b, = 2 T 2
dy 14+ g% r
x
(ii) We write
of _ 9dgor @% xag_yag
dr  Ordr 90d0x ror 1200
and
of _0g0r , 9906 _ydg , =g
Oy Ordy 000y ror 1200
(iii) We have
Py 0 (xy0u x0 (00
ox2  ox \r)or  roz \or
_ ﬁ@ﬁ)@_ﬂﬁ %
r 90 20z \ o0
and thus
°f r-230g w(xdg y &
x2~  r2 9r  r\ror2 r20rof
2:1cy dg y (= 9?g y @
4090 r2\rorod 2o )"
We therefore find
f _yrog w0 2wy 9% | 2wydg  y* O
022 r3or  r20r2 3 9ro0 | rt 90 ' riop?
A similar calculation gives
Pr sy f 0%y Po ydy o
oy2  r3or  r2or? r3 Ordd  rt 00 rt §p>
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and so

T rdr  Or? * r2 9g2 -’

(iv) Writing the function in polar coordinates, we obtain

fay) =r+6
12 242212
Af=-+5= 21 2
roT T4 +y
Exercise 1.5 (i) We first show that divgrad f = Af. We have
. . (Of Of of
divgrad f = div | =, 2L ... 9L
ivgrad f iv <8x1’ By’ .

_ 0 (9FN, 0 (OfN, 9 (of
o 3$1 81’1 81’2 31'2 8xn (%cn
_82f o*f 62f_
_87.%%+87!CC§+...+87332L_AJ‘.

(ii) We now verify that curl grad f = 0. We indeed have

*f  f
er ez €3 oydz 020y 0
o 0 0 *f 0
curlgrad f=| 9z 0Oy 0z |= 9200 dw0: |
of of of s
gz Oy 0z dxdy  dydx

(iii) Since the following equalities hold

OF; OF,

er e e3 Oy 0z

0 0 0 OF, OF;

1F=| — — — | = - =2
o Ox 0Oy Oz 0z Ox ’

PR B or, oF

or oy

we get

+8y

OF; 0OF, 0 (0F, OFy
0z ox
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and thus

0*F3 B 0?Fy n 0*Fy B 0?F3 n 0*Fy B 0% F,
Oxdy Ox0dz 0Oydz Oydx 0z0x  0z0y
Exercise 1.6 (i) We have

divecurl F = =0.

. . 0 0 0
div (f radg) = aiv (£ 790 7

_ 9 (;99\, 9 (,99 9 (;99
o 01‘1 (f&rl) + 6‘:@ (f&m) + + 8:L‘n (f&z:n)

N0 (99 _~N~[0f 09 , O
B ; 0x; <f8$i> - Z [8561- ox; Jrf@a:?

i=1

and then
div (f grad g) = grad f - grad g + f Ag.

(ii) Similar calculations give

of dg . Of dg of dg

srad (1) = (G104 oS o0+ b g+ o)

(Y (e )

Oxy’ Oxy’ ' Oy, Oz, dxy’ Oz,
=g grad f + f grad g.
Exercise 1.7 (i) Since F = (Fy,--- , F,), we deduce
le(fF) :div(fFlvaQa"' 7an)
n 9 n 8f aFl
— Y fE) = Y

1=

= F-grad f 4+ fdiv F.
(ii) We now want to show that curl curl F' = —AF +grad div F. We have

it (PP OF OF 0F, 0B, 0R,
9y 0z 0Oz Ox ' Oz oy )

We therefore get

€1 €2 €3
0 0 0
curlcurl ' = or Ay 9z ,

0Fs 0F, 0F, 0F; O0F, O0F

dy 0z 0z dr  Ox oy
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i.e.
0% Fy - 0% Fy B 0% Fy N 0%F3
0z0y  Oy? 022  0z0z
2 2 2 2
curlcurl F = 0" _8F2_8F2_|_8F1
Oydz 022 0z2 = Oxzdy
0’F,  0°F3; 0°F3 N 0% F,

0x0z  Ox? oy?  Oyoz

On the other hand, since we have

0*Fy N 0%*Fy N 0%*Fy
0x? Oy? 022
0’F, 0*F, 0O°F,

AF = ’

Ox? " dy? * 022

2F. O02F. O°F

3 + 3 4 3

O dy? 0z2

we deduce that
0’F, 0°F3  O0*F
+ +
2 2 2

curlcurl F' + AF = 0°F3  0°Fy  0°I%

Oyoz + Oz Oy * Oy
0*’F, 0°F, 0O°*F3
+ +
0xdz  Oydz 022

The following equalities

gl”ad div F' = grad <8F1 aFZ 8F3>

o oy 0z
0’F,  0*F,  0*F3
+ +
0zx?2  Oxdy 0x0z
’F  0°F,  0°Fy
+ +
oxdy  Oy?:  Oyoz
0*’F,  0°F, 0*F3
+ +
0xdz  Oydz 022

imply that
curlcurl ' = —AF + grad div F.

(iii) Finally, we want to show that

curl (fF) =gradf A F + fcurl F.
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We have
0 0
e1 ey es *(fF?)) - 8*(sz)
|0 0 J | 0
! 8 8
L AL 5p 12) = oy = (fF1)
We thus get that
of of 0F; OF,
B R et R
oy 2o +f(5'y az>
B T T )
curl (fF) = Fla— Fga +f ( o 8x>
of of o0F, OF;
no-ngt (5 %)
By definition, we have
of of
e1 e €3 F3@_F2$
oror or| | o o8
gradf NI = oxr Oy 0z | F1$7F3%
P F F of p 9f
& ox i Jy

Gathering these results we have indeed obtained that

curl (fF) =gradf A F + fcurl F.
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Chapter 2

Line integrals

Exercise 2.1 (i) A parametrization of I" is given by
x=t and y=7f(¢),

that is
y(t) = f(1) = )= (L f ().

length (T') = /b 1+ (f (1)dt.

(ii) We now have f (t) = cosht and so

We therefore get

1+ (f(t))* = cosht.

We, hence, obtain that

67671

2

length (I') = sinh 1 — sinh 0 =
(iil) We let v (t) = (r (¢) cost, r(t) sint) and we deduce that
v (t) = (r' (t) cost — r (t)sint,r’ (t) sint + r (t) cost).

‘We then have
Y @I =2 +r

and finally
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Exercise 2.2 (i) Since
7 () =1 = () =(1,1),

we find that

I IR [ na=t
/rlF dlf/O (8% —t) (1,1)dtf/0 (2t t)dth.
(ii) We choose

Y2 () = (te') = 15 (1) = (1,¢)

and we get

1 1
/ F-dl = / (te',e* —t) - (1,e) dt = / etdt = 1(63 -1).
T2 0 0 3

(iii) In this case, we write

73 (t) = (\/i,tQ) = 5 (1) = (2%,%)

and we find

/F( F-dl:/l2 (tZ\/z?,t“—x/i) : (2\1/Z’2t) dt

2
1 689 16
= S oVt | dt = — — =
/1<2 + \[> 30 5

Exercise 2.3 (i) We choose the following parametrization
v (t) = (cost,sint,0) = ' (t) = (—sint,cost,0) with t € [0,27].

We therefore have that
27
/ F-dl= / (cost,0,sint) - (—sint, cost,0) dt
r 0
2
:/ —sintcostdt = 0.
0

(i) We set v (t) = (t, €', t) and thus

7' (t) = (1,€",1) with ¢t €[0,1].
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We then infer that

1 1
/F~dl:/ (t,e' ) (1,€"1) dt:/ (2t + e*')dt
T 0 0

1 1

— 2y 2t
26

14+¢?
0 2

(Note that in (i), unlike in (ii), the orientation of I' is not explicitly
given; the choice of the opposite orientation would have given the same
result, namely 0.)

Exercise 2.4 From the given parametrization, we deduce that
v (t) = (—sint,cost, t)
and thus

IV (@)l = V1+t2 and f(y(t) =1+t

We therefore have

1 1 1
/fdl:/ (1+t)\/1+t2dt:/ \/1+t2dt+/ tV/14t2dt
T 0 0 0
1
:[t t2+1+;log(t+\/t2+1)+;(1+t2)\/1+t2]

2 0

Z%I—F%\/i—l—%log(l—i—\/i).

Exercise 2.5 Let 7y : [a,b] — I be a parametrization of I. We have v(a) =
A, v(b) = B. We also have F (v (t)) = m~" (t) . We thus find that

/FF-dz=/abmv"<t>-v'<t>dt=m/:jt 5 @I ar

m ’ 2 m ’ 2
= — b —
SO - 2 I @I,
which is the variation in the kinetic energy.

Exercise 2.6 The curve is given by y = +2x+v/1 — z2. We can choose the
following parametrization

I'={v(¢) = (sint,sin (2t)), t € [0,7]}.

Note that the orientation of I' has not been explicitly given in the problem;
we decide to choose the counterclockwise direction. We then find

/ F.dl= / (sint +sin (2t), —sint) - (cost, 2 cos (2t)) dt
r 0

= / {—2cos (2¢t)sint + cost [sint + sin (2¢)]} dt = g .
0
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Chapter 3

Gradient vector fields

Exercise 3.1 (i) Since

0 0
cur1F1z%(xy—a:)—a—y(y):y—l—lyéo,

the field Fy is not a gradient vector field. We choose I' = I'; UT'y (cf. Figure
3.1), where

Iy ={(t,t*):t€[0,1]} and To={(2-¢t, 2—t):te[1,2]}.

S
=Y

Figure 3.1: Exercise 3.1

We then infer that

/Fl-dl:/ F1~dl+/ Fy-dl
r Iy s
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and thus
1
/Fl-dl:/ (2, 6% —t) - (1,2¢) dt
r 0
2
+/ (2-t,2-t)2—(2-1) - (-1,-1)dt
1
—4
=1 # 0.
(ii) Since
curl Fy = 2 (1:3) - 2 (3z2y + 2:0) =322 -322=0
Ox Oy ’

and the domain of F, is R?, which is convex, we deduce that F, is the
gradient of a potential f. This potential satisfies

df— offox '\ 322y + 22
sadl =\ ooy ) T\ @

f(zy) =2’y +h(z).
Differentiating this equation with respect to = and comparing to the first
component of the gradient, we get

and thus

32%y + b (z) = 32’y + 22 = K (x) =22 = h(x) = x* + constant.
The potential is therefore
f (z,y) = 23y 4+ 2% + constant.
(iil) Since

curl F3 = %(mz) - (%(31:23/) =2z — 327 # 0,

we find that Fj is not the gradient of a potential. We choose I' =11 UTy
as in (i). We have

1
/F3~dl = / (3t%,¢%) - (1,2¢t) dt
r 0

+ /2 (32-1t)%(2-1)7) - (-1,-1)dt
1

60
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Exercise 3.2 (i) Case n = 2. We first observe that

Of(tz,ty)  Of(tz, ty)

ou ty v
9 _ of (tw, ty) dg(tz,ty)
5a [of (b, ty) +yg(tz, ty)] = [tz ty) + b ——5 == +ty =5 ==
Since df/0v = dg/0u, we deduce that these two quantities are equal. Re-
turning to the definition

gy [tz t)] = f(eaty) + o

1
o (y) = [ af (e, ty) + yo(es, 1) e
0
and using the previous observation, we find
dp Lo
— = — ta,t tx,ty)] dt
o /O 5g 1o/ (tz,ty) +yg(te, ty)]

1
= [ L gt ) dt = tf (e )]} = f ()

. . Op
In a similar way, we obtain v g (z,y) . In the example, we first check
Y
that 9 9
2 24+ y).
ay( vy) = 5@ +y)

We then compute

1
w(%y):/ (2t%zy, ?2® + ty) - (z,y) dt
0

y2

1
= / (3t%2%y + ty?) dt = 2’y + 5
0

(ii) Case n > 2. As above, we observe that for every j =1,--- ,n,

o) " 9F
57 (1 (t2)] = F; (tx) +t;x,- 5 J (te

~ OF,
95, l;xz % =F; (tx)—l—t;atiau] (t

Since OF;/0u; = OF;/0u;, we find that these two quantities are equal.
From the definition

@(m):/OlF( cxdt = /ZxF tx)
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and the previous identities, we finally get

dp
&:j_/o o [le (tz)| dt = /8ttF (ta)] dt

i=1
= tF (t)|y = Fj (2).

Exercise 3.3 We easily check that curl F' = 0. If F' = gradf we must have

of z of _ o of _ o
a—x:Qxy—i—l_'_xQ, a—yzx + 2yz, azy + arctan x.

Integrating the first equation with respect to = leads to
f(x,y,2) = 2%y + 2 arctanz + ¢ (y, 2) .

Differentiating f with respect to y and z, we find

% = gsgj and % = arctanz + g—f
and therefore 5 5
op ¥ 2
=92 —_— = .
ay yz and ER y

Integrating the first equation with respect to y gives us

0 /
ey, 2) =y’z+¢(2) = a% =y’ + ¢ (2).

From the second equation we get
P (2)=0= ¢(2)=c = p(y,2) =y*z+c.
We finally have
f(z,y,2) = 2%y + zarctanz + 3%z + c.

Exercise 3.4 We first check that

0 T 0 —y
lF: —_— —_— _——_— —_— =
o Ox ($2+y2) dy <w2 +y2> 0

We now want to find a potential. Recall that

Q=R>\ {(0,y) e R?: y >0} .
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Case 1. We find a potential in Oy = {(z,y) € R? : z > 0} . We have

Z—

2 1 .2
gff . ;y = f(x7y):arctan%+a+ (ay €R).
y  a+y?

Case 2. Reasoning as above we obtain
_ Y
f(z,y) =arctan = + a_ (a_ € R)
x

in Qy = {(z,y) e R?: z < 0}.
If the potential exists in €2, it must therefore be given by

arctan 2 +ay ifzx>0
x

f(a:,y) =

arctan ¥ +a_ ifx<O.
x

We must now choose a; and a_ so that the potential is well defined on

(0,y) with y < 0. Since

z—0t

lim f(z,y) = —g—i—aJr and lirglif(x,y) :%4_0[77

we have to choose ay = a_ + 7. We then easily check that the required

potential in 2 is given by

arctangﬁ—a_—k?r ifx>0
T

f(z,y) = oz_+g ifx=0
arctang + o if x <0.
x

Exercise 3.5 (i) A necessary condition is curl F' = 0, that is

0 0

2B~ (@) ) =y ()~ () L =0

We, hence, deduce that we must have 8’ (r) = o’ (r) which implies 3 (r) =

a(r)+ ag.
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(ii) Reasoning as in Exercise 3.2, we find that a candidate for the po-
tential is

f ) = / [F(ta,ty) - (z,y)] dt = / (a(tr)ta, B(tr)ty) - (z,) db

1

= / t [a(tr)a® + B(tr)y?] dt = / t[altr)r? + agy?] dt

0 0

1

1
= —agy? —|—/ tria(tr)dt.
2 0

Setting tr = s (ds = rdt), we get

1

flz,y) = §a0y2 + /OT sa(s)ds.

Since lirr%) (sa(s)) = 0, the integral is well defined and so f is a candidate
S—

for the potential. It is easily seen that, indeed, f € C1(2) and grad f = F.

Exercise 3.6 (i) Since F' = grad f = <g£ ) gg{) , we have
d 0 0
0= G tul) = 3 tuw) +u @) 5 )
= fi(tu(t) +u () fa (tu(t)).
(ii) In this case, we have F (z,y) = (sinz,y?) and thus % — % =0

Since F is defined on R?, we can find a potential, namely

3
f(x,y):—cosx—&—%.

A solution is thus given by

1
3 u® (t) — cost = k.

Since u (0) = 3, we find that kK = 8 and so
u(t) = (3cost 4 24)'/3,
Exercise 3.7 (i) Reasoning as in the previous exercise, we find that since

WF = grad ®,
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we have

0= G Btul) = 5040 (05 = Wi+ () Wy
S W (1) ).

Since W # 0, we deduce that every solution to ® (¢,u (t)) = ¢ satisfies
fir@tu @) +u' () fa (tu(t) = 0.
(ii) We now have
F (z,y) = (4zsin (zy) + y(2® + 1) cos (zy) , (z* + 1)z cos (zy)) .

Since

Ofs  9Ofr
ox Oy 70

we cannot use the previous exercise. However, if we consider

WEF = ((z* +1) [4zsin (zy) + y(z* + 1) cos (zy)] , (z° + 1)*z cos (zy)) ,

we get
oW f)  OWf)
or N dy

= (1+2%) [cos (zy) + 52* cos (zy) — wysin (zy) — 2’y sin (zy)] .
We find the potential
® (x,y) = (1 + 2?)*sin (2zy).
We deduce that a solution is given in implicit form by
(14 t*)?sin [tu (t)] = k = constant.

Exercise 3.8 (i) We set F' = (o, 8) and we find

% =—z [-2(2y)(2® + y*)7?] = day(a® +y*)7°
% = —y [-2(22)(2® + ) 7] = day(a® +y7)°

and therefore
curl F' = 0.
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We have

0

= a@y) = ala )

0

a% = Bz,y)=—yl® +y*) 7"
Integrating the first equation we get

22 4+ y2)1
p= T )

and therefore, using the second equation, we obtain
2
a'(y) - gy(ﬁ +y) = (@ )R
Thus, the potential is given by

1
f(z,y) = W + constant
which belongs to C* (Q2).
(ii) We set G = (a,b) and we find

Oa _ _

B 3Y3(a” + 7)) 7 + P [~ Ay(2® + %) 7P
= (2*+y) 2By —yh)

ab 2 2 2\—2 2 2 2\—3

= Y (z* +y7) " —ay[—da(z® +y°) 7]

= (2> +9%)°(3y?s® —y*)

and thus
curl G = 0.

However, if we take I' = {(cost,sint), t € (0,27)}, we find
2m .
/ G-dl = / (sin‘gt, — costsin® t) - (—sint, cost) dt
r 0
27
= —/ sin®tdt = —m # 0.
0

Therefore, this field is not the gradient of a potential in Q = R?\{(0,0)}.
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Green theorem

Exercise 4.1 (i) Evaluation of [[, curlF’ dx dy. We first compute the curl

of F' and find
el 2 92 _9R
Oz oy

Using polar coordinates, * = rcost, y = rsint and since the Jacobian
determinant is r, we have

1 2m
// curl F dx dy = / / (—rcost)rdrdt=0.
Q 0o Jo

(ii) Evaluation of [, F'-dl. Let v (t) = (cost,sint) be a parametrization
of 092, we then find

2m
F-dl = / (costsint,sin2 t) - (—sint, cost) dt
X9) 0
2m
= / (— costsin® t + cos t sin’ t) dt =0.
0
Exercise 4.2 (i) Evaluation of [ [, curlF’ dz dy. We have
OF, OF;

cur o ay

Using polar coordinates, we obtain

2 27
// curlF dx dy = / / (—=1) rdrdf = —3m.
Q 1 Jo

(ii) Evaluation of [, F - dl. We have

/F~dl:/F~dl—/ F-dl,
o o I

189
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where we have set

To={v(0) = (2cos0,2sinb) : 0 € [0,2n]}
I'y = {7, (6) = (cosb,sinb) : 0 € [0, 2n]}.

We find

2m
/ F.dl = / (2cos6 + 2sin@, 4sin*0) - (—2sin 6,2 cosf) df = —4r
To 0

2
/ F.dl= / (cos® + sin,sin* 6) - (—sin 6, cos ) df = —.
r 0

/ Fodl=—
oN

Exercise 4.3 (i) We first observe that Au (z,y) = ¢®. We have

We therefore get

Qz{(m,y)ER2:0§x§1and0§y§1—x}

and, hence,

1 pl-z 1
/Aud:cdy:/ / e"”dydw:/ (lf:z:)e””d:c:[(Qf:c)ez]é:efQ.
Q o Jo 0

(11) Note that 002 = Fl U FQ U Fg where

F1:{71(t):(t70):t6[071]} = ’yll(t):(LO) = V:(07_1) ) .
L= ()= (=005 € 0.1]) = 40 = (1) = v= (=)
Dy = {3 () = (0,1- 1) 1 € 0,1]} = 24 (t) = (0,—1) = v=(-1,0),

Since gradu = (e*,1), we get (by setting gradu - v = du/0v)

—dl / (¢',1) - (0,~1)dt = —1

Fl

F2gzd1 /O(el t1) - <\1f \f>fdt /()(e”%—l)dt:e

Ou g = /1(1,1)-(—1,0)dt:—1.

T ov 0

‘We thus obtain
ou

—dl=e—2.
/('mau
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Note that the divergence theorem (which is a corollary of Green theorem)
gives immediately

/ Au = / div (grad u) = / (gradu - v)dl = @dl.
Q Q o0 a0 Ov

Exercise 4.4 (i) We first verify Green theorem for F (z,y) = (—z%y, 2y?)
and
Q={(z,y) eR*: 2’ + (y—1)> < 1}.

Step 1. Evaluation of [, curlF dx dy. We have

oF, OF
curl 7 = 37; - aiyl =y’ - (—2%) =2" + 4%
Using polar coordinates, we write
Q={(z,y) eR* 1z =rcosh, y=1+rsind with r € [0,1), 6 € (0,2m)}.

Since the Jacobian determinant is r, an easy calculation gives

1 2m
// curlF'dx dy =/ / [(rcos0)? + (1 + rsin)?] r dr do = 37”
Q o Jo

Step 2. Evaluation of [, a0 I - dl. The curve is parameterized by
o0 = {(x,y) €eR?: x=cosh, y=1+sinb, 6 € [O,ZW]}

and thus

2
/ F-dl:/ (—(1+sin6)cos® 0, (1 +sin6)* cos ) - (— sin b, cos ) df
o9 0
3
=5

(ii) We verify Green theorem for
Q:{(xay)€R2lx>0andx2+y2<1}

and
T

F = ——
(z,y) (2(1 pe +y2),s0(y)>
with ¢ € CY(R).

Step 1. Evaluation of [ [, curlF'dx dy. We find

OF, OF _(_( zy >:( zy

P92 9
o oz 9y 1+ 22 +y2)? 1+ 22 +y?)2
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Green theorem

and (cf. Figure 4.1)

Q= {(x,y) €R?:z=rcos, y=rsind with r €[0,1), 6 € (—27r772r>}

Iy

Figure 4.1: Exercise 4.4

We easily get

1 us 2 .
// curlexdy:/ / prcosfsing o g — o,
Q 0o J- (1+72)

usy
2

Step 2. Evaluation of [, F - dl. We let
r=0Q="T,Url,
where
) , . -
Iy =< (z,y) € R?: & =cosf and y = sinf with 6 € 53
Iy ={(z,y) €eR?*: z=0and y=—t with t € [-1,1]

We therefore obtain

F-cll:/2 (Coje,go(sirﬂ)) - (—sin 6, cos 0) df
I

1

:[1¢(Sin0)cos0d0=/ o (t) dt

-1
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and

/FQF'dl:/_ll(O’@(_t))'(Ov_l)dt:_/_llw(—t)dtz—/jap(u)du_

We finally find
/ F-dl=0.
0N

Exercise 4.5 (i) Evaluation of [ [, curlF dz dy. We find curl F = —z and
Q=0 \ Q2 where

le{(x,y)eRQ: x2—4<y<2}
Q= {(z,y) eR?: 2? +y* < 1}.

We therefore have

// curlewdy:// curlexdy—// curl F dx dy.
Q Q0 Qo

We immediately find

1 2m
—// Curlexdy:—// —r cos@rdrdfd =0
Qo o Jo
and

V6 2 V6
// Curlexdy:/ / (—x)dxdy:—/ z(2—2”+4)de
Q —V6J 224 -6
6

G 5 ) 24
— - 6z —a2%)de=— [32> - 2| =0
/_\/6(33 %) da [m 4]

// curl F dx dy = 0.
Q

(ii) Evaluation of [, F'-dl. We find (cf. Figure 4.2) that
0Q=TouTl1U(-T)

We, hence, have

where
Ty = {a(t) = (—t,2), t € (=6, \/6)}
M= {B(t) = (1,12 —4), te (~V6,V6)
Ty = {7 (t) = (cost,sint), t € (0,2m)}.
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Figure 4.2: Exercise 4.5

The computation of the line integrals gives

NG
Fed :/ (=26,2) - (~1,0) dt = 0
o -6

V6
F-dl:/ (t(t* —4),t* —4) - (1,2t)dt =0
T -6
2m
/ F~dlz—/ (costsint,sint) - (—sint,cost) dt = 0.
T 0

Therefore, the final result is

/F-dl:/ F~dl+/ F-ler/ F-dl =0.
on To I'y —I'y

Exercise 4.6 (i) Evaluation of [ [, curlF dz dy. For
F=F(zy) = (f(2,9),9(,9))

we write

1 v/ 1—9y2
//@dxdy:/ dy/ @(%y)dw
q Ox 1 _\/@&c

:/_11[9( T=v2y) — g (~V1=vPw)| dy
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and

LG awao= [ [ e

:/_1 {f (m,—\/l—xQ) —f(m,\/l—xz)} dz.
We have thus found that
// curlF dx dy = /1 [g (\/1 —tz,t) +f (t,—\/l —t2)
Q -1
—g(~V1=et) = f (L Vi)
(ii) Evaluation of [, F - dl. We let 9Q = T'; UT, with

I = {a(t) = (t,V/1-12), te [—1,1]}
Ty = {B(t) —(t,—1-12), te [71,1]}.

(The parametrizations «, 8 ¢ C*' ([—1, 1] ;R?) . However, it is easy to make
the following computation rigorous, but we will not go into detail.) The
line integral is given by

F.dl = —/i(f(t, 1— ), g(t, 1—t2)>~(1,1__tt2>dt

o0
+/11 (f(t,—\/l—tQ), g(t,—\/l—tz)) - (1\/11:;#) dt
and thus
[ P = /_1 {f(t,—\/l—t2)—f(t7 1—t2)} dt
+/_1 [g(t,—\/l—tz)—i—g(t, 1—t2)} 175_752 dt.

We make the substitution s = —+/1 —¢2 in the third integral and s =
V1 —t2 in the fourth one. We then get
0
g (\/ 1-— 52,5) ds

! t
/Og(t,f\/lfﬁ)mdt: 3
0

0 t
/19(157—\/1—t2) mdtz— _19(—\/1—327s)ds
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and

/Olg(t,M) ! dt = /Olg(m,s)ds

1—¢2

[o(evie) oa = [ (i s)as

-1 1—1t2

Combining these identities, we obtain

/_11 [g(t, V1) +g(t, /1 tQ)} \/ijdt

= /1 [g(m, s)—g(—v1- 8275)} ds.

-1

Green theorem is then verified.

Exercise 4.7 (i) Since the assumptions of Corollary 4.3 are satisfied, we

write
// Audzx dy = // div(grad u)dz dy = / (gradw - v)dl.
Q Q a0

(ii) Since (cf. Theorem 1.2 (iii))
div (vgradu) = vAu + (grad u - grad v) ,

Corollary 4.3 implies the first Green identity
// [vAu + (grad u - grad v)] dz dy = // div (v grad u) dx dy

Q Q
= / (veradw - v)dl

a0
= / v(gradu - v)dl.

a0

(iii) Theorem 1.2 (iii) implies that

uAv — vAu = div (ugradv) — div (vgrad ) .

Using Corollary 4.3, we therefore find the second Green identity, namely
// (uAv — vAu) dzdy = // [div (ugrad v) — div (v grad u)] dz dy
Q Q

= / [u(gradv - v) — v (gradw - v)] dl.
a0
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Exercise 4.8 Assume that 02 is composed of only one regular curve given
by
o={y() :telab]}

We know (cf. Definition 8.9) that the exterior unit normal v to € is such

that
(75 (1), =1 ()
v @)l

v=(vi,vs) =
which is equivalent to
Yi=—1Y ®llve and 5=y @)]v1.
We set & = (Pq, Py) where
$;=—Fy, and &y =F;.
We, hence, find

0%, 0% _OR | OR _
curl ® = 9 By = o2 + By =divF

D9 = 1) + oyy = (Frva + Faa) [V () [ = (F-v) [V @) ]

Using Green theorem, we deduce the result, namely

//Qdidexdy://chrlfl)da:dy:/m@.dl:/ab@(y(t)).,y/(t)dt

b
- [ aie= [ @

Exercise* 4.9 (i) We observe that
curlF =2 and curlG; = curlGy = 1.

We therefore find the result using Green theorem, since

1 1
Area(Q):// dmdy:§// Curlemdy:§ F-dl
Q Q a0

= // curlGy dx dy = Gy -dl
Q e}

= // curlGy dx dy = Go - dl.
Q o0
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(i) H O = {v(t) = (71 (t),7v5 (¥)), t € [a,b]}, the above computation
(i) implies that

Area (Q) =

as well as

b

b
Area (Q) = / (0,70 (£)) - (7, (£) b () dt = / o ()7 (8)

a

b b
- / (= (£).0) - (4} (£) o () b = — / o (£) 7 (1) dt.

Exercise* 4.10 Let u,v € C?(Q) be two solutions of (D) and let w = u—wv.
The function w therefore satisfies

Aw (z,y) =0 (x,y) €
wey) =0 (z,y) €00,

Using the first Green identity, we find

0= // wAw drdy = / w(gradw - v)dl — // (w2 + wi) dzdy
Q o9 Q

= —// |lgrad w||® dady.
Q

This implies that gradw = 0 and since €2 is a domain, we deduce that w is
constant in . Since w € C?(Q) and w = 0 on 91, we infer that w = 0,
that is u = v. We, hence, have shown that (D) has at most one solution.
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Surface integrals

Exercise 5.1 We let
o(0,2z) = (zcosb,zsinb, z), with (6,2) € A= (0,2m) x (0,1).
Hence, the normal is given by
ogNo, = (zcosb,zsinb, —z)

and thus
lloo Ao.|| = V2z.

‘We therefore find

1 p2r 1
//fds = / \@z(zzcosesinﬂJrzz)dﬁdz:27r\/§/ 22 dz
b o Jo 0
T
ok

Exercise 5.2 Let

o(0,r) = (rcosf,rsinf,r), with (6,r) € A= (0,27) x (0,1)

and thus
€1 €2 €3
ogNo,=| —rsinf rcosf® 0 |=(rcosf,rsind,—r).
cos sin 0 1

199
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Note that the normal has a negative third component. We then have

1 27
// F.ds= —/ / (r® cos® 0,77 sin*0,7%) - (rcos0,rsin 6, —r) dr do
) o Jo

1 27
:—// (T3cos39+r3sin39—7“3)drd0
o Jo
1

:27r/ Pdr =T
0 2

Exercise 5.3 A parametrization of ¥ is given by the previous exercise,
namely

Y ={o(0,r) = (rcosf, rsind,r): (0,r) € A= (0,27) x (0,1)}.
The normal is again given by
o9 Ao, = (rcos,rsind, —r) = |jog Ao,| =V2r.
We find

1 2w
// \/x2+y2ds:\/§/ / rzdrdﬂz%r\/i
by 0o Jo

Exercise 5.4 We have

= {J(x,y):(:c,y,6—3:c—2y):0§x§2and0§y§ 6—2330}
and the normal is (note that the normal computed below is pointing away
from the origin)

€1 €9 €3
oz Noy=] 1 0 =3 |=(3,2,1).
0 1 =2

We thus find

2 ((6-3z)/2
//F~ds:/ / (0,6 — 3z —2y,6 — 3z —2y) - (3,2,1)dz dy
b 0o Jo
2 ((6—3z)/2
:/ / 3(6 — 3z — 2y)dydx = 18.
0 Jo

Exercise 5.5 We write 9€) = X1 U X9 where

S ={(z,y,2) €ER®:z =2 + 3% and z < 1}
={a(r,0) = (rcosf,rsind,r*): 0<r<1, 0<6<2r},
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22:{(x’y’z)ER3:Z:13Hd$2+y2§1}
={p(r,0) =(rcosf,rsinf,1): 0<r <1, 0<6<2n}.

We first compute Area (X;). We have
€1 () €3

ar Aoy = cosf sinf  2r | = (727”2 cosf, —2r?sin ), r)

—rsind rcosf 0
and thus
llar A apl| = rv/ 1+ 4r2.
‘We therefore find

1 pon 1
Area (X;) = / v/ 1+ 4r? drd9:27r/ rv1+4r2dr
0 0

0

1
1 T
=or | —=(1+4r2)%2| = =(5%2 —1).
P || = -
We next compute Area (32) (one could observe that Yo is the unit disk and
deduce its area immediately). We get
€1 €2 €3
B,.NPBg=| cosb sinf 0 |=(0,0,7)

—rsinfd  rcosf 0

1 2m
Area (X7) = / / rdrdf =m.
o Jo

The required result is

and thus

Area (0Q) = Area (X1) + Area (X3) .

Exercise 5.6 (i) For this exercise, one could refer first to Example 8.19.
We have

x (R+ rcosy)cost
u (R+rcosep)sing | =u(r,6,p)
z 7 sin ¢
and thus
cospcos) —(R+rcosyp)singd —rsingpcosd
Vu= | cospsind (R+rcosp)cos  —rsinpsind

sin @ 0 T COS
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The Jacobian is
|det Vu| = 7(R + 7 cos ).

‘We thus deduce that

a 2w 2m
Vol(Q):///dedydz:/o /0 /0 r (R4 rcosy)drdfdy

= 47r2R/ rdr = 272 Ra?.
0

(ii) We have the following parametrization for 9

o (0,9) = ((R+ acosp)cosb, (R+ acosp)sinb,asing) with 6, p € [0, 27].

We find that
€1 €2 es3
ogNo,=| —(R+acosyp)sing (R4 acosyp)cosl 0
—asin g cosf —asinpsinf a cos
a (R + acos ) cospcost
= | a(R+ acosp)cospsind
a(R+ acosy)sing
and thus

loo Aoyl =a(R+acosyp).
(iii) The area is given by

2 2m
Area(0Q) = // ds = / / a(R+ acosy)dddyp = 47*Ra.
oQ 0 0

(iv) We finally have

a 2m 2m
/// 22 dx dy dz :/ / / 7(r? sin® @) (R + 7 cos @) dr df dp
Q o Jo Jo

a 2m 2 4
R
=27TR/ r3dr/ sianpclcp:7T «.
0 0

2
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Divergence theorem

Exercise 6.1 (i) Evaluation of [[[,div F dx dydz. We immediately find
that

divF =z +1.

Using spherical coordinates
r=rcosfsing, y=rsinfsingy, z=rcosy,

we find

1 2m ™
/// dide:vdydz:/ / / (rcosp + 1) 2 sin @ dp df dr
Q o Jo Jo

1 T
=27 / / (7"3 cos psin p + 72 sin go) dpdr
o Jo

and thus

T 2 i 4
/// didexdydz:z/ coscpsincpdcp—i—j/ singodap:—ﬂ.
Q 2 0 3 0 3

(ii) Evaluation of [, (F-v)ds. A parametrization of 9Q = ¥ is given
by

o (0,¢) = (cosfsinp,sinfsinp,cosp) (0,p) € [0,27] x [0,7].
The normal is given by
o9 N o, = —sinp (cos 0sin g, sin @ sin ¢, cos @)

which is an interior normal. We then get

//BQ(F-V)ds

2m ™
= / / (cos2 6 sin® o cos ¢ 4 sin? @ sin® ¢ + sin # sin” p cos cp) do db
o Jo

203
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and thus

// (F~1/)ds:7r/ (sin?’gocosgo—i—sin?’go)d(p
o0 0

7r/ sin® ¢ cos ¢ + sin ¢ — sin @ cos? ap) de.
0

‘We therefore have

T /i 3 !
// (F-v)ds = 77/ s <'0—cos<,0—i—COb d dy
o0 0 4 3

2 47
0+2——=| = —.
77{ + 3] 3

Exercise 6.2 (i) Evaluation of [[[, div F'dz dy dz. We have that
div F' = xy.
Using cylindrical coordinates
x=rcosf, y=rsinf, z=2z with (z,0,7)€ (0,1) x (0,27) x (0, z)

we find, since the Jacobian is r,

1 27 z
/// didezdydz:/ / / r2 cos O sin O rdr df dz
Q 0 0 0
1 z 29 2m
z/ / r? [—COS( )] drdz = 0.
0 0 4 0

(ii) Evaluation of [[,, (F'-v)ds. We set
00 =% U3,
where
Yy ={(z,y,2) eR*: 2 +y* < 1l and z = 1}
Yo = {(2,y,2) €ER®: 2% +¢y* = 2% and 2 € [0,1]}.
A parametrization of 3; is given by
ol (r,0) = (rcosf,rsinf, 1) with (r,0) € [0,1] x [0, 27].
We therefore find
e1 €s es

oLANop=| cosf sinf 0 |=(0,0,7),

—rsinf rcosf O
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which is an exterior normal. We then get

27 1
// (F-V)ds=/ /(o,o,r%osesine).(o,o,r)drde
P 0 0

27 1
:/ / r3cos@sin@drdo = 0.
0 0

We parametrize Yo by
o2 (r,0) = (rcosf,rsinf,r) with (r,0) € [0,1] x [0, 27]
and we find

€1 €2 €3
o2Nog=| cosf sinf 1 |=(-rcosf,—rsind,r),

—rsinf  rcosf O

which is an interior normal. We get

//EQ(F-Z/)ds

27 1
= / / (0,0,7° cosfsin6) - (rcos @, rsin b, —r) dr df
o Jo

27 1
= / / (—r4 cos 0 sin 9) dr df
0 0

//m(F-z/)ds:O.

Exercise 6.3 (i) Evaluation of [, div F dx dy dz. We immediately find

and thus

divF =2+y+z.
We have
Q:{(x,y,z)€R3:0<z<1—x—y, O<y<l-—u, 0<£c<1}

and thus

1 11—z l—z—y
/// didemdydz:/ / / (r+y+2)dzdydx
Q o Jo 0

1 1 1—z 1
zf/ / (1-(z+y)?)dyde = <.
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Divergence theorem

(ii) Evaluation of [[,, (F - v)ds. We have

0N =X1UXUX3U3y

where
Er={a(z,2)=(
Yo ={B(z,y) = (=,
Y3 = {’7 (y7 Z)
Yy=A{0(z,y) =

The corresponding normals are

€1 () €3
o Nay, =1 1 0 0
0

€1 €2 €3

B,AB,=| 1 0

0 1

el €9 €3
Yy ANY=| 0 1 0

0 0 1

SuANOy=| 1 0 -1

Observe that

fl o [

and thus

/ aQ(F -v)ds = / (F-v)ds

2,0,2):0<2<1—2, 0<z <1}

y,) 0<y<l—-z 0<z<1}
(Oy,) nggl—y70§y§1}
(z,y,1 —y):0<y<l—xz, 0<z<1}.

= (0,-1,0) (exterior)
=(0,0,1) (interior)
=(1,0,0) (interior)
=(1,1,1) (exterior).

v)ds = / 23(F -v)ds =0

P71
:/0 /oz(xy’y(l_x_y)’x(l_m—y))'(1,1,1)dyda:
1

oo
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Exercise 6.4 (i) Evaluation of [[[, div ' dx dy dz. We have
divF =2(x 4y + 2).

We set

x=arcosf, y=arsinfh, z=>0bt
with 0 < 0 < 27, 0 <7 <t < 1. We then find

acosf —arsinf 0

Jacobian = | asin® arcosf 0 | = a’br.
0 0 b

We finally infer that

27 1 t
/// didezdydz:Q/ d0/ dt/ a’br (ar cos § + arsin @ 4 bt) dr
Q 0 0 0

1 t 22
= 47Ta262/ dt/ rtdr = e .
0 0 2

(ii) Evaluation of [[,, (F - v)ds. We have

o= UX,
where
21:{(Jc,y,z)€R3:x2+y2§a2andz:b}
={a(r,0) = (rcos,rsinf,b): 0 <0 <2m, 0<r <a}
22:{($,y,z)6R3:b2(a§2+y2):a222and0§z§b}
={B(0,t) = (atcosf,atsinb,bt) : 0 <0 <2mr, 0<t¢t<1}.
We find
€1 €2 €3
ar Nag=| cosb sinf 0 |=(0,0,7)
—rsinf rcosf 0
€1 €9 €3
Bo ANB,=| —atsinf atcosf® 0 :(athOSQ,abtsine,—QQt)
acosf asinf b

which are both exterior normal. We then get

2 a
// (F-v)ds = / / (r? cos? 0, 7% sin? 0,b%) - (0,0,7) dr df = 7a?b>
oA o Jo
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// (F-v)ds
o
2 1
= / / (a*t? cos® 0, a*t* sin® 0, b*¢?) - (abt cos 0, abt sin 0, —a’t) dt df
o Jo
! s
= —27ra2b2/ t3dt = ——a*b?
O 2

// (F-v)ds= T %02,
o9 2

Exercise 6.5 (i) Evaluation of [[[, div F dz dy dz. We get

and finally

div F' = 2z — 2y + 2z.
We set

r=rcosf, y=rsinf, z=z withO0<r,z<2, 0<6<27.

2r 2 2
/ //(21"(:030—2Tsin0—|—2z)rdrd0dz
o Jo Jo
= 16m.

We therefore have

/// div F'dx dy dz
Q

(ii) Evaluation of [[,, (F'-v)ds. We observe that

0N =XUXUX;5
where

1= {(z,y,2) eR?: 2?4+ 42 <4and z=0}
={a(r,0) = (rcosf,rsinfh,0): 0 <0 <27 and 0 <r < 2}

Yo ={(z,y,2) ER*: 2 +y? =4 and 0 < 2 < 2}
={B(0,2) = (2c0s6,2sin6,2): 0 <O <27 and 0 < 2z < 2}

23:{(xay,z)€R3:$2+y2<4andz:2}
={y(r,0) = (rcosf,rsinf,2) : 0 <6 < 2w and 0 < r <2}.

The normals are given by

€1 €9 €3
ar Nag=| cosb sinf 0 |=(0,0,7) (interior)

—rsinf rcosf O
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€1 €9 €3
BoNB,=| —2sinf 2cosf 0 |=(2cos6,2sinb,0) (exterior)
0 0 1
€1 €2 €3
Yo Nyg = cos @ sind 0 |=(0,0,7) (exterior).

—rsinf rcosf O

This gives
2m 2
// (F-v)ds = —/ / (r2 cos? 6, —r? sin29,0) -(0,0,7)drdf =0
o o Jo
2m 2
// (F-v)ds= / / (40082 6, —4 sin? 0,22)-(20039,281110,0) dzdf =0
o o Jo

2m 2
// (F-v)ds= / / (r® cos® 0, —r*sin®0,4) - (0,0,7) dr df = 167
T3 o Jo

and thus
// (F-v)ds = 167.
o0

Exercise 6.6 (i) Evaluation of [[[, div F'dz dy dz. We immediately find
div F = 3.

Using cylindrical coordinates, we obtain (cf. Figure 6.1)

2
0= {(rcosH,rsinH,z):He (0,2m), r € (O,\/g), % <z< \/4—r2}.

‘We therefore have

V3 Va—r2 2
// didea:dydz=3/ / / rdfdzdr
Q 0 r2/3 0

3
V3 2
1
:671'/ (\/4—1‘2—T3>rdr—97r.
0

2

(ii) Evaluation of [[,, (F'-v)ds. We note that 9 = ¥; U ¥z, where

6 € [0, 2]
Sy = { (6, p) = (2cosfsin o, 2sin O sin o, 2 :
1 a(8,p) = (2cosfsin g, 2sinfsin ¢, 2 cos @) e {0, g}
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Vi 2z r
(figure in the (r, z)—plane)

Figure 6.1: Exercise 6.6
2
3o = {ﬂ(r,@) = (rcos@msin@, 3) :0€10,2nr] and r € [0, \/§] } .

The normals are given by

€1 €9 €3
ag Aoy, =| —2sinflsing 2cosfsing 0
2cosfcosp  2sinflcosp —2singp

= —4sin ¢(cos # sin @, sin 0 sin ¢, cos p)

(&1 €9 €3
2 2
BrNBg=1| cosb sin 0 gr = <3 r? cos@,—g r? sin0,r> ,

—rsind rcosf 0

which are both interior normals. We next compute the surface integrals

27 pm/3
// (F~1/)ds:/ / [(2cosfsinp,2sinbsinp, 2 cos p) -
o) o Jo
(4 cos 0 sin? o, 4sin 0 sin” ¢, 4 sin ¢ cos ga)] do dy

/3
= 167r/ sin p dp = 167 [— cos gp]g/?’ =87
0
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//EQ(F~V)ds

2T 2
/ / (7‘0059 rsind, ) . (r cosf, gr Zsin 6, —7") dr df
/ (2 , r3> [T4]“§ o7 3w
=27 dr =2m | — =
0 3 3

2],
We finally obtain

3m 197
Fov)ds=8r4+ 8% = 28
//dQ( v)ds =8m + 5 5
Exercise 6.7 (i) Evaluation of [[[, div F'dx dy dz. We find
) 3
div F = m .

Using cylindrical coordinates (cf. Figure 6.2), we get

T
Q= {(r cosf,rsinf,z) s tanr <2< 1, 0<r < —

, g <0< 7r} .
1
= tan(r)
(figure in the (r, z)—plane with rotation zingle49 S [% 71'})
Figure 6.2: Exercise 6.7
We, hence, deduce that
w/4
/// dldemdydz—/ / / —— rdzdfdr
7/2 Jtanr
/4
= ? [arctan Zhlan LTdr
0
3r [7/4 r } d (7r)4
= — ——r|lrdr=-) .
2 Jo 4 4
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(ii) Evaluation of [[,, (F - v)ds. We have
0N =X1UXUX3U3y
where -
El:{(O,y,z):tanygzglandogygZ}
E2={(:z?,O,z):tan1|gc|gzgland —%gxgo}
23:{a(r,@):(rcosﬂ,rsinﬂ,l), 0<r< 0

3y = {B (r,0) = (rcosf,rsinf, tanr) : 0 <r <
The exterior normals to ¥; and X are respectively (1,0,0
The two others normals are
€1 €92 €3
ar Nag=| cosf sinf 0 |=(0,0,7)

—rsinf rcosf 0

€1 €2 €3
. 1 —rcosf —rsinf
B, N\ By = cos @ sin 6 oy |~ < o2 oy ,7”) )
—rsinf rcosf 0

which are respectively exterior and interior normals. We therefore find

/4 pl 3y
Fv)ds = 0,—2Y_ 5).(1,0,0)dydz =0
e [ (012 s
// Fuds—/ / (0,0,5)-(0,-1,0)dxdz =0
2 Ztan( x)
// (F V)ds—/ﬂ/4/ (0 3rsin6 5) (0,0 r)d@dr—B—ﬂ-(E)z
S o Jep\U T2z ) 1\
/4 .
// (Fv) ds-/ / ( 3rsinf 5>.<T002897TS11219’_T> 4 dr
o "1+ tan®r cos“r’ cos‘r
/4 4 2
_ 22, _(m\* _bmm
—/0 /77/2 (3r sin“ 0 57")d9d7"—(4> 1 (4)

/8Q(F-1/)d5: (%)4.

and thus
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Exercise 6.8 (i) Evaluation of [[[, div F'dx dy dz. We find
divF =2(zx+y+2).
Using cylindrical coordinates (cf. Figure 6.3), we get

Q= {(rcos,rsind,z):0<z<r<1land@e(0,2m)}.

1 r
(figure in the (r, z)—plane)

Figure 6.3: Exercise 6.8

We, therefore, find

2 1 T
/// dide:dedz:/ d@/ dr/ 2(rcosf +rsinf + z)rdz
Q 0 0 0
1 r 1 T
:27r/ rdr/ 22d2:27r/ ridr = = .
0 0 0 2

(ii) Evaluation of [[,, (F'-v)ds. We observe that 9 = X, U Xy U X3,
where

¥ ={a(r,0) = (rcosd,rsinf,0):0<r <land 0<0 <27}
Yo ={B(0,2) = (cosb,sinb,z):0< z<1land 0 <0 <27}
Y3={y(r,0)=(rcosf,rsinfd,r):0<r<land 0<60<27}.
The normals are
€1 €9 €3

ar Nag =| cosb sinf 0 |=(0,0,7) (interior)

—rsin@ rcosf 0
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el €92 €3
BoNB,=| —sinf cosf® 0 | = (cosb,sinb,0) (exterior)
0 0 1
€1 €2 €3
Ve N Vg = cos 6 sinf 1 | = (—rcosf,—rsind,r) (exterior).

—rsinf rcosf O

We therefore find

1 2m

//(F-V)ds=/ / (r? cos® ,7%sin? 6,0) - (0,0, —r) drdf =0
0 0

3

1 2
// (F-v)ds =/ / (cos?0,sin” 0, 2%) - (cos0,sin6,0)df dz = 0
o Jo
o

1 2m
// (F-v)ds= / / (7"2 cos? 0, r? sin® 9,7‘2) - (=rcos,—rsind,r)dr d
o Jo
33

1
:27r/ 7‘3dr:E
0 2

and thus the result follows.

Exercise 6.9 (i) Evaluation of [[[,div F dzdydz. We find that div F' =
2z. Using cylindrical coordinates, we deduce that (cf. Figure 6.4)

Q:{(rcos@,rsin@,z):0<z<2, —%<9<gand0<2r<4—z}.

We, thus, obtain

2 2-2/2 %
/// didexdydz:/ / / 2zrdfdzdr
Q 0o Jo -z
2 2 11
z 7r
—77/02<2—§) dZ_T'

(ii) Evaluation of [[,, (F'-v)ds. We note that
89221U22UE3U24

with
¥ ={a(y,z) =(0,y,2) : z € (0,2) and 2|y| < 4 — z}
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Yo = {ﬂ(r,@) = (rcos@,rsind,0) : —g <f< g and r < 2}
. s s
Y3 = {Py(r,ﬁ) = (rcosf,rsinb,2) : —3 <9< 5 and r < 1}
. T e
Yy= {6(r,9) = (rcos,rsinf,4 — 2r) : -3 <f< o) and 1 <7 < 2}
4
z=4-2r
2
2 r
(ﬁgurc in the (r, z)—plane with rotation angle 6 € [ -z %])

Figure 6.4: Exercise 6.9

The normals are
ayAa; =(1,0,0), B, ABy="7,N79=(0,0,7)

dr N bg = (2rcos,2rsind, r)

(the first two are interior normals and the others are exterior normals). We
therefore obtain

(2-2/2)
// (F-v) ds—/ / (2,0,2%) - (~1,0,0) dy dz = —12
bl (2—2/2)
3 2 3 5 64
(F-v)ds = (2,0,7% cosBsin® §) - (0,0, —r) drdf = ——
Yo -5 J0 15

L
// (F~u)ds:/ / (2,0,r3cost9$in29+4)-(0,0,r)drd9
s —z Jo

1
2
:/ / (7‘ cos 0 sin® 9+47“)d7"d9—ﬁ+27r
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//24(F~V)d8

E-.

:/2 / (2,0,7° cosOsin® 0 + (4 — 2r)?) - (2r cos 6, 2rsin 6, r) dr do
— 1
2

and thus
T 2
// (F.Z/)ds:/ /(4rcos€—|—r4cosﬁsin20+r(4—2r)2)d7‘d0
A -z 1
62 57
=124 -+

We thus have indeed found that

/AQ(F-u)ds:;//zi(F-y)ds:1?.

Exercise 6.10 (i) Evaluation of [[[, div F' dx dy dz. We clearly have div F' =
2z. Using cylindrical coordinates, we get (cf. Figure 6.5)

0<r<+v15/4, 0<0 <2,
Q:{(rcos@,rsinﬁ,z): r<Viy/ " }

Vi—12>2>2—1—172

(figure in the (r, z)—plane)

Figure 6.5: Exercise 6.10
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We, hence, obtain

Va—r2

ﬁ/4 27
/// dldexdde—/ / / (2rcos@)rdfdzdr =0.
2—/1—12

(ii) Evaluation of [[,, (F - v)ds. We have 9Q = %1 U ¥y, where

0<r<+15/4
{(9)(99ﬁ> ety }
S0 zm

0<r<+15/4
< S 2T

The normals are then given by

€1 €2 €3
0  sind !
ar Nag = COs sin i
—rsinf rcosf 0
= < T cosf, r sin 6, 7’)
4 — 2 4 —r2
€1 €2 €3
= 0 sin 6 4
B,.ABy = cos igers
—rsinf  rcosf 0

2 _ 2
( 4 0 " sing 7")
= cos b,
V1—r? V1—r? )7
(the first one is an exterior normal and the second one is an interior normal).
This leads to

//EI(F~V)d8

r/4 2
2 cos? 6,0,0) - ( cos 6, sin 9,7“) dodr
b e

/Zz(F-u)ds

V15/4 2w
r2cos?0,0,0 cosf, sin 6, —7‘) dfdr
[ (e g
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/ (F-v)ds=0.
[e]9)
Exercise 6.11 Note that
divF=3 and divG;=1fori=1,2,3.

and thus

Using the divergence theorem, we get

Vol (Q) = ///dedydz:%///Qdidexdydz:é//m(F-z/)ds
_ ///Qdivaidzdydz://m(e

Exercise 6.12 (Green identities) (i) Theorem 1.2 gives
div (v grad u) = vAu + (grad u - grad v)
div (vgrad u) — div (u grad v) = vAu — uAwv.

(ii) The divergence theorem implies

/// [vAu + (grad u - grad v)] dx dy dz
Q

:/// div (vgrad u) dz dy dz
// (veradu - I/dS—// v—ds
o0 oa Ov

(iii) Using the divergence theorem, we find

/// (vAu — uAv) dxdydzf// (veradu — ugradv) - vds
a0

Exercise* 6.13 (i) Since

// Au(z,y, z dxdydz—// —ds
o0 0

we have the necessary condition

// Qf(a:,y,z)da:dydz = //GQ@ds.

Note that if u is a solution to (IV), then u + ¢ is also a solution, for every
ceR.

(ii) Moreover, if 4 and v are two solutions, we get (as in Exercise 4.10)
that u — v = constant. Therefore, the solution is unique up to a constant.



Chapter 7

Stokes theorem

Exercise 7.1 (i) Evaluation of [, curl F'- ds. We find

€1 €2 €3

0 0
1F =] — — | =(-2 — g2
cur 9z By 0z ( z,0, x)
22y 22 0

and if A =(0,27) x (0,1), then
Y ={0(0,2) = (zcosb,zsinb,z) : (0,2) € A}.

The normal is

€1 €2 €3
ogNo,=| —zsinf zcosf 0 |=(zcosh, zsinb,—z).
cos 0 singd 1

We thus have

// curl /' - ds
b

21 1
= / / (—22,0,—z2 cos? 0) - (zcos b, zsin b, —z) dz df
o Jo

2r 1 1 -
:/ / zgcos20dzd0:7r/ 2Bdz =~
0 0 0 4

(ii) Evaluation of [, F - dl. We have

U(@A):F1UF2UF3UF4

219



220 Stokes theorem

with
Iy ={0(6,0)=(0,0,0)}

Iy ={c(2m,2)=(2,0,2) : 2:0— 1}
I's ={0(0,1) = (cosh,sinb,1):0:2r — 0}
I'y={0(0,2) =(2,0,2): 2:1 -0} =—T5.
We observe that 0% = I's, which is negatively oriented. We therefore get

27
F.dl= —/ (cos®0sin,1,0) - (—sinb, cos 6, 0) df
o% 0

27
:/ cos2951n29d9:z.
0 4

Exercise 7.2 (i) Evaluation of [ curl F - ds. We have

€1 €9 €3
9 9 9
or 0Oy 0z

2%y oz T

curl F' = = (71, -1, fo)
and if A=(0,1) x (0,27), then

Y= {U(?‘79) = (r2 cos 6,72 sin9,r) 2 (r,0) € Z}.
The normal is given by

€1 €9 €3
or-Nog =1 2rcosf 2rsinf 1 |= (71"2 cos 6, —r? sin9,2r3)

—r28inf r2cosf 0

and thus

// curl F' - ds
)

1 27
= / / (—1, —1, —r* cos? 9) . (—r2 cos @, —r? sin9,2r3) dr df
o Jo

1 27
:7/ / 27 cos? O drdf = —~ .
0 0 4

(ii) Evaluation of [,o F - dl. We find that

a(@A):Fl UFQUF3UF4
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where
Iy ={o(r,0) = (’I“Q,O,T‘) ir:0—1}

I'y ={0(1,0) = (cosf,sinfh,1):0:0— 27}
I3 ={o(r,2m) = (r?,0,7) 7l —0}p=-T
Iy ={c(0,0) =(0,0,0):6:2r — 0}.

We then deduce that 0% = T'y, which is positively oriented. We finally
have

2
/ F.dl= / (cos®0sin, 1, cosf) - (—sinf, cos b, 0) df
o% 0

27
:—/ coszé?sinzedez—z.
0 4

Exercise 7.3 (i) Evaluation of [, curl F - ds. An easy calculation gives

€1 €2 €3

B 0 a 0 | 9 9
curl F' = % 87y E = (0,0, 3z Yy )
223 1 z

Moreover, if we let A = (0,27) x (0,7/2), we then have

Y ={0(0,¢) = R(cosOsingp,sinfsinp,cosp): (,p) € A}.

We find
€1 €9 €3
crg/\aso:R2 —sinfsinp cosfsing 0
cosfcosp sinfcosp —sing

= —R?sin (cos O sin ¢, sin § sin @, cos )

and we infer that

27 pm/2
// curl F - ds = 3RS / / cos? 0 sin? 0 sin® pcospdldp
by 0 0
TRS

RG 27
= — cos?Osin?0dh = — .

(ii) Evaluation of [, F - dl. We find

a(@A):Fl UFQUF3UF4
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where
'y ={0(6,00=R(0,0,1):0:0— 27}

Iy = {J(27r,<,0) = R (sinp,0,cos¢) : p: 0 — g}

I's = {or (6’, g) = R(cosf,sinf,0): 0 : 27 — 0}

ry = {O’(O,(p) :R(singo,O,cosgo):go:gHO} =-T,.

We, hence, obtain that 03 = I's , which is negatively oriented. We eventu-
ally obtain

21
F.dl = —/ (R5 cos? 0 sin® 6, 1,0) - (—=Rsinf, Rcos6,0)dd
[ 0

27 6
R
= R6/ cos? 0sin* 0.dh = %
0

Exercise 7.4 (i) Evaluation of [, curl F'- ds. We first observe that

€1 €2 €3

0 0
lF=| — — — |=(01- 2).
cur 8x ay 82 ( $507Z+ )
-2y xz oy

Setting A = (2/3,2) x (—7/2,7/2), we get

» = {U(T,H) = (rcos@,rsin@,—zr—i—?)) : (r,0) EA}.

We then find

€1 €9 €3
3 3
orNog=| cosb sin 0 —g = (27'(:080,27”51119,7">

—rsinf rcosf 0

and thus

// curl F' - ds
b))

2 /2 3 3 3
:/ / (1—rc0s0,0,—7‘+5> . (rcos@,rsin@,r) dr df
2/3 ) —n/2 2 2 2

2 7T/2 1 2
:/ / §rcosﬁf§7"2(’,os297§r2+5r d@dr:—6+ﬁ.
2/3J—m2 \2 2 2 3 9
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(ii) Evaluation of [, F - dl. Note that

8220(8A):F1UF2UF3UF4

where 3 2
F1:{0(T,—g>:(0,—r,—2r+3>:7’:3—>2}
. T -
Fz:{0(2,9):(2cos0,2sm0,0);0;_§_>2}
™ 3 9
Fg—{a(r,Q)—(Om—Qr—i—i%).r.2—>3}
2 ) 9
Ty=40(2,0)=(2cos0,Zsin0,2):0:~ - -1,
3 3 3 5 5
We get

2 3 8
F.dl= (2r,0,—7)- (0,—-1,—= | dr = =
ry 2/3 2 3

/2
F-dl = / (—4sin6,0,2sin6) - (—2sinh,2cos0,0) dd = 4x
Ty —m/2

2 3 8
F.-dl=—- (=2r,0,7)- (0,1, —= | dr = =
s 2/3 2 3

w/2
/ F-dl = 7/ (4sin0,4cos9,2sin0> . (2sin0,2c0s9,0> db
I, —x/2 3 3 3 3 3

w/2
= —/_ﬂ/2 <§ sin® 6 + %cos2 0) df = —%w.

‘We thus obtain

16~ 28
F.-dl=—+—m.
s 3+97T

Exercise 7.5 (i) Evaluation of [ curl F - ds. We have

€1 €2 €3

o 0
curl F = or oy 92| (—22,0,0).
0 22 0

Using spherical coordinates, we let A = (0, 7/2) x (7/6,7/3) and we obtain
(cf. Figure 7.1)

S ={0(8,¢) = (2cosfsinp,2sinfsing,2cosp) : (6,p) € A}.
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€

*¥ wy

Q

ol |

Figure 7.1: Exercise 7.5

The normal is then given by

(&1 €9 €3
ogNo,=| —2sinfsing 2cosfsine 0
2cosfcosp 2sinflcosp —2singp

= —4sin ¢ (cos d sin p, sin O sin @, cos ) .

We therefore get

// curl F' - ds
)

™

T (3%
= / —4sin (—4cos ¢, 0,0) - (cos O sin p, sin 6 sin @, cos ) db de
0 JF
3 (% 2
:16/ / cos@cosgpsin%pd&dga:?\ffg.
= Jo
6

4
(ii) Evaluation of [, F - dl. We have 0¥ = 0 (0A) = |J T;, where
=1

7=

I = {0’ (97 ) = (cos@,sin&,\/g) :0:0— g}
i (59) - 0ammpzena o5 )
o= o0~ e 0.5
T, = {U(O’gp) = (2sin¢,0,2cos8¢) : @ : % - %}
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An immediate calculation gives

/ F-dl:/2 (0,3,0)-(—Sinﬁ,cosﬁ,O)al@:/2 3cosfdf =3
r, 0 0

™

5
/ F-dlz/ (0,4 cos” ¢,0) - (0,2 cos ¢, —2sin ) d
Ty z

6

H ) 11
:/ 8cos‘3<pd<p:3\[—?
z

/ Fodl:—/z (0,1,0)~(—\/§sin6’,\/§cosﬁ,0) 6 = —/3
I's 0

3
/F-dl:—/ (0,4 cos® ¢,0) - (2cos ¢, 0, —2sin p) dp = 0.
Ty z

We therefore have the claim, namely

4
2
F.dl = /F~dl:2f—f.
/(92 ; T 3

Exercise 7.6 (i) Evaluation of [, curl F'- ds. We immediately find that

€1 €9 €3

g 0 0
lF=| — — — =(1 .
ot dr Oy 0z (1,0,0)

0 0 y+22

We can write (cf. Figure 7.2)
Y ={0(0,¢) = (2cosfsinp,2sindsinp,2cos p) : (6, ) € A}

where -
A:{(@,gp):0<¢§6’<§}
since
z Y
arccos — = ¢ and arctan = = 6.
2 T
We get
€1 €2 €3
ogNo, =| —2sinfsing 2cosfsinp 0

2cosfcosp 2sinfcosp —2sinp

= —4sin ¢(cos # sin p, sin  sin @, cos @).
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[SIE]
5~

Figure 7.2: Exercise 7.6

We therefore obtain

// curl F' - ds
b

/2 0
= 4/ / (1,0,0) - (— cos 6 sin? ¢, — sin 0 sin? ¢, cos  sin cp) db dy
0 0

w/2 0
= 74/ cos@d@/ sin? ¢ dyp
0 0

/2 0 1 8
=—4 — — —sin (2 =—-—.
/o cosd [2 1 sin ( 9)} do 3

(ii) Evaluation of /F - dl. We have
ox

O’(@A):PlUFQUrg

where

T, = {g(e,o):(o,w):@:oﬂ ;T}

Iy = {a (g,w) = (0,2sinp,2cosp) : ¢ : 0 — g}

Iy = {‘7(979) = (2COS€Sin9,QSiD20,2COS€) 10 g _>0}_
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We, hence, find that X = I's UT'3 and therefore
/2
/ F-dl :/ (0,0,2sin ¢ + 4 cos® ¢) - (0,2 cos p, —2sin p) dy
Ty 0

/2 ]
:—/ (4Sin2<p+80052<psing0)d<p=—<3+7r>.
0

/ F-dl
s

/2
= — / (0,0,2sin® 0 + 4 cos® ) - (2cos (20) , 4sin f cos §, —2sin ) do
0

16

w/2
= / (4sin30+8cos29sin9) df =
0
We have thus proved that

F-dl:§—7r.
os 3

Exercise 7.7 (i) Evaluation of [[ curl F - ds. We have

0 0 0
1F = = 2z) .
cur dr Oy 0z (0,0, 2z)
0 22 0
WY
2 ,,,,,,,,,,,,,,,,,,
1 ,,,,,,,,,
=

Figure 7.3: Exercise 7.7
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We find (cf. Figure 7.3)
2= {o(x,y) = (2,9,0) € R®: (z,y) € 4}

A={(z,y)eR?:z€(,2) and 2z -2 <y < z}.

We, hence, have

€1 €2 €3
oxNoy=| 1 0 0 |=(0,0,1)

0 1 0
2 xT 4
// curlF-ds:/ / 2zdydr = .
pX 1 J2z—2 3

(ii) Evaluation of [,o F - dl. We find
X =0 (0A) =T, Ul UT}
where
' ={o(z,20-2)= (2,20 —-2,0):2:1— 2}
Iy ={o(z,z) = (z,2,0): 2 :2— 1}
Iy ={o(Ly) = (1,5,0): y: 1 — 0}.

A simple calculation leads to
2, 14
F.dl= (0,2%,0) - (1,2,0) do = —
Iy 1 3
2 7
/ F-dl:—/ (0,2°,0) - (1,1,0) dx = —
Fg 1 3

1
/ F-dl = —/ (0,1,0)-(0,1,0)dy = —1.
T3 0
The result then immediately follows

Foa=2_T_ 1
o5 33 3

Exercise 7.8 (i) Evaluation of [, curl F - ds. We find

€1 €2 €3

o 9 0
F=| 2 Z = (—x,—22,2 — ).
cur or oy 0: (—x,—2x,2 —x)
vy a2z
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Setting A = (0,1) x (0,27), we obtain
Y ={o(r,0) = (rcosf,rsinf,1—rcosd): (r,0) € A}
and, hence,

€1 €2 €3
orNog=| cosf sinf —cosf | = (r,0,7).

—rsinf rcosf rsinf

We, hence, get

1 2
// curl F' - ds = / / (—rcos@,—2rcosf,1 — 2rcosb) - (r,0,r)drdd
by o Jo
1 27
= / / (—37“2 cos 6 + 7") dfdr = m.
o Jo

(ii) Evaluation of [, F - dl. We have

0(814) :F1UF2UF3UF4

with

I'y={o(r,0)=(01-r):r:0—1}
Iy ={o(1,0) = (cosh,sinh,1 —cosf):0:0— 27}
I's={o(r,2r)=(r0,1-r):r:1—-0}=-I4

'y ={0(0,0) =(0,0,1)}.

We therefore have 0¥ = I'y , which is positively oriented. We, hence, find

F-d
)

27
= / (cosBsin 6, cos (1 — cos 6), cos® 0) - (— sin @, cos 0, sin 0) d
0
2w
= / (f cos @sin® § 4 cos? 0 — cos30+coszesin0) df = .
0

Exercise 7.9 (i) Evaluation of [, curl F - ds. We have

curl F = — | =1(0,1,0).
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We set (cf. Figure 7.4)
S = {0 (2,1) = (2,9, 5in(3z + 29)) € R? : (z,y) € A}

A:{(x,y)eRQ:x,y>O, x+y<g}.

E]

ol
8

Figure 7.4: Exercise 7.9

We get

€1 €2 €3
oxNoy =1 1 0 3cos(3z+2y) | = (—3cos(3z+2y), —2cos(3z+2y),1).
0 1 2cos(3z+2y)

‘We then have

// curl F' - ds
>

— [ /2 (0,1,0) - (—3cos (3x + 2y), —2cos (3z + 2y), 1) dz dy
0o Jo
%

= / [~ sin (3x + 2y)]az+ﬂ/2 dx
0

and thus

™

// curl F - ds = /2 (sin (3x) —sin (z + 7)) dx = é
b 0 3
(ii) Evaluation of [,o F - dl. We find

8220(8A):F1UF2UF3
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where .
{0 .TOSIH(3Z‘))Z$ZO—>§}

Iy = { (73 x):(x,g—x,sin(x—&—w)):m:g—>0}
{0 (0,y,sin (2y)) 1y : g — 0}.

We therefore obtain

/ F-dl = /2 sin (3z),0,0) - (1,0,3cos(3x))dx=§
Iy

/ F.dl = /2 —sm:c —x 0>~(1,—1,—cosx)dx
3 3 2
:/ smxdw—i—/ (g—;y)dx:l—i—%

/ F-dl = /2 sin (2y),y,0) - (0,1,2cos (2y)) dy = —

and we conclude that

oo‘:‘M

F~dl:é.
o5 3
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Chapter 9

Holomorphic functions and
Cauchy—Riemann equations

Exercise 9.1 (i) We have

eiz +67iz efyeir + eyefix
2 2
e¥+e e¥—e Y |
= ——COST — ’LT sinx

2
= coshycosx — isinhysinz.

COS z =

We note that the Cauchy—Riemann equations are satisfied since

Uy = —coshysinz = v,
Uy = sinhycosz = —v,
and thus
(cos 2)" = uy + iv, = —(coshysinx + isinhycosx) = —sin 2.

(ii) We find that

e + e~ % ea;eiy +e—w€—iy
cosh z = =
2 2

= coshz cosy + ¢sinh x sin y.

The partial derivatives satisfy the Cauchy—Riemann equations

Uy = sinhz cosy = vy

Uy = —coshzsiny = —v,

233
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and thus (see (iil) below)
(cosh z) = u, + iv, = sinh 2.

(i) We finally get

. e —e” etew —e
sinh z = =
2 2

= sinh x cos y + ¢ cosh x sin y.

z 7167iy

We have indeed obtained the Cauchy-Riemann equations

Uy = coshx cosy = v,

Uy = —sinhxsiny = —v,

and consequently

(sinh 2)" = u, + iv, = cosh z.

Exercise 9.2 The function f (z) = (Re 2)? is not holomorphic because the
Cauchy-Riemann equations are not satisfied. We indeed have

Uy =27 uy =0

v =0 v, =0.

Exercise 9.3 The function z — 1+ 2?2 is holomorphic in C. We know that
the function w — logw is holomorphic in the set

D=C\{weC:Imw =0, Rew <0}.
Setting w = 1 + 22, we next find the set of z € C such that
Imw=0 and Rew <0.

If z = = + iy, then 22 = 22 — y? + 2izy and we have

Im(1+ 2%) =22y =0 x=Rez=0
=
Re(1+2%) =1+2%2-3y?><0 y?>1

(we have to exclude the case where y = 0 and 1 + 22 < 0). The required
set is

D=C\{z€C:Rez=0and |Imz| > 1}.
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Exercise 9.4 We are looking for a holomorphic function f = u + v such
that .
u(z,y) = e(®* ") cos (2zy) .

We write the Cauchy-Riemann equations in order to determine v
{ U =vy { vy = 2¢(*=v*) (x cos (2zy) — ysin (2zy))
Uy = 2¢(**~v%) (y cos (2zy) + xsin (2zy)) .
Integrating the second equation, we find
v(z,y) = (=" =v") gin (2zy) + a(y).
Substituting this result in the first equation gives
o' (y) =0 = a(y) = ap = constant.
We therefore have
v(z,y) = e(®=v") gin (2zy) + ag
and, for ag € R,
f=u+iv= @ Y Fi(2zy) 4 iy = e + 10y .
Exercise 9.5 Using the Cauchy—Riemann equations, we find

Uy = 2T — e~ T cosy = vy vy = 2z — e~ *cosy
4
Uy = =2y —e Usiny = —v, Uy = 2y + e Tsiny.
We deduce from the second equation that
v(z,y) =2zy —e “siny + a(y).

Then, taking the derivative of v with respect to y and comparing with the
first equation leads to

o (y) =0 = a(y) = ag = constant
and thus
f=u+iv= (ac2 — y2) +e Fcosy+i (2xy —e 7 siny) +iag .

Since )
22 =2% -y’ + 2izy and cosy—isiny=e Y,
we find, for ag € R,
f(z)=2+e % +iag.
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Exercise 9.6 (i) Appealing to Theorem 9.2, we deduce that u,v € C? ()
(in particular vy, = v,y). Using the Cauchy-Riemann equations

Uy = vy and uy = —v,

we get, after differentiation with respect to z in the first equation and to y
in the second equation,

Ugy = Uy and Uy = —Vyy .
We immediately deduce that
AU = Ugy + Uyy = Vyg — Ugy = 0.
A similar reasoning gives
AV = gy + vyy = 0.

(ii) The following identity is a direct consequence of the Cauchy—Riemann
equations

UpVz + UyVy = Uz (—Uy) + UyUy = 0.

(iii) We have
I (2) = ug + v, .

Then, using the Cauchy—Riemann equations, we get
|f' (2) |2 = Ui + Ui = UgVy — Uy Vg -
Exercise 9.7 (i) = (ii) f constant obviously implies that
Re (f) = constant.

(ii) = (iii) Since Re (f) = a =constant and if we let f = a + v (z,y),
we get (using the Cauchy—Riemann equations) that

Uy = vy = 0.

Hence v = Im (f) is constant.

(iii) = (i) Assume now that Im (f) = b = constant. Invoking again the
Cauchy—Riemann equations, we get that Re (f) = a =constant and thus f
is constant.

(iv) Since f (z) = |z| € R, we therefore deduce that f is not holomorphic.
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Exercise 9.8 We let z = rcosf and y = rsinf and we find
Up = cosfu, +sinfu, and wug= —rsinfu, +rcostu,.

Solving these equations with respect to u, and u, , we obtain

sin 6 . cos f
U, = cosfu, — ug and wuy =sinfu, + Ug .
In a similar way, we get
sin 6 . cos
v, = cosf v, — vg and v, =sinfv, + Vg .
The Cauchy—Riemann equations become
sin 6 . cos
Uy = cosOu, — ug = sinf v, + Vg = Uy
. cosf sin 6
Uy = sinu, + ug = —cos v, + Vg = —Uy .

We easily find that these imply
U = —vg and v, = ——1ug.
r r

Exercise 9.9 The Cauchy-Riemann equations imply that u, = v, and
since u, + vy = 0, we deduce that u, = v, = 0. Therefore, u (and, hence,
uy) depends only on y, and v (and thus v,;) depends only on z. Since
uy = —v, for every z and y, we deduce that v, = —v, = ¢, where c is a
constant. We thus have

u=cy+dy and v=-—cxr+ds.
Letting d; 4 ¢d2 = d we infer that
f=u+iv=—ic(z+iy) + (d1 + idz) = —icz +d.
Exercise 9.10 Since ¢ is harmonic, we have
Ag = guu + gov = 0.
Since f is holomorphic, we obtain
Uy =V and Uy = —v;.

Differentiating h, we find

hz = guuz + guv, and hy = GulUy + GuUy
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and also

hzz = guuui + +29uvuzvz + gvvvi + Gulgza + Go Uz
hyy = Guutly + +20uvtiyVy + Gou¥; + Gullyy + GuUyy -

Recalling (cf. Exercise 9.6) that the Cauchy—Riemann equations imply

2

— _ 2, ,2_ 2
Au=Av =0, uy+uy,=v;+uv,,

Uy Vg + Uyvy = 0,
we deduce
Ah = hyy + hyy = Guu (ui + “73) + 20uv (UgVz + uyvy)
+ Goo (vz + Ui) + gy Au + g, Av
=Ag (u +ul) =0.

Exercise 9.11 We let f = U + ¢V, where U = u, and V = —u,. By
hypothesis u € C? and thus

Uy = Ugy = Uygy = = V.

Hence, one of the Cauchy—Riemann equations for f is satisfied. Since u,, +
Uyy = 0, we have
Up = Ugy = —Uyy = V.

Thus, f is holomorphic.

Exercise* 9.12 Let 29 = xg + iyo . Using the suggestion, we consider first
the case z = zg + h, with h € R. We write

’ _
Fi(z0) = 2—20 Z— 29 h—0 h
~ lim uw(xo + h,yo) — u(zo,yo) + i[v(zo + h,yo) — v(x0,Y0)]
h—0 h

= Uz (0, Y0) + 10z (T0, Yo) = Uy + iV -
Letting next z = 2y + ih, with h € R, a similar computation gives
/ 1 :
F1(z0) = Zuy(z0, 90) + vy (o, y0) = vy — duy .
The two identities give the Cauchy—-Riemann equations, namely

Uy = Uy and uy = —v;.
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Complex integration

Exercise 10.1 We consider three cases.

Case 1: 0 € int~y. We apply Cauchy integral formula to g (§) = 652/2
and we find
/

Case 2: 0 ¢ int~y. Cauchy theorem applied to f(z) = ez2/2,z gives

immediately
e
/ —dz =0.
5 2z

Case 3: 0 € ~y. In this case, the integral is not well defined.

Zﬁ_/ (2) d¢ = 2nig (0) = mi.

Exercise 10.2 We apply Cauchy integral formula to f (§) = £2sin€, z =
7/2 and n = 1 (note that f’(z) = 2zsinz + 22 cos z). We then get

-5

73
Exercise 10.3 (i) Let

y=[L1+d={y({t)=1+it:tec0,1]}.

We then find
1 1
/(22+1)dz:/ ((1+it)2+1)z‘dt:z‘/ (=t +2it +2) dt
v 0 0
_
=5 L

239
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(ii) We use the following parametrization of the unit circle centered at
the origin
y:t—e" withte[0,2n].

We thus deduce that
27 ) ) 2m
/ Re (2%) dz = / Re (e*") e dt = z/ cos (2t) (cost + isint) dt = 0.
vy 0 0

Exercise 10.4 Case 1: 0 € int~y. We apply Cauchy integral formula to
f(€) =1, 2z=0and n=1. We find that f' =0 and therefore

1
'YZ

Case 2: 0 ¢ int~y. Cauchy theorem gives immediately

1
,YZ

Case 3: 0 € ~. In this case, the integral is not well defined.

Exercise 10.5 Case 1: 1 € int~y. We apply Cauchy integral formula to
(&) =56 —3642,z=1and n=2 We get f(1) =10 and therefore

2

- 2

/ 52" —3z+2 32: dz = 10mi.
¥ (Z - 1)

Case 2: 1 ¢ intv. Cauchy theorem gives immediately

522 — 32+ 2

/ kit e ey
v (1)

Case 3: 1 € . In this case, the integral is not well defined.

Exercise 10.6 (i) We consider f(¢) = €2¢, which is holomorphic in C.
Cauchy integral formula therefore implies

£© e [ e omir (0= omi
A ¢ df—Lgdg—Z if (0) = 2mi.

Observe that a direct computation of the integral is difficult. Indeed, using
the parametrization
v(t)=2e" 0<t<2r
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we would have

e2% 2 e4eit 27
dz = i Z-eztdt =3 e4coste4zsmtdt
z et
Y 0 0

which is indeed difficult to evaluate.

(ii) We let f (&) = €34+2¢2+2 and z = 2i in the Cauchy integral formula.
We then immediately find
(2)

“——dz =2mif (2i) = 16w — 12mi.
N2 —2i

Without using Cauchy integral formula, we would take the parametrization

T
(@) =2i+-€e" 0<t<2rm

4
and find again
1\ 1\
2 + = et 2(2i+ = et 2
/Z3+2Z2+2d /2w<z+4e>+(z+4e>+iitdt
—dz = —e
v  ET2 0 leit 4
4
= 167 — 1273.

(iii) Let f (&) = sin (252 +3¢+1) and z = 7 in the Cauchy integral
formula. We then have
/ sin (222 + 3z + 1)
v

Z—T

dz = 2mif (m) = 2misin (27% + 37 + 1) .

Exercise 10.7 (i) Let z =2, n =1 and
f(€) =3 +26+sin(E+1).
We find that f'(§) = 6§ 4+ 2 + cos (£ + 1) . Cauchy integral formula gives
/3£+2z+ﬂn@+1)
¥ (z — 2)2

(ii) We consider the function

dz = 2mif’ (2) = 2mi (14 + cos 3) .

642

which is holomorphic in int~. Since 0 € int~y, we have, by the Cauchy
integral formula,

e* 1
———dz =2mif (0) = 2mi= = me.
Lz(z+2) z = 2mif (0) iy = mi

f(©)
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Exercise 10.8 (i) Let
52
e

GRS

This function is holomorphic in inty and furthermore 1 € int~y. We then
find

f(€)

2tet (€2 +4) — 26et
(& +4)°

and thus f’ (1) = 8¢/25. Using Cauchy integral formula, we infer that

(9

2

e* 16em
—————dz=2mif (1) = 1.
L(z—l)2(22+4) =5

(ii) We let
52
e

(€ —1)*(& +2i)

which is holomorphic in int v while 2¢ € int v. Cauchy integral formula gives

f(&) =

e’ B f(2) e pien  —me?
/7(2_1)2(22_’_4)61&—/7(2_%) dz =2mif (2i) = G

(iii) In this case, it is easy to see that the integrand is holomorphic in
int 7. Cauchy theorem therefore implies

/e;2d20.
o1 (2 )

Exercise 10.9 Note that f(z) = e~ is holomorphic in C (as a com-
position of holomorphic functions). Since < is a closed curve and f is

holomorphic, we have
/ f(z)dz=0.
y

We parametrize the v, (cf. Figure 10.1) by
yi={y®)=t:t:—a—a}, Fyo={y,t)=a+it:t:0—0b}

Y3 ={y3 ()=t +ib:t:a— —a}, y,={y,(t)=—a+it:t:b—0}.
We obtain

(2)dz = / e dt
Y1

—a
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and thus

a——+o0

lim Llf(z)dz/+met2dtﬁ.

We similarly get

b b
/ f(z)dz=i / e~ (T gt = je= / o2t gy
Y2 0 0

which implies

lim / f(z)dz=0.
T2

a—-+oo

We furthermore have

(2)dz = — /a o (t+ib)? g /a o— (P +2ibt=b%) 1
73 —a

—a

= —¢” / et (cos (2bt) — isin (2bt)) dt

and thus
b2 Foo 2 b2 too 2
lirE f(2)dz = —e / e " cos (2bt) dt+ie / e~ " sin (2bt) dt.
a—too [ 00 —o0

We finally get

b b
f(z)dz=— / e~ (ati) gy — _e=0” / 208+ gy
Y4 0 0

which implies
li =0.
alrilm/ f(z)dz=0
Y4
Since fv f(2)dz =0, letting a tend to infinity we obtain
+o00o
b2 g2
e / e ™ cos (2bz) dx = /7
2 Foo 2
e’ / e” % sin (2bx) dz = 0.

Exercise 10.10 Let f = v+ tv and F = U +iV. By hypothesis, we have

F'(2)=U; +1iVy =V, — iU, = u+iv.
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Let 7 : [a,b] — C be such that v (t) = a(t) + 8 (¢t) . We then get

[yf(z)dz:/ab(u—i—iv)-(a’—&—i,@")dt

and thus
b b
/f(z) dz:/ Uz’ + Uy 5] dt—i—z’/ (VB8 + Vo] dt.
ol a a

Since

i[
dt
i[
dt

Ula(t),B(t)] =Us(a(t),B(t)a () + Uy (a(t),5(t)5 (¢)
Vie(t),B))]=Ve(at),B()a )+ V,(a(t),B(t)B 1),
we have the claim, namely

[r@a= [ {fUeos01+igveosor)

dt
=U(a(b),B (b)) +iV (a(b),5 (b))
—[U(a(a),B(a)) +iV (ala),p(a))].

We, hence, infer that

/f(Z)dZ=F(W(b))—F(7(a))~

If  is a closed curve, then ~(b) = vy(a) and thus

Lf(z)dz().

Exercise 10.11 (i) We know that log z is holomorphic in Re z > 0 and that
(log z)" = 1/z. Using the previous exercise and considering v (t) = 2 + €,
with ¢ € (0,27), we find

[ 1= [ 3 = toge (2~ outr 0) =0
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(ii) Since the function F'(z) = log z is not holomorphic in the given disk,
we cannot use the previous exercise. We therefore choose a parametrization,
for example «y () = €%, with ¢ € (0,27), and we obtain

2m
/f (2)dz = / f (eit) (ieit) dt = 2mi # 0.
o 0
Exercise* 10.12 (i) We prove the theorem under the assumption that
v is a regular curve of parametrization v : [a,b] — C such that v (¢) =

a(t)+i8 () (if v is just piecewise regular, we proceed in a similar way).
We write f = u + 4v and we find

/f(z)dz:/ (u+iv)- (o +1p") dt
b
~ [@®.B®)a (1) - v (a(®).5 @) & @l

b
+i/ [w(a(t),B(t) B (t) +v(a(t),B(t) o (t)]dt.

(i) We start by recalling Green theorem. Let  C R? be a regular
domain with positively oriented boundary 09 and F € C! (Q;R2) with

F = (fl,fg), then
f2  Of
dQF i = // < y > oy

We let 2 = inty and we apply Green theorem first to (f1, f2) = (u, —v)
and then to (f1, f2) = (v,u) . Observe that since f is holomorphic, then the
first-order partial derivatives of u and v exist and are continuous.

(iii) Using the Cauchy-Riemann equations (u, = v, and uy, = —v,), we
find

b
/f(z) dz —/ [(w,—v) - (¢, B') + i (v,u) (o, B")]dt

// d:cdy—i—z// (ug — vy ) dady
int v int
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Laurent series

Exercise 11.1 (i) Consider f (z) = sinz at zg = w/4. We have

™ al \f Nl Nl \f
H(5)=r () =% ma () =r(3) =%

We then get

CERS SRR

with 4y, = uns1 = —upy2 = —aunys = 1. We thus find that zp = 7/4 is
a regular point and that Res; 4 (f) = 0. Furthermore, the series converges
to f for every z € C.

sin 2

(ii) Consider f (z) = —5— at 20 = 0. We know that
z

sin z = i 7(_1)71 2l
= (2n+1)! ’

which implies that

n

sinz > (*1)71 on—2 1 = (-1 2(n—1)
23 _Z(2n+1)lz _z2+;(2n+1)!z

n=0
_ 1 — (_1)n+1 2n
R

Therefore, zp = 0 is a pole of order 2, Reso (f) = 0 and the series is
convergent for every z # 0.

(iii) Consider f (z) at zp = 1. Since the function h (z) = z is

oz
1422

1
holomorphic in C and the function g (z) = Ty is holomorphic except
z

247
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at z12 = £¢, we immediately deduce that zyp = 1 is a regular point. The
Laurent series is thus a Taylor series, which implies that Res; (f) = 0.
Moreover, the theorem implies that the series is convergent provided

|z — 1| <min{}i — 1|, i + 1]} = V2.

We could find the Taylor series by computing f(™ (1) for arbitrary n but
this is a tedious calculation. We use here a more efficient method which
uses the geometric series of g. We first write

) L1
I =T 2T i iz itz

1 1 1
_2z'((i—l)—(z—l)+(i+1)—|—(z—1)>
—1[ 1 1 1 1

- +
20 |i—1 1—2=L "i4+1 142

We substitute first ¢ = (2 —1) /(¢ —1) and then ¢ = — (2 — 1) /(i + 1) in
the formula of the geometric series and we get

g(z)—m[i—lgj(i—gn(z_l) +i+1n2::0(i+1)n(z—1)]
_;1 G 1 (_1” . .
= 27 0((Z 1)n+1 +(i+1)n+l>( 1)
c- n 1 1 1 .
:;(—1) QZ‘|:(1_i)n+1_(1+i)n+1:|(2—1) )

Let

Cn = (_1')” [(1 —1i)”+1 (1 +t)”+1} '

Since 1 —i = v2e~ % and 1+ = \/ﬁei%, we get
~sin [(n +1) E}
Cp = (_1)n 4

2

n+1
2
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Getting back to the study of f, we find

f2) =(z=1+D)) ez=1)"=) eaz=1)""+) en(z—1)"
n=0 n=0

n=0

Zcm,l (z—l)m—l—co—i—ch(z—l)”
m=1

n=1

=cy+ Z(cn,l +cn)(z—=1)".

n=1

(iv) Consider f (z) = sin (1/z) at zp = 0. Substituting y = 1/z in the
Taylor series of siny we obtain

N G VT A G A
siny =3 ey’ T\ T 2 (2n + 1)l 20+

n=0 n=0

We then find that zp = 0 is an essential singularity and that Resg (f) = 1.
Furthermore, the series is convergent for every z # 0.

(v) Consider

24+22+1  (2+1)
1) z+1 z+1 i

Contrary to appearance, zp = —1 is regular point (that is, it is a removable
singularity). We therefore have Res_; (f) = 0 and the Taylor expansion at
zop = —1 is then trivially z 4+ 1. Moreover, the series is convergent for every
z e C.
(vi) Writing
1 -1
f zZ) = =
( ) (1—2)3 (271)3

gives immediately the Laurent series at zg = 1. Thus, 29 = 1 is a pole of
order 3 and Res; (f) = 0. Hence, the series is convergent if |z — 1| > 0.

(vii) Consider

224+z+1 1 3
= — = 1 —
fE) == 2G40 21
at zop = 1. The only other singularity of f is at z = —1 and the series is

therefore convergent provided that 0 < |z — 1| < 2. To find the Laurent
series, we use again the geometric series (where we let ¢ = — (2 — 1) /2 and
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thus [¢| <1 & |z —1] < 2) to write

1 1 1 1 & z—1\"
== - 1"
z+1 2+ (z—1) 21+ 21 22( ) ( 2 )

2z—1

31 3 & (-t n
=2 i —1
25,1 4+Z on+2 (z=1)

Therefore, zy = 1 is a pole of order 1 and Res; (f) = 3/2.

1
(viii) Consider f (z) = —— at zg = 0. We write
sin z

1 =z
zsinz

f(z) =
We note that g (z) = z/sinz is holomorphic at zg = 0 (which is thus a
removable singularity for g). We can then compute its Taylor expansion.
Note first that g is even and therefore

g (0) =0 for every integer k.

An elementary computation leads to g (0) = 1 and a slightly more difficult
one gives g” (0) = 1/3. Therefore, the Taylor series of g at 0 is given by

2 9 (0) o
:1 _
g(2) + 5 Jrkzzz 2h)! z

and thus

Fo =i+ Y T
k=2 ’

Therefore, zop = 0 is a pole of order 1 and Res; (f) = 1. Since the other
singularities of f are at km, k € Z, the series is convergent if 0 < |z| < 7.
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Exercise 11.2 (i) Case 1: z; = 0. We start by finding the Taylor series of
the function (1 + z/2) "%, namely

1
(1+2/2)°
v () CUY () CUSIR (
We therefore find
1 1

2(z+2)°  8z(1+42/2)
1 3 3 5

— e — 7772 ..
=8 16160 3T

Hence, z; = 0is a pole of order 1, Resy (f) = 1/8 and the series is convergent
for 0 < |z] < 2.
(ii) Case 2: zo = —2. We let z + 2 = u and we use the formula for the
geometric series to get
N 1
2(2+2°%  (w—2ud  —2u3(1 —u/2)

g (B ()
Y 2 2 2

n

1 1 1 U
=08 mE w2

and thus

1 - 1 1 1 i (z+2)"

z(z+2)3__2(2—1—2)3_4(z—|—2)2_8(z—|—2)_ r ontd o

Therefore, zo = —2 is a pole of order 3, Res_s (f) = —1/8 and the series is
convergent for 0 < |z + 2| < 2.

Exercise 11.3 (i) Consider

f(z):Z - at zp = .

It is sufficient to observe that cosz = —cos(z — 7). The Taylor series of
cos z is given by
o0 71,
cosz = —cos (z — ) Z (z —m)*"

n=0
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which implies
n

CcoS 2 = (~1
Fiz) = :_Z((Qn))!

Zz—T
n=0

— +Z (=1) I (z —m)*™H.

z—m A= (2m+2

(Z _ 7_r)2n71

Thus, zp = 7 is a pole of order 1, the radius of convergence is infinite (which
means that series is convergent provided that z # 7) and Res, (f) = —1.
(ii) Consider z2e¢'/* at zy = 0. We immediately find that
21 11 o 11

1 = 1 1
_ 2 - =
-2 +Z+2+n§::1(”+2)! -

that is zp = 0 is an essential singularity, Resg (f) = 1/6 and the series is
convergent for every z # 0.

(iil) Let
22
f(Z):(Z_l)Q(Z_l_ ) atzo—l.
Set
52
9(2) = z+3

and note that g is a holomorphic function around zo = 1. Since g (1) = 1/4,
g (1) =7/16, ¢" (1) = 9/32 and ¢"" (1) = —27/128, the first terms of its
Taylor series are

7 9
9(2)= 3+ g (- D4 g (=1 = e (=1 4

N

and thus

_9(m 1 ! 9 _ 9
L Py YRR T ] E I TR

Therefore, zop = 1 is a pole of order 2, Res; (f) = 7/16 and the series is
convergent for 0 < |z — 1| < 4.
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Exercise 11.4 We use the Taylor expansion of e¥ and we substitute (z — 1)72
for y. We then get

oo o0

_ 2 (-2 _ 2N~ L o~ L
Je = = e e
a 'r;) (n! (z—1)*"7 - n!(z—1)>""" + nl(z — 1)2">
which implies
f(Z)=l(z—1)+1+ L L.
20(z—1)" 3l(z—1)
2 2
! ﬂz—n+($7n 20 (2 — 1) ]
T P !
(z—1)>  2(z—1)
and thus
fR=GE-1)"+2(E-1)+2+ 2,3 L1 L

(z=1) 2(z-1% (z2-1)°
We finally find

fz)=(z- 1) +2(z—1) +2+Z ( ::12) i 11)2n -|-3!(z_ 11)2n1> )

Therefore, we can deduce that 1 is an essential singularity, Res; (f) = 2
and the series is convergent provided that 0 < |z — 1| (i.e. Vz # 1).

Exercise 11.5 Using the Taylor series of cosy and substituting 1/z for y

gives
con (1) =X G = o X G e

n=1
We conclude that 0 is an essential singularity, Reso (f) = —1/2 and the
series is convergent for every z # 0.

W

Exercise 11.6 Substituting z — 1 for y in the Taylor expansion of e¥ gives

z z—14+1

e e e <1
G-1° (17 (= 1QZ;EN2_

oo

1 R e o (z—1)"
B A A e LR FV R Y s
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Therefore, zyp = 1 is a pole of order 2, Res; (f) = e and the series is
convergent provided z # 1.

Exercise 11.7 The function g(z) = /z = e(1/?198* i holomorphic in
C\R_ , where

R_={2€C:Rez<0and Imz = 0}.

Furthermore, we have
1 1
g (2) = *22_1/2a 9" (2) = 17 82,

3 i 15 _
g’”(z)=§z 5/2. g( ) (2) = ——z 7/2

16

and, for arbitrary n,

n+1 I1x3xbx---X (2’”/_3)2—(2”—1)/2

Thus, in the neighborhood of 1, we have

ne1 1 X3 X5 X x(2n—3)

1 (o)
=1+4+=(z—1 -1 —1)".
96 =145 (-4 30 () — (- 1)
We then deduce that
N Lo 1
(z—1) (z—17% 2(x—-1)
> 1x3x5x---x(2n—23) —2
_1n+1 _1n
+3 (1) - (=-1)
and thus
N Lo 1
(z—1) (z—1)°> 2(z—1)
s I1x3x5x---x (2k+1)
k+1 k
+Z(_1) 2k+2(k; + 2)! (z—1)".
k=0

Therefore, zp = 1 is a pole of order 2, its residue is 1/2 and the Laurent
series converges provided 0 < |z — 1] < 1.
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Exercise 11.8 We write

2
fy=—t B g g = B

(z —1)% cos? (32)

Using 'Hopital rule we obtain

2

Therefore, zg = 1 is a pole of order 2 and, moreover,

2(z—1)cos? (2z) + (2 — 1)% cos (22)sin (32)
cos? (gz)
i (z—1) i 2cos (32) +m(z—1)sin (52) .
z—1 cos (gz) z—1 cos? (gz)

The equation (11.1) implies that the first limit is equal to —2/7. Using
I’Hopital rule again, we find that the second limit is 0. We therefore get

Res; (f) =0.

The Laurent series of f is therefore
4 o0
— + an (z—1)".
=TSP TR

We also note that the other singularities are when cos (7z/2) = 0, that
is when z = 2k 4+ 1 for k € Z. The series is therefore convergent when
0<|z—1] <2

Exercise 11.9 We write

_ log (1+ 2) _ p(2)
sin (22) q(z)

f(z)

with p and ¢ holomorphic at zy = 0. Observe that zy = 0 is a pole of order
1 of f. Indeed, 0 is a zero of order 1 of p since

p(0)=0 and p' (0)=1+#£0
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and 0 is a zero of order 2 of ¢ since
q(0)=0, ¢ (0)=0 and ¢"(0)=2%#0.

We, hence, deduce that the function g (z) = zf (z) is holomorphic at zg = 0.
Using 'Hopital rule twice we get

log (14 2) + T

9(0) = ,lli%g (2) = ili% 2z cos (22)
log (1+ z) o
2—0 2z cos (22)  2—02(1 + z) cos (22)
L. 1Jlrz 1
2 220 cos (22) — 2zsin (22) * 2

Since

n=0 '

we have that the residue at 0 of f(z) is 1. Since the nearest singularity of
log (1 + z) is at z = —1 and since the nearest zero of sin (2?) is at /7, then
the series is convergent for 0 < |z| < 1.

Exercise 11.10 It is easy to see that

1 1 1 1 1 1 1
f(z)—eisinz—(l—l-—k—k-“)( +--~)—Z+ +oe

z 2122 z 3123 22

Therefore, zyp = 0 is an essential singularity of f, its residue is 1 and its
radius of convergence is infinite.

Exercise 11.11 Let )
sin z

er —1°

Note that, according to ’'Hopital rule, we have

9(2) =

COsS 2z

g(0) = lim

z—0 ¢e*

=1.

We therefore have that g is holomorphic provided |z| < 27 (indeed e*—1 # 0
& z # 2nmi). Since f (2) = g (2) /z, we deduce that

sin z 1

f(z):m:;+"'

Thus, 2y = 0 is a pole of order 1, its residue is 1 and the Laurent series
converges if 0 < |z| < 2.



257

Exercise 11.12 Since sinz = —sin (z — 7) , we write
: - — (-1)" 21
sinz=—sgin(z —7) = —Zi(z—w)
|
= (2n +1)!
oo n+1
2n+1
z:: 2n+1 -

We, hence, infer that

We then deduce that zg = 7 is a pole of order 1, the radius of convergence

is infinite (which means that the series is convergent for every z # 7) and
Res; (f) = —1.

Exercise 11.13 Let

_ sinz _ IM
Fz) = sin (22)  q(z2)°

Observe that p and ¢ are holomorphic at zg = 0. We find that zyp = 0 is a
pole of order 1 of f. Indeed, 0 is a zero of order 1 of p

p(0)=0 and p'(0)=1+#0
while 0 is a zero of order 2 of ¢
q(0)=0, ¢(0)=0 and ¢"(0)=2#0.

It is therefore sufficient to write

1 zsinz 1

fe) =i =2 g(2),

z sin(22) 2
where g is holomorphic at z = 0. Note that g is even and therefore
g+ (0) =0 for every integer k.

‘We thus have

Z 9(%) 52k=1
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We next need to compute g (0). We use 'Hopital rule to obtain

zsin z 22 sin z

g(0) = lim ——— = lim — lim =1.

2—0 sin (22)  2—0 sin (22) 2—0 2

We, hence, get

1 g (0) o
f(z):2+k§ e o

and Resg (f) = 1. We, moreover, have

vk ifk>0
i/Jk[x ifk <o0.

and thus the Laurent series is convergent when 0 < |z| < /7.

sin(zz):() s P2=kr & z—{

Exercise 11.14 (i) The function y — logy is holomorphic in
C\{y€C:Imy=0and Rey <0}.
If y =1+ 2, we find that f is holomorphic in
D=C\{z€C:Imz=0and Rez < —1}.

(i) If f (2) =log (1 + z), then

f'(2) = () =

-1 5 and " (2) =

(1+2) °

(1+2)

More generally, we have

() () — (—1)"+L (n—1)!
[ (2) = (=1) 152"

We therefore find that
F(0)=0 and f™(0)=(-1)""" (n—1)! for every n > 1,

(n—1)!
(141i)n

f(@) =log(1+i) and fO(i) = (-1)"" for every n > 1.

Thus, if zg = 0, we get

o0

F)=log(l+2)=)Y (- ”*12

n=1
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and the radius of convergence is R = 1 (that is, the series is convergent if
|z| < 1). If zg = 4, we deduce that

n+1 (z - Z)n

f(2) =Tog (1+2) =log(1 +0) + 3 (-1 oo

n=1

and the radius of convergence is R = v/2 (that is, the series is convergent

if |z — i < V2).

Exercise 11.15 (i) Clearly z = +i are the only singularities of f and they
are poles of order 1. Indeed

sin(z2 + 1) 1 1

(z2+1) .(z2+1):g(z).7

and g is holomorphic (the singularities £4 of g are removable).
(ii) L’Hopital rule leads to

. . sin(z2 + 1) 1
Res; =lim |(z —1 . - -
(%) 25i ( ) (2241)  (2+1i)(z2—1)
1 .. sin(22+1) 1 . 2zcos(z2+1) 1
=—lim—4t=—1lim—4 = —
2i z—i (2241) 20 z—i 2z 24
. sin(z2+1) 1 1 . sin(z?24+1) 1
Res_; (f) = 1 : S TVl e? R
s ()= M =y oy A T D 2

(iii) The radius of convergence is in both cases 2, that is, the series
converges when 0 < |z —i| < 2 and 0 < |z 4 i| < 2 respectively.

Exercise 11.16 (i) Note that 2 — 1+ 22 is holomorphic in C. The function
w — logw is holomorphic in

C\{w e C:Imw =0 and Rew < 0}.
If w=1+ 2%, we find
w= (1+z% —y?) + 2izy

and

Imw=0 < zy =0 & z=0o0ry=0
Rew <0 < 1+22<y%

It is easy to see that y = 0 is not allowed while if z = 0, then y? > 1.
Summarizing, we have that f is holomorphic in

D=C\{z€C:Rez=0and [Imz| > 1}.
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(ii) We have f (0) = 0. Note that f is even and therefore
fesD (0) =0 for every integer k.
We immediately obtain

2z . B 2 — 222 . _
— s = ) = > f10)=2

!
[ (z) (1+22)2
We therefore find

F2P(0)
I Z2k.

f(z) =log (1+2%) = 2 +k§::2 @

The radius of convergence is 1, that is, the Taylor series converges if |z| < 1.

Exercise* 11.17 Since f is holomorphic in the neighborhood of 2z and
f (z0) =0, we have

£ =1 (0) 4 1 (o) (2= 20) + L0 (o

% t(n) (, B
= (2~ =) lf’ (o) + 3 L) oy

n=2

= (2 —20) f' (20) + (2 — 20) F (2)..

In a similar way, we get

< () (4 )
9(2) = (z — 20) [gl (20) + Z ngo) (z—20)"" ]
n=2 '

=(2z—20)9 (20) + (2 — 20) G (2) .
Since F (z0) = G (29) = 0 and ¢’ (z0) # 0, we deduce that
L IE P 4G f ()

z—z0 g (z) z—20 g/ (Z()) + G (Z) g/ (Zo) ’

Exercise* 11.18 (i) Since f is holomorphic in C, we have

> £(n)
f(z) :ZfT(O)z” VzeC.
n=0 ’

Cauchy integral formula gives

£ (0) = n—'/ ;(fz dz.

211




261
If v (t) = Re®, we obtain

] 2 f' (Reit) ) n 27 ) )
(n) 0) = n / iR ztdt — / —int R it dt
f ( ) 27TZ 0 (Relt)n+1 1ne 27TR77« o € f ( e )

and thus

n n! o —in i n! o i
10O < g [l (Re) | de = g [ (e

Since f is bounded, say |f (2)] < M, we have

Mn! 27
<"

‘f(n) (0)’_ or  R"’

Letting R — oo we get
fM™©0)=0, ¥Yn>1.
We have therefore found that f is constant, since

> ¢(n)
f2)=>" 0 n,(o) 2" =f(0), V=
n=0 :

(ii) The function

) Sl n m2n+1
f(x) =sinx = ;(—1) 2T

is bounded all over R but is not constant.
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Chapter 12

Residue theorem and applications

Exercise 12.1 Case 1: 0 € int~y. We have
1 oo 1 1 n [ee] 1 1

We, hence, deduce that Resp (f) = 0 and thus

/f

(Note that the function is not holomorphic in int ).
Case 2: 0 ¢ int~. Cauchy theorem implies f,y f(z)dz=0.
Case 3: 0 € . In this case, the integral is not well defined.
Exercise 12.2 (i) Let
1
Ay
We first compute the residues at 7, 4 and —2 which are poles of order 1 for
the first two and of order 2 for the third one. Their residue are given by

1
Res; =lim[(z —19) f(?)] = ——5———
D =lmle=0f 6= ey

Ress () =l [(: = ) £ (3] = 31—

. —2z+4+i \ _ 8+i
=2\ (z—0)%(z—4)> ) 36(i+2)?
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We then consider five cases.

Case 1: i,—2,4 ¢ int . Cauchy theorem implies

Lf(z)dz_o.

Case 2: Only one of the points i, —2,4 belongs to int~.
2.a) i € inty but —2,4 ¢ inty. We find

21
[yf (2) dz = 2miRes; (f) (T226-9)
2.b) —2 € inty but 4,4 ¢ inty. We deduce that

. (8 + 1)
dz = 2mi Res_ = —05.
A f () dz = 2miResa (1) = fg o
2.c) 4 € inty but 7, —2 ¢ int y. We obtain

v

/f(z)dz:ZwiRGS4(f):m.

Case 8: Two of the points i, —2, 4 belong to int ~y.
3.a) i,—2 € inty but 4 ¢ int~y. We obtain

/f(z)dzzQwi(Resi (f) + Res_s () = (ii”;)Q <¢14 + 8;;’)

3.b) 9,4 € inty but —2 ¢ inty. We get

/f (z)dz = 2mi (Res; (f) + Resq (f)) = (221”4) ((z _:2)2 - 316> )

3.c) —2,4 € inty but i ¢ inty. We find

. ) 841 1
/Vf(z)dz = 2mi (Res_2 (f) + Resa (f)) = 1 ((i+2)2 G _4)) .
Case 4: i,—2,4 € int~y. In this case, we have

/ F(2)dz = 2 (Res: () + Res_s (f) + Ress (f))

. 1 8+i 1
= 2mi ((z’—4)(i+2)2 N ETIE 36(i—4)) =0



Case 5: i € yor —2 € y or 4 € «. The integral is not well defined.

(ii) Let
2242241
(z=3)°

Observe that z = 3 is a pole of order 3 and

fz)=

‘We consider three cases.

Case 1: 3 ¢ int~y. Cauchy theorem gives

Lf(Z)dZZ

Case 2: 3 € inty. We get
/ f(2)dz = 2miRess (f) = 2mi.
y

Case 3: 3 € . The integral is not well defined.

e(1/2)
(iii) Let f(2) = . We have
(1/2) >
o7 1 S L1
22 r n' 2 = nl 2

Hence, 0 is an essential singularity and
Reso (f) = 0.

Case 1: 0 ¢ inty. Cauchy theorem leads to

Lf(z)dz_

Case 2: 0 € int~y. We find that
/f (z)dz = 2miResp (f) = 0.
.

Case 3: 0 € v. The integral is not well defined.

265
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Exercise 12.3 (i) The singularities of f (z) = (cosh z) " are when cosh z =
0, that is when

fte =0 F=-12=i(2k+1)7/2.
The only singularity of f inside vy is then iw/2 and it is a pole of order 1.
The residue is
z—ig 1 1

R 3 = 1 = T
9612 (f) ziglg cosh z sinh (Z%) i

and, therefore,

/ f(2) dz = 2mi Res;z (f) = 2n.
TR

(ii) We next compute the integral along each side of the rectangle. We

have
4
f(2) dz:Z/ f(z)dz,
TR =1 i

where
vi={z:z:-R— R}, ~v,={R+iy:y:0— 7},
vs={zx+ir:x:R— —-R}, ~yy={-R+iy:y:7m— 0}.
We, therefore, obtain

/ dz /R da / dz /R da
= ——— and =— _.
5, coshz _p coshzx ~, coshz _p cosh(z +im)

Since

. . 1
cosh(z +im) = (e””Jr“r + e_(““d””)) =-3 (" +e ") = —coshu,

/ dz _2/R dz
Uy, Coshz 7 J_pcosha

Furthermore, as R — +00, we have
/ dz /Tr idy
—_— = — —0
~, coshz o cosh(R + iy)

/ dz /7r idy
~, coshz o cosh(—R +iy)

DO =

we deduce that
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We have, hence, showed that

and, thus,

Exercise 12.4 Let

1 — eim=
f(z)= m
The possible singularities are at z = 0, z = —i and z = 1. Using I’Hopital
rule, we find .
;ii%f(z):$:f7r.
Hence, 0 is a regular point (i.e. a removable singularity). Moreover, z = —i

is clearly a pole of order 1 while z = 1 is a pole of order 2. We, therefore,

find )
1 _ eZ’ITZ 1 _ eﬂ"
Res_; = lim =
() i=—i g (z—1)° 2

Resl(f)limd[le _}lim —ime (z(z+z))f(1;e V(22 + 1)
z=1dz |z (2 +1) z—1 22 (z 4 1)
in(1+4)—202+i) 7-2 w44

- % =T T

We study five cases.
Case 1: 1,—i ¢ inty. Cauchy theorem gives

/ f(z) dz=0.
~
Case 2: 1 € inty but —i ¢ inty. We find
/ f(2)dz =2miRes; (f) = —n(r +4) + in(7 — 2).
¥
Case 8: —i € inty but 1 ¢ inty. We get

/f (2)dz = 2wiRes_; (f) = im(1 —€™).
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Case 4: 1,—i € inty. We deduce
/ f(2)dz =2mi(Resy (f) + Res—; (f)) = —n(n +4) +in(mr — 1 —€™).
~

Case 5: 1 € v or —i € . The integral is not well defined.

Exercise 12.5 Let f(z) = tanz. The only singularities of f inside the
given disk are at z = +7/2. These are clearly poles of order 1. Proposition
11.5 then implies

2
Res_z (f) = _b1srlln((_’2772) =-1
2

Case 1: :i:g € int y. We have
/tanzdz = 2mi (Resz (f) +Res_z (f)) = —4mi.
5
T, T, — .
Case 2: 5 € inty and —3 ¢ inty. We obtain

/tanzdz = 2miResz (f) = —2mi.
N

™

Case 3: >

€ int v and g ¢ inty. We get
/tanzdz =2miRes_z (f) = —2mi.
.

Case 4: :tg ¢ int y. Cauchy theorem implies immediately

/tanzdz =0.
y

Case 5: g €yor —g € 7. The integral is not well defined.

Exercise 12.6 We have

1

f (COS@,Sin@) = m .
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Letting z = €"? we find

Fe)= 1 = :
ix (\/5 _ le/) —22 4+ 2iz2v/5 + 1
-2

T (-i(VEt+2) (i (VE-2)

The singularities of f are at z; = i(v/5 + 2) and 2z, = i(v/5 — 2), but only
z2 , which is a pole of order 1, belongs to the interior of the unit disk. We,
therefore, get

-2 1
Resysn ()= tm 2 L
7,(\/372) f z2—i(V/5—2) Z — Z(\[—F 2) 2Z
and, hence,
27
do -
0 giRes ey () =7
o b5 —sinf i(v5-2) !
Exercise 12.7 We let z = Y and we find
cosf — el + e~ _ z+% _ 2241
N 2 2 2z
Q210 4 =200 4 4 . p2i0 _ o=2i0 L4 g
cos (20) = 5 =5 and sin (20) = 5 =52

For f (cos@,sinf) = cosfsin (20) (5 + 3cos (20)) ", we define

f(z) = éf (é (z + i) % (Z - i)) - 6z2((zz2++13))((zz E 13?) '

We find that the only singularities inside the unit disk are 0, which is a pole
of order 2, and +i/+/3 which are poles of order 1. Their residues are

@A)

)
+HE Y
1/\/(5() ﬁ—l 622 22+3)( —ﬁ)_ 6v/3

P42t -2 -1
R S " I}
%0 (f) 2z—>0 dz{3z4+10z2+3
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If ~v denotes the unit circle, we have
27 :
cos 0sin (20) ~
——=df = d
/0 5 4 3 cos (26) Lf(z) :
271 [Resi/\/g (f) + Resﬂ./\/g (f) + Resg (fﬂ =

This result could have been obtained from symmetry considerations.

Exercise 12.8 Let 2z = e*?. We deduce that

60 —1i6 1 1
cosf = % =5 (z—l—Z)
20  ,—2if
1 1
cos (20) = % =3 (22—1-22> .

For f (cosf,sinf) = (13 — 5cos (20)) " cos? 0, we define

-2+ 1) gty

5
The singularities of fare at z =0, £1/4/5 and /5, and they are poles of

order 1. We note that only the first three lie inside the unit circle . The
corresponding residues are

p— 3 ra _1
z—0 107

1 ~
Resl/ﬁ (f) = Zillr?\/g <Z - \/S> f(z) = —

1 ~
Resfl/\/g (f) = Z*,{le}\/g <Z + \/5> f (Z) = —

Since

[ ez =i (v (7) s () ¢ e (7) = 5.

we find that
/ 2 cos? 6 / Pz
o 13 —"5cos( 29
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Exercise 12.9 We write z = Y and we obtain

P p— z—1
sin (0/2) = 2 20212
i3 —i52 5
. e’ —e ' z> =1
sin (560/2) = 5 = 9572
and thus
sin(560/2) 2_ 25 —1 2_ 4+ 23+ 22+2+1)2
sin(0/2) ) \(z—1)22) 24 ’
Setting

~ A3 422+ 2+ 1)2

Flay= )

we find that z = 0 is the only singularity of f and that this is a pole of
order 5. Its residue is given by

= 1 d*

Resg (f) = — lim — [

4! =0 dZ4

125

(z4+z3+z2+z+1)1 5

2 2

Finally, if v denotes the unit circle, we have

/O27T (212((599//22))>2 g = [yf(z) dz = 2mi Resg (f) — 107.

By a completely analogous reasoning one can prove that

/OQw <sirsli(n(7(160/)2/)2)>2d9 = 2nm,

since the corresponding fis such that Resg (f) =n/i.

Exercise 12.10 (i) We first write

(z — 1)2n = 22" — (21")22”71 4+ = (237_11)2 +1
2n
k (2n
= (=1 <2k7 )Zk
k=0
and we find
2n . 2n .
(Z . 1)271 (an + 1) — (_1) (2}{7:7,)2’{7-"-2” + Z (_1) (%?)Zk
k=0 k=0
2n 2n—1
= (D" (AT 22+ Y (-DF () AR
k=1 k=0
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We thus have

¥ — 2n »2n 2n 2n—1 _\k
h(z) — ( 1) ( +1) :Z(_l)k (2]?)zk—1+§_~_ Z (2}3) ( 1)

z2n+1 2ntl—k
k=1 k=0
We therefore see that z = 0 is a pole of order 2n + 1 whose residue is 2.
(ii) As usual we let z = €* and we find
1 w1
zZ+ ; 22 +1 2"+ an 2,’2" +1

cosf = —= = and cos (nfd) = =
2 2z 2 2zm

We therefore have

2 1 n _2n 1
(1—c059)ncos(n9):<1—z + ) s

2z 22"

(=1)" (z = 1)*" (22" + 1)
- 2n+122n

Let )
- —1)" (2= 1) (22 + 1
f(z) = ( ) (izvl+112nizl ) '

Observe that

and thus

Reso (]7(2)) (=" .

If ~ is the unit circle, we have
2w 1\
/ (1 — cosf)" cos (nf) df = / f (2)dz = 2mi Resg <f> = %
0 ~ 2”—

) 1
Exercise 12.11 We let z = ¢*? and, hence, cos ) = 3 (z+1/z). We there-
fore find

Let
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and let v be the unit circle. The function fhas singularities (in fact poles
of order 1) at z = p and z = 1/p. Since p < 1 only z = p lies inside of ~.
Its residue is

—(z—p) 1
Resy (ﬂ 7212}:2]72—1)(1) p) i(p2—1)°

We thus have

27 d9 N . ~ .
/o T—2pcost + 12 —/Wf@ dz = 2riRes, ( f) -

Exercise 12.12 (i) If we let z = r €', then the triangle inequality implies

|22+ 1] = [[2°] = 1] = [~ — 1]

(i) If r > 1, we write
2 ™ i0
/ - GdZ‘: / erewdﬂ
c, 1+2 0 14 (rei)°

T 3 3
s/ s d= = =0 ifr —oc.
o ™= -

(iii) Let r > 1 and v, = C, U L, where C, is as in (ii) and L, is the line
segment [—, 7] on the real axis. The singularities of f (z) = % are the
zeroes of 1+ 2%, which are given by

14+20=0 & 20 =-1=¢i"+mm
and thus the zeroes are
=T tD/6 = 0,... 5.

Zn

Only zp, 21 and z3 lie inside of v, and these are poles of order 1. Using
Proposition 11.5 (with p(z) = 22 and ¢(z) = 1 + 2, which implies that
q' (2) = 62°), we find that their residues are

22 11, (=)™t
_L V- - Zi@nAlm/2 V) =0.1.2.
Res,, <1 n z6> 623 5¢ e b " 0,1,

Using the residue theorem, we write

2 i
%f(z) dz:/CTf(Z) dz—i—/er(z) dz:27rznz:%Reszn (f)=§
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Since
2 too .2

"o
dz= | ——d T
/L;f(z) : /_r1+z6 ;H/_oo 1+ ab

/ f(z)dz—0 asr— oo
Cyr

dr asr — oo

(cf. (ii) above) we deduce that
too 2
/ dr = lim f(z)dz=

™
[e%s) 1+x6 e Tr 3

Exercise 12.13 (i) Let z = re?® = rcos 6 + irsin 6. We get
ircosQ—rsinG’ — e—rsint? <1

el = e

since rsinf > 0 (r > 0 and 6 € [0, 7]).
(ii) The triangle inequality implies

|16 + 2*| > |2*| — 16 = r* — 16.

(iii) Using (i) and (ii), we find that if r > 2, then

e 1
16424~ rt =16
eiz
. If r — oo, we then get

/Crf(Z)dZ

/7T f (rem) ire® d@’ < /7r |f (rei9)|rd6
0 0

r ™
< - dg — 0.
- rt-16 /0 -

(v) Let r > 2 and ~,. = C; U L, where C, is as in (iv) and L, is the line
segment [—r,7] on the real axis. The singularities of f are given by

2’4 +16=0 & 24 = _16 = 166'(7r+2n7r)’

i.e.
2y = 26D/ — 01,2, 3.
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These are clearly poles of order 1 and only 2y and z; lie inside of 7, .
Using Proposition 11.5 (let p (z) = €% and ¢ (z) = 16 + z*, which implies
q (z) = 423) we obtain

R (f) eiz0 ei\/§(1+i) eﬁ(—u—i)
€S2, = 3 — = N
° 423 4(vV2(1 —|—i))3 16v/2(1 + )i
iz ivV2(—1+14) V2(—1—1)
e'*1 e e
Reszl (f) = 1.3

1 4 (VA1) 16vV2(1 )i

Resz, (f) + Res, (f) = i (COSf 2 +isinv2 | cos 2—z‘sinﬁ>

1(51[ 1414 1—14

16z\f (cosxf—l—smf)

The residue theorem then implies

eiz eiz eiz
——dz = —d —d
/%164—2’4 * /6)16‘*'24 z+/LT16+z4 ¥

= 2mi (Res,, (f) + Res,, (1))

e V2 .
ﬁ (cos \/§ —+ sin \/5) .

=T

Since

Jm [ pEde = i [

/+°° CoS T d +_/+°° sinx d
—dx+1 —dz
o 16+ x4 oo 164zt

the previous identity combined with (iv) give

~+o0 -2
cos X e
——" drx=m—— (cos V2 +sinv?2
/ 8v2 ( )

oo 16+ 24

T ging
— _dx=0.
/ 16 + x4 z=0

— 00
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Chapter 13

Conformal mapping

Exercise 13.1 (i) Let z = x + iy. We write

T — 1y

flz)=———F———=u+w
(z +iy) (z — iy)
and we find
w d v —Y
U= -——— an = ——.
2132 + y2 Llf2 + yQ
(ii) Setting w = 1/z we obtain
1 1 U —
2= — = =
w  u+iv (u+iv) (u—1iv)
and thus
U —v
I:7u2+v2 and y:7u2+v2'

(iii) We now find f (4;).
— A is the line whose equation is © = y. Therefore, the above identities
for u and v lead to

which implies
u—+v=0.

Therefore, f(A1) is a line passing through the origin (cf. Figure 13.1),
namely
f(A1) ={w=u+iv:Imw= —Rew}.

277
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z—plane w—plane

A f(AI)

Figure 13.1: Exercise 13.1: A; and f (4;)
— As is the line given by Rez = x = 1. We thus find

=53 éu2+v2:u
us 4+ v

u—1 2—1—1)2—1
2 4

Thus, f (As) is a circle passing through the origin (cf. Figure 13.2)

which leads to

. 1)? 1\2 5 1
f(Az)—{w—u—i—w. w—3 —(u—2> +o _4}.
f
—_—

z—plane w—plane

v
1
2

[(A2)

Ay

Figure 13.2: Exercise 13.1: Ay and f (A2)
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— Aj is a circle passing through the origin and whose equation is given
by

(=12 +y*=1
(that is 22 + y? = 2x). We therefore have

2 2
U n —v _ 2u
<u2—|—v2> <u2+v2> u? + 02’
Thus u = 1/2 and f(Aj3) is a line which does not pass through the origin
(cf. Figure 13.3)

f(Ag):{weC:Rew:;}.

z—plane w—plane

As

f(4s)
Figure 13.3: Exercise 13.1: Az and f (A4s)

— Ay is a circle, which does not pass through the origin and which is
defined by the equation

(x—1)%+¢° =4
We, hence, deduce that

2 2
(i) b
We therefore have
u? — 2u(u® + %) + (u? + 0?2 + 02 = 4(u® 4 0?)?
and thus

1\° 4
3(u2+v2)+2u_1202>(u+3) +’U2:§.
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We finally find that f(A4) is a circle which does not pass through the origin
(cf. Figure 13.4)

f(A4)—{wec:’w+;’—§}.

z—plane w—plane

Figure 13.4: Exercise 13.1: A4 and f (A4)

(iv) We just saw that if f (z) = 1/z, then

-y

. f . T .
T+iy > u+iv= +14
y 2 + 72 2+ 32

and conversely
—v

Y d
r=-——— an =
y u? + v?

u2 + v2
Consider different cases.

Case 1. The image of a line passing through the origin is a line passing
through the origin. We indeed have

ar+Py=0 = au— pv=0.

Case 2. The image of a line which does not pass through the origin is
a circle passing through the origin. More precisely, if v # 0 and if

ar+Py=1,
2
then
au Bv vy
u2+02 w2402 2

We, hence, have
v(u? 4 v?) — 20u + 26v = 0
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and thus

2 2 2 2
3 (-5
gl v v
Case 3. The image of a circle passing through the origin
(x—a)’ +(y— )" =7

with 42 = o? + 82, is a line which does not pass through the origin. This
follows from
U 2 v 2
—_— 7_ _— = 2
<u2+02 a) * (u2+v2 6) K

Y (u? +0?)? = (@ + B7) (1 +v?)? + u? + v — 2 (au — Bv) (u? + v?)

which implies

and therefore
26v —2au+1=0.

Case 4. The image of a circle
(z—a)’+@y—pB"=7" £+,
which does not pass through the origin, is a circle which does not pass
through the origin. More precisely, we find, using the previous computation,
(v —a? - ﬁz) (u® + v2)2 = (u® + %) (1 — 20u + 25v)
which gives
20 9 2Bv 1

+v7 - =
? ?—a?-p 2 -a?-p

and thus

o 2 6 2 72
<u+v2—a2—62> +(U_72—a2—62> G

Exercise 13.2 (i) We are looking for a map of the form

az+b
cz+d’

w(z) =

We therefore have
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and (
b
w(l —1) N d +2i

that is

c—a 1—2

141 d ¢= = —ai.
(1+4) and ¢ T at

b=—d, b=

Letting ¢ = 1, we get
a=1, b=1 and d=-1.
We thus find
1z 41
z—1"

w(z) =

(ii) The required map is z — 2/z. Indeed, reasoning as in Exercise 13.1,
we note that if w (z) = 2/z, then = + iy — u + iv, with

4
2., .2
u” + vt = m .
We furthermore see that it maps the disk {z € C : |z] < 1} into the exterior
of {w € C: |w| > 2}.

Exercise 13.3 Let .
az +

To the three points {—1,0,1} of 99 we associate the points {—1,4,1} of
0D via f (cf. Figure 13.5).

z—plane
w—plane

Figure 13.5: Exercise 13.3
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We, hence, have

—a+tb
F=1= —Zid:

We easily find that

-1, f(O):g:z' and f(1)=ZIZ:1

c=b=ai and d=a.

This leads to + ai n
az + ai z+1
z) = = .
() airz +a 1z+ 1
It remains to check if the interior of 2 has been sent into the interior of D.

For example, we have

.
20 = f(2i):j21:—3i¢D.

Therefore, the required map (since we know that f(z) = 1/z maps the
exterior of the unit disk into its interior and conversely) is

1z + 1
241

9(2) =

Exercise 13.4 We can proceed in two ways.
(I) (i) We write f = fo o f1, where
fi:Q—=A={zeC:|z| > 1}

fa: A— D.

We have already seen that fs (z) = 1/2 maps A onto D. In a similar way,
we immediately see that
2 —2(1+14)
fils) = 22
maps 2 into A. We therefore obtain

2

f(z)=fa(fu (z)):m~

(ii) Its inverse is given by

2
= = =2(1+74 2
TS zw=2(1+14)w+
which leads to
Z_2(1+i)w+2

w
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(IT) (i) If one does not see the immediate decomposition, we fix any
three points on 992 and their images on dD. We then check if the map
sends an interior point of §) into an interior point of D (if this is not the
case, it is sufficient to inverse the function). We are therefore looking for a

function
az+b

9(2):cz+d

such that
g(2i)=-1, ¢g(2)=—i and g(4+2i)=1.

After an elementary computation, we find

az—2(1+4d)a z—2(1+41)

g(z) = o = 5

We note that 0 € {2 and
90)=-(1+i)¢D
since |g (0)| = v/2 > 1. The required transformation is thus

12
Cg(z) z—20144)°

We have therefore found the same map as above, but we could have found
another one if we had chosen different points. For example, we could have

chosen
f(29)=-1, f(2)=4¢ and f(4+2i)=1.

(ii) The inverse function depends on the transformation we have found
in (i).
Exercise 13.5 (i) Case 1: ¢ # 0 and ad — bc # 0. We first show that f is
one-to-one and onto.

- We begin by showing the injectivity. We have
az1 +b az+b
cz1+d  czo+d

f(z1) = f(z2) &
which leads to
acz129 + adzy + bezg + bd = aczi 2o + bezy + adzy + bd

and then
(ad —bc)za = (ad —bc)zy & 21 = 22

(Note that we have used the hypothesis ad — bc # 0.)
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— We next prove that f is onto. We have

az+b
cz+d

Fa)=w=
if and only if
(az+b)=w(cz+d) & (cw—a)z=b—dw

if and only if

_ —dw+b
z=f1(w)= ———.
cw—a
Since ad — be # 0, we obtain
—dw+b , —d
cw—a c

and thus p ;
—dw +
——c 0= — .
pv— € C\{—d/c}

We, hence, have
Q) =" =C\{a/c}.

— Furthermore, f is holomorphic as the quotient of two holomorphic
functions (while the denominator does not vanish). The derivative is given
by

ad — bc

f(@zm#&

Case 2: ¢ =0 and ad — bc # 0. We then have d # 0 and

f(z):gz—i—g.

Clearly, f is conformal from C onto C.

(ii) When ad — bc = 0, we immediately observe that f’(z) = 0 and thus
f is constant. We indeed have

az+b  blcz+d) b

(=)= cz4+d  dlez+d)  d’

Exercise 13.6 (i) Let f = u + iv. We have to find v and v. We obtain

i by + — by W
u = 7 —_— =X 7 —_—
YT ey YTy
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and thus

1 1
= 1+ —— d = 1—— .
U :c( +x2+y2> an v y< $2+y2>

(ii) Case 1: a = 1. In this case, we have u = 22 and v = 0. Since |z| = a
implies that —a < = < a, we deduce that the image of the given circle
under f is the line segment (on the real axis) [—2a,2a] = [-2,2].

Case 2: a # 1. We have

1 1
u:$<1+2) and U:y(1—2>
a a

and thus
a*u? n av? 2?2
CENECE
which is an ellipse of equation
u? v? 1

@i @12 @

Exercise 13.7 (i) We have to check that f : A — Q has the following
properties.

— f is one-to-one. Let z1, 29 € A such that f(z1) = f(22). We then have
et = e*2 and thus zy = z; + 2inm. This equality implies

Rezos =Rez; and Imzy =Imz; + 2nm.

Since 0 < Im z1,Im 25 < 7, we deduce that z; = z3 and thus f is one-to-one.
— f is onto. Let w € Q. We want to find z € A such that f(z) = w. It
is sufficient to take z = logw. We indeed have Imw >0 = Imz € (0, 7).
— f is holomorphic. We know that f(z) = e* is holomorphic Vz € C
and that
() #0 VzeC.

The function f: A — € is therefore a conformal mapping.
(ii) Using Exercise 13.3 (with g (z) = %) and the above question, we
have
h=gof:AL Q% D,
i.e. the function .
e® +1
e* +1

h(z) =g(f(2)) =

is a conformal mapping from A onto D.
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Exercise 13.8 (i) We are looking for a holomorphic function g = u + iv.
Such a g satisfies the Cauchy—Riemann equations, that is

Vp = —Uy and vy, = Ug.
‘We therefore should have

gradv = (v, vy) = (—uy, uz) = @ = (p, 7).

Since R? is convex (and thus simply connected), a necessary and sufficient
condition for such a v to exist is that curl® = ¢, — ¢, = 0. Since u is
harmonic, we have

curl ® = (uy), + (uy), = Upe + Uyy = Au = 0.

Yy
We have therefore found v and, hence, a holomorphic function g such that
u = Reg.

(ii) Since w is harmonic, (i) implies the existence of a holomorphic g
such that u = Re g. We therefore have

uo f=Re(gof)

and go f is holomorphic. The function wo f is thus harmonic (cf. Exercise
9.6).

Exercise 13.9 (i) We can use the fact that h (O) = D (cf. below), Propo-
sition 13.3 and note that

O={z:Imz >0} CcC\ {-i}

D={z:|z|] <1} cC\ {1}

to get the claim, namely that h is conformal from O onto D. However, we
show explicitly that A is a conformal mapping. We therefore have to show
the next four properties.
— h is holomorphic on C\ {—i} and therefore in O.
— h is one-to-one since
zZ1 — ) zZ9 — )

h(Zl):h(Zg) = ﬁ222+i = 21 = Z29.

— h is onto since

w=""" 5 ;wtiw=z—1i = zZ(w—1) = —i(w+1)
z+1
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and thus 41
PR L ™t (w).

w—1

In terms of components we have

(@t D+iB_poifa+])
(a—l)—i—zﬁ (a—1)+1i8
it
(

hl(w) = h Y a+iB) =

—-28
(a=1)"+ 5
Note that since a? 4 32 < 1 (because w € D), we have Im h~! (w) > 0 and
thus A= (w) € O.
— We finally have

1—a?— 2)
a—1)7°+

=Reh ' +ilmh~ L

W(z)=2i)(z+14)* #0.
(ii) To check that g : @ — O is a conformal mapping, we need to
establish the following four properties.
— g (2) = 2% is clearly holomorphic.
— g is one-to-one in Q. We have to show that if 21,20 € Q and if g(21) =
g(22), then z; = zo. We first observe that

2_91—% y2

T1Y1 = T2Y2 -

g(z1) = g(z2) = {

Since z;,y; > 0 (and thus z;,y; # 0), we have

2 2
= Ty =X = T1 = X9

20,2 2 2(,.2 2 1 2
x5 (x5 — 27) = —y7(z3 — x7) } 2270, Y170 @1, ©2>0

Xr1 = T2
= 21 =29.
Y1 =192

— g is onto. Indeed, let w =a+i8 € O,ie. >0, and z =x + iy. We
then deduce

and thus

a=az?—y?

B =2zy

w=2z> = a+if =2 -y’ +i2zy = {
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and therefore

1/2 1/2
( a2+52—|—a>/ - y_</a2+52—a>/

2 2

We could also let z = || ¢ and w = |w|e’® and write
w=22 = |we¥ =|z|* ¥ = {
Then, after some computations, we would find, as before,

5 5 1/2
Reg™! (o, 8) = (25*)

> 1/2
Img~" (o, ) = (V‘*”ﬁ ‘a> :

We have indeed found that g=!(w) € Q.
— We finally obtain

g (2)=22#0 ifze.
(iii) It is sufficient to take
f=hog:Q%0LD

which means that

22—

2244

f(z) =

Exercise* 13.10 If such a map f exists, then f would be holomorphic and
bounded (since |f (z)| < 1). Liouville theorem would thus imply that f is
constant, which is absurd.



290 Conformal mapping



Chapter 14

Fourier series

Exercise 14.1 (i) Some elementary calculations lead to

1 2 1 T
ap = f/ ™™ cos (nx) do = —/ e cos (ny + nm) dy
™ Jo ™ ) _x
- [ 2sinh 7
- e dy = =T
- /_7r e¥ cos (ny) dy ETr:

1 2w 1 ™
b, = — / e =™ sin (nz) de = = / e¥sin (ny + nm) dy
™ Jo ™ J)_x
(—1)" /” Y —2nsinh 7
=— 5 dy = ———.
| €Y sin (ny) dy 5 n?)m

(ii) Using Dirichlet theorem, we find that if

sinh7  sinh7 o= [2cos(nz) 2nsin (nz)
F = —
f (o) = S o §_j< conlng) Indniea)),
then

Ff(z)=f(z) ifze(0,2n).

(iii) In particular, if x = m, we have

sinh 7 = 2(—=1)"
1=—|1
0 ( Jrn; 1+n2>

and thus
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that is,

™ -
1 2m (_1)n ™ 4
Gy = — / (x — )2 cos (nx) doe = / y? cos (ny) dy = 3
™ Jo ™ -
1 27 (_1)” ™
b, = — / (x — 71-)2 sin (nz) dx = / y2 sin (ny) dy =0
s 0 ™ —T

(ii) Since f is continuous at x = 0 and = = 2, Dirichlet theorem ensures
that
Ff(z)=f(z) ifzel0,2n].

(iii) Therefore, taking respectively # = 0 (f(0) = 72) and # = =«
(f () =0) gives

2

=4 =1
Zﬁzi;‘;ﬁ:%-

3
N

2

™ = (—1) T
—— = =——.
3 7; n? 12

Exercise 14.3 Note that f is odd, therefore implying that a,, = 0. On the
other hand, since f is 2mr—periodic we have

1 2 ) 1 3m/2 .
b= [ 1 @sin(ayae =~ [ @)

= f/ sin z sin (nx) de =

T J s —2ncos(n/2) - f > 9,
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We therefore have, provided n > 2 (b; = 1/2),

0 if n =2k +1 (i.e. odd)
-2
b, = Wﬁl) if n = 4k (i.e. a multiple of 4)
2n

P if n = 4k + 2 (i.e. even but not a multiple of 4).

Exercise 14.4 By definition, we have

12
Cp = = ze T dx.
2 Jo

If n =0, we find ¢y = 1. If n # 0, we obtain

_i 2 2 .

1 |ze ™ 1 _ 1

Cp = = - + — e "M dy = —
2| —imn |, 2imn Jg ™

ITNT

€

and thus

Ff(x)=1+%2
n#0

Note that since we allow positive as well as negative n, the right hand side
of the above identity is a real-valued function.

n .

Exercise 14.5 (i) Since f is odd, we have

J a(r—2) ifze(0,n)
f(x)—{ x(r+x) ifxe(—mn0).

Thus a,, = 0 and

b, 2 [ f (z)sin (nz) dx = %/ﬂ z (m — ) sin (nx) dz.
0

:E »

We, hence, get

/Oﬂx(ﬂ—x)sin(nx)dx: o (r— ) “S(WKJF/OW“)S(W(W—MW

n n

[z )]y [ ntes),

2
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We then find

if n is even

0
by = ﬂ_ig [1 - (_1)’“] = i

if n is odd

™3

and we finally obtain that
i ((2n — 1) )
— 2n -1
(ii) Using Parseval identity, we find
> 64 1 [7 5 2 [T, 9 7t
;WQ(Qn—l)ﬁ W/_ﬂ|f(x)\ o 71'/0 v (m—2) do 15
and thus
P
=(en—1)° 960

Exercise 14.6 We have

1 1
f(z) =cos’z = 3 + 5 cos (22)

which implies that the Fourier coefficients are

1

ap =1, az =g, a,=0ifn+#0,2 and b,=0, Vn.

Using the 2r—periodicity of f and the Parseval identity, we get

| (f(fc))Qdﬂ:/O2ﬂ(f(x))2dxw[;+ﬂ -

—T

Exercise 14.7 (i) Observe that f is even, which implies that b, = 0. We
thus find

9 2m 1 ™ 9 ™
a0 = 5 f(z) dz ;/ |:E|dx:;/o xdr =m,

—T

9 2w 9 T
ap = G f(x)cos (nz)de = ;/O x cos (nx) dx
2z 1 T 2 " : 2 n
== {H sin (nx)}o “or ), sin (nz) dx = m[(—l) —1].
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We then obtain
0 if n is even
Ap = —4
— if n is odd
™
and finally

:**Z scos((2n+1)x).

o 7w (2n + 1
ii) Using Parseval identity, we get
(i) Using Y, We g

2 [T 1 [ 2
v | t@re— [ vdr =2 =T >

r (2n + 1
and we deduce that
16 1 2
== = —
7T2 n=0 (Qn + 1) 6
which leads to
SEEE
—(2n+1)" 96
The above result gives
=1 =1 > 1 l <1 7
— = + .= — — 4+
— n4 — (2n)4 nz::o (2n+1) 16 ;::1 nt 96
and thus
3 on
—n 90

Exercise 14.8 (i) Observe that the given function is even, which implies
that b, = 0. On the other hand, we have
1 2m
anp = 7/ |cos x| cos (nx) dx
0

T
1 /2 37/2

= 7/ cosz cos (nx) dx — f/ cosz cos (nx) dz.
T J_n/2 T Jr/2

Substituting z—m for y in the second integral gives (recall that cos(z4nm) =
(—1)" cos 2)

37/2 /2
/ cosz cos (nx) dr = / cos (y+ m)cos(n(y +m))dy
/2 —m/2

w/2
= (71)"“/ cosy cos (ny) dy.
—m/2



296 Fourier series

We therefore have
1+ (=)™ [™/?
ap = L/ cosy cos (ny) dy
m —m/2

and we immediately deduce that if n is odd, then a, = 0. Setting n = 2k
and using the fact that

2cosy cos (2ky) = cos [(2k + 1) y] + cos [(2k — 1) ]

leads us to

T4k -1

L L[sin(@k+1)y) | sin((2k—1)y) T g~
*T 7 2% + 1 2% — 1

—m/2
Finally, the Fourier series is

1 k+1

Z 2 1 o8 (2kx) .

k=1

Ff +

>Hw
ERE'S

(ii) Choosing & = m/2, we have cos (2kz) = cos (k) = (—1)" and
f(7/2) = 0. We finally find

DRI
4k2 -1 2
k=1

Exercise 14.9 Since f is 2r—periodic and even, we have b,, = 0 and

2 2w

an =

o f(t)cos(nt) dt = % /O7T sin (3t) cos (nt) dt

/" . .
:7/0 [sin (3 —n)t) +sin((3+n)t)] dt.

™

If n # 3 (if n = 3, we immediately get a3 = 0), we then find

" _ 1] cos((B=n)t) cos((3+n)?) "
"o 3—n 3+n o
1 _13—n _13+n 1 1
ettt
T 3—n 3+n 3—n 3+n
and thus
0 if nis odd
ap=19 1] 2 N 2 12 Ty
- = if ni n.
T3 3+n (9 — n?) s eve
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The Fourier series is therefore given by

2 12 cos (2kt)
By = 37r+ Z 9 —4k2
=1

Exercise 14.10 (i) Since the function is even, we have b, = 0. We, more-
over, get

2 [T 2 (7
an = o » cos (ax) cos (nz) de = ;/0 cos (ax) cos (nx) dz
1 ™
=— / [cos (a4 n)x) + cos (o — n)x)] dx
T Jo
and thus
1 [sin ((@+n) sin ((ae — n)m)
anp = —
o a+n a—n
( " sin (o) 1 1 ~ (—1L)"sin(am) 2o
™ a+n a—-n| ™ a? —n?
We therefore have, for every z € [—m, 7),
sin (arr)  2asin (ar) o= (—=1)"""
Ff(z)= - + - Z oz oz 08 (nz) .

n=1

(ii) Since f is continuous, letting x = 7, we obtain
2asin (ar) | 1 (— 1)" L=1)"
2a2 + Z — a2 .

cos (am) =
™

For every « ¢ Z, we therefore have

(oo}

) S
n?—a2 2a2 2atan(am)’

n=1

Exercise 14.11 (i) Using complex notations, we have

1
= — —LTL(Ed
=g [ S
1 —77/2 1 w/2 )
= (-7 —2)e”"dx + — ze " dx
27 —7/2
1
+ — (mr—x) e~y

2
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We make the substitutions u =z + 7 and v = x — 7 and we get

—m/2 ) /2 ] ]
/ (—m—2)e™"dx = / —ue™ e M dy
0

—T

/2 ]
= (—1)”+1/ ue " du
0

™ 0
/ (r—2x)e Mdg = / —ve” eI gy
w/2 —7/2

0
— (_1>n+1 / ’Ue_im}d?}

—m/2
and thus

e " dx

1+ (=)™ /“/2

27 —m/2

1+ (_1)n+1 (&4 1 —inT /2
——— =+ e .
2w n n s
We immediately find that if n is even, then ¢, = 0 and if n is odd (i.e.
n = 2k — 1), then

i (R=m/2 _ _iCGk=1)m/2 _ 1)k
We thus get
(—1)*2i
Ck—1= 57 9 -
2k—1 7T(2k _ 1)2

Since f is continuous we have, for every = € [—7/2,7/2],

. +oo k

I (=1 pi(2k—1)z
T (2k —1)2 '

k=—0o0

(ii) If we choose x € [—a, a], we have (7/2a)x € [—7/2,7/2] and thus
4. X (- (im(2k—1)z)/2a
xTr = ;ZCL k;OO W@ .

(iii) In particular, for x = a, we obtain

+oo 1 2

D @Gt I

k=—oc0
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Exercise 14.12 (i) A direct computation gives

2
Fsf (x) =7+ 2sinx — sin (2z) + 3 sin (3x)

and thus

Fsf(-m)=m fem)=0 = fl=m) - Bf(-m)=-7
YEBENE SN RIS RS-
F3f(0)=m fO)=m = f(0)—-F5f(0)=0

S5 rd )= = () ()5
Fsf(m)=m f(m)=0 = f(r)—=F3f(m)=—m.

Note that the 2r—periodicity implies f (7) = f(—=) and thus f (%) =
On the other hand, we have f(7m — 0) = 27 while f (—7 +0) = f(—7) =

(ii) The 2w —periodicity and the next exercise imply

‘13 2 2
? + Z (an ern)

27 T
/0 |f (x) = F3f ()" dz = / (f () de —m

— n=1
i 27)? 4

= /(x+7r)2dx—7r ﬂ—i—ﬁl—l—l-i-*
. 2 9
2 . 4

= 577373977%3.567.

Exercise* 14.13 (i) We first compute

2m 2m
/ Fyf(x)cos(kx)dx = % / cos (kx) dzx
0 0
N

27
+ Z an, / cos (nx) cos (kx) dx
n=1

0
N

27
+ Z by, / sin (nx) cos (kz) dx.
n=1 0
We, hence, have, for every £k =0,1,--- , N,

2m 2
/ Fynf (z)cos (kx)dx = map, and / Fyn f (x)sin (kx) de = by, .
0 0
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Using again the definition of Fy f and the previous result, we get

2
ap g

/Oﬂ(FNf(a:))2dm - 3 r@a

N 2m
+ Z ak / Fyn f (z) cos (kz) dx
k=1 70

N 2m

+Zbk Fy f (z)sin (kx) dz
and thus

0

2 2 N
/ (FNf(a:))2dx=7r{a2o+Z(ai+bi)}.

In a similar way, we find

2m ao 2m N 2m
; (2) Fnf (z)dz = 2 ), f(x)dz+;an/0 f (z) cos (nz) dz

N 2m
+ Z by, ; f (z) sin (nz) dx.
n=1

Using the definition of a,, and b,, , we deduce that

27 2 N
() Fn f (z)dx = %W-ﬁ-ﬂ'z (a2 +b2).
0 n=1

Gathering all these results leads to
2 9 27 9 2
[ @@l = [ G@Pd-z ] f@F @
0 0 0

27
+A (Fxf (2))? dz

and thus

2m 27
| @ - @ldo= [ (@) do -
0 0
(ii) It is sufficient to observe that

2
/0 |f (z) — Fx f (z)” dz > 0.
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The previous equality therefore implies
9% XN: (a2 +12) 1/2W(f(3:))2dx.
2 = T Jo
We get the claimed inequality by letting NV tend to infinity, i.e.
aj) i (a2 +b2) 1/27r(f(x))2da:.
2 —~ T Jo

Exercise* 14.14 (i) Let n > 1. Using the definition of a,, and integration
by parts, we obtain

2 e (20 a

2 bln(2T t) 1 2nm
T f(t)Q%ﬂLm ; f(t)si (Tt>dt
:—% f()s1n(2mr>dt
We then get
la |<1/T|f’(t)| sin 20T, dt<1/Tf’(t)|dt—
"=, T —nm g B

with (recall that f is C' and thus f’ is bounded)

1 /T
== ! dt.
c 7T/O ‘f (t)| t

We proceed in a similar way for b, .

(ii) The proof of this part is very similar to the preceding one. To get
the claim, one needs to make k integration by parts.
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Chapter 15

Fourier transform

Exercise 15.1 Since f =0 if x < 0, we have

IR , 11 11—«
o) = —— e Ty = — = .
5@ \/27r/0 Vorl4ia 271+ a?

Exercise 15.2 (i) We first compute

+oo
Se (f) (a) = \/E/o f(x) cos (ax) dx.
We find

Se(f) (o) = \/Z/OJFOO e " cos x cos (ax) dx

) \/Z/OJFOO - [COS (a+1)z) -QF cos ((a—1) x)] dx

2| e eos((a—1)z)+ (1 —a)sin((a—1)z)]
2(1 + (- 1)%)

and thus

“+o0

e "[(1+ a)sin((a+1)z) — cos ((a+ 1) x)]
2(1 + (e + 1)°)

_ ]2 2+ a?
VT (2-2a+0a?)(2+2a+a?)’

(ii) We next compute

+oo
Ss (f) (a) = Z\/Z/O f (z) sin (ax) dz.
303

0
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We get

Fs (f) (o) = —i\/gA+ooemcosxsin(a:z:)da:
_ —i\/z /O+°°emsm<<a+1>x>;sm<<a1>x> i

e [(1—a)cos ((a—1)z) —sin ((a — 1) z)]
2(1+ (a—1)%)

e=[(1+ a)cos ((a+ 1) z) +sin ((a+ D) ]
21+ (a+1)%)

L N
- 7(2—2a+a2)(2+2a+a?)’

Exercise 15.3 We write

/ _ 1 oo ! —iay
ﬁ(f)(a)—E/_w £ (g) e dy

- = {f(y) e ia [ :Of(y) dy}.

By hypothesis, we have lim,|_ |f (y) | = 0. Moreover, since le=tv| =1,
we get

and thus

0

Flye ™| =0
and thus

+oo )
50 (@) =ia—e [ fl)edy =i () (@).

1
ia
Vo J-
Iterating the process, we have indeed shown that
F™) (o) = (i) F(f) (@) VaeRandn eN.

Exercise 15.4 Let a > 0 (a completely similar argument holds if a < 0).
Let 4
h(z) = e ™ flax).

If we let z = ay, we obtain

+oo
3(h) () = % / e f(ay)eiev dy

\ﬁ/m1 e -ty ().




305
Exercise 15.5 (i) We write

+o0 too
Var () (o) = / £ () cos () dy — i / £ () sin (o) dy.

— 00 — 00

Since f is even, we find
y— f(y)cos(ay) iseven and y — f(y)sin(ay) is odd.
We thus deduce

+0o0 +oo
/ £ () cos (o) dy = 2 / £ () cos (o) dy
0

— 0o

“+oo
| fwsinndy=o

— 00

We finally get

J?(Oé) \/>/+oo ) cos (ay) dy

(in particular, f is even). Using a similar reasoning, we find that if f is

odd, then
~ +OO
Fla)= \f | rwsnenay

(in particular, fis odd).

(ii) The inversion formula gives

+oo )
Vorf(z) = / f () " da

—0oQ

—+o00 - +oo ~
= / f () cos (ay) dy —I—i/ f (@) sin (ay) dy.

—0oQ — 00

We just saw that fis even when f is even. Therefore, the same reasoning

as before leads us to
+oo ,\
\/7 / ) cos (azx) da.

In a similar way we deduce that f is odd if f is odd and thus

+oo A
\/>/ ) sin () da.
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Exercise 15.6 This exercise is essentially part of the previous one. We use
the definition

n 1 e —iay
8(f)(a)—f(a)—m/oo F () e vy
to deduce
N AA +oo A )
FEUN O =FH 0 =T0)= / ) e—itda,

By hypothesis f is even. Hence, using the suggebtlon (or the previous

exercise), we deduce that f is also even, i.e. f (o) = f(—a). Using then the
inversion formula, we get

kh))

+o0 ,\ ) oo '
S(S (f)) (t) = \/ﬂ/ fzatdoé = \/12771-/ f(_a)efzatda

“+o0 R ) -
- ﬁ/ Fla)éetda = £ (1).

Exercise 15.7 We only discuss the case n = 1 (the same reasoning leads
to the general case n > 1). We also suppose that all the next formal
computations are valid (and we let g () = 2 f (x))

F = [ rwea) - %277 [ i@ e

“+oo

(z) e " dy = xf (r) e " dx

“+o0
= Elm (—iz)f

\/ﬂ

5(9) (@) =i (f) (a) .

Exercise* 15.8 Since the hypotheses allow us to permute the integrals, we

find
/ [/ —t)g(?) dt} =iy
E [ oo

S(f+9)(

ﬁ\ ﬁ\
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We let y — t = z and we have

sro@=—= [ [T r@enti] gwa

1 too —iaz e —tot
=L reee [ sbea
= V213 (f) () $(9) ().
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Chapter 16

Laplace transform

Exercise 16.1 (i) Using the definition, we find, for Rez > 0,

“+o0o

cos(kt)e —2tdt
0
—zt +oo
- {COS kt)e } _k / sin(kt)e ™ dt
—Z z 0

1 —zt7 +o© +oo
_ Lok { [sm(kt)e } + ﬁ/ cos(kt) e_tht}

z oz —z o z Jo

1 k2
= S ?S (f) (=)

which implies

z

+o00
L£(f)(z) = /0 cos(kt)e ' dt = el

(ii) In a similar way we get

+oo “+o0
L(f)(z)= / te*e *tdt = / tele=2)t gt
0 0

a—z)t7 1T +oo
_ [te( ) } 1 / a2t gy
a—z |, a—z Jy

+ 00
_ ! / I [ew—z)tr
a—zJy (a0 — 2)? 0

and thus (the argument is valid for Re(a — 2) <0 = Re(z) > «)
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(iii) We finally obtain

s [ 3o [E2] -4

From I’'Hoépital rule we find

lim £(/a) (2) = 1.

Exercise 16.2 We first decompose F' as

RN S

z—b z-—a

Since

£(e™) (z) = and  £(e") (2) =

z—a z—0b’

we get

which implies

b—a
Exercise 16.3 We use the linearity and the explicit computations of the
Laplace transform in order to write

3z 30
22436 22+36°

£ (3 cos (6t) — 5sin (6t)) = 3L (cos (6t)) —5L (sin (6t)) =

Since
1
z4+2

we have from the shift formula (with a =1 and b = 2)

L) (2) =

) , 3(+2)-30 3:-2
2t _ < i =
o6 (3eos (00) — 5sin 60))) = E Sl = T

Exercise 16.4 (i) Appealing to Exercise 16.1 we have

z
22 4+ 64

SHF)(t) =427 < ) (t) = 4cos (8t).

(ii) We write
z 2 1

(z+1)(z+2) z+2 z+1
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and thus

o (egen) 0 ()02 ()

=22 et

Exercise 16.5 We proceed as in Example 16.7.

Step 1. We define

2’2

(22 +1)°

zt

F(z)=

The singularities of F are at z = +i and they are poles of order 2. After
some easy calculation, we find

_ d 2zt ettt
Res;(F') = lim — =° 5| = -
=i dz | (24 1) 4
~ d | 2% te e
e = i, | 5] =

Step 2. We proceed exactly as in Example 16.7 (here, we have to take
~ > 0, for example v = 1) with ', = C,. U L,. and

Cr={2€C:|z—1]=rand Rez < 1}

L,={z€C:Rez=1land —r<Imz<r}.

The residue theorem gives

1 ~ tet — et te~ 4 et
— | F(2)dz=
omi Jp, T4z 1 T4
teit+€7it+1€it7€7it t t+1 i ;
== = = —cost+ —sint.
2 2 2 21 2 2

Step 3. As in Example 16.7, we have

lim F(z)dz=0

r—oo [~
-

and therefore

1 [t

) 1
0 = o [ Fart e = L [ PEeta

t t—i—l int
= — —Simt.
2COS 28
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Finally, using Theorem 16.3, we find that

f) =

%costJr%sint ift>0
0 ift<0

is the function we are looking for.

Exercise 16.6 We first note that the function h (¢) = ¢f (¢) is a piecewise
continuous function (h(t) = 0if ¢t < 0). If Rez > 7, (i.e. z € O), we then
get

+o00 +oo
/ F () et dt < 00 = / I () | dt < o0
0 0

(observe that this implication is not necessarily true if Rez = 7,). The
following computation can easily be made rigorous

“+oo +oo
F'(2) = d%/o ft)e ™ dt:/o f(t)% (e7%) dt

_ _/+°° tf (t)etdt = —L(h) (z) VzeO.
0

Exercise 16.7 (i) We have
+o0o too +oo
o) () = / et de = [f (1) e ] - / £ (1) (—ze ") dt.

Since Re z > 7, we deduce that
[f () e | =1f ()] e Rem = | f (t)] e Mol (Rezr0)t

and thus
}f (t) e_tz‘ <ceRez=%0)t 0 if+ — 0.

We, hence, find
+oo
() (=) = / fye = di— £(0) = 22 (f) (=) — £ (0) .

(Note that we use the hypothesis f0+°o |f/ (t) |e" 7ot dt < oo to ensure that
£(f") is well defined whenever Rez > 7, .)

(ii) For the general case, we proceed by induction (we already established
the case n = 1in (i)). Assume that the result holds for n—1, and let us show
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the case n. We find (as before |f(*) (t) e=**| — 0, if t — oo and Re z > 7,)

“+o0
S ) = [ @

0
+oo

+oo
- / FOV () (—ze ") dt

0 0

= 1 @]

n—2

: {s (f) (2) = 32 & i) (o>} ~ £ (0)
k=0

and thus

S (2) =2 (1) () = Y FR (0) - £ (0)
k=1

e () () - 3k kD ().
k=0

Exercise 16.8 Since .
)= [ f(s)ds,
0

we have ¢ € Ct(Ry), ¢ (0) =0, ¢’ (t) = f(t). Furthermore, we have by
hypothesis

+0o0 +oo
/ |’ (t)|e o' dt < 0o and / | (t) e~ 7ot dt < oo.
0 0

Since z € O and 7, > 0, we deduce that z # 0. We can therefore apply
Theorem 16.2 (iii)

and thus
£(e) (z) = VzeO.

Exercise 16.9 We immediately have that if ¢ (t) = e % f (at), then
+oo Yoo
£(p) (2) = / e U f(at)e  dt = / f(at)e—t(bJrz) dt
0 0
el L) 1 btz
o Rl ds—£<f>( )
0

a a

which is well defined if Re (2£2) > v, .

a
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Exercise 16.10 Since
If (t)]e ! <ec Vt>0,

we have, if Rez > v, that
+oo “+o0o )
F(2)| = ft)e = dt| = f(t) e Re=tilma) gy
|
0 0

—t R —t(Re z—v,) ¢
< ft e ezalt<c/ e 2N dt = ——— .
/0 | ()| 0 Rez—*yo

Letting Re z tend to co we have the claim.

Exercise 16.11 We have already seen (cf. Exercise 16.7) that

+oo
FE)-[O=20 )= [ FHe
0
(i) Applying Exercise 16.10, to f’ we obtain
+oo
lim £(f)(z) = _lim ff@#)et*dt =0.
Rez— o0 Rez— o0 0

The result now immediately follows, i.e.

lim zF(z)=f(0).

Re z—00
(ii) Note that the hypotheses imply that
lim /%O f(t)e =dt = /+OO f'(t) dt = lim f(t) — f(0)
2—0, Re22>0 J o {00
which implies
Zﬁo}ig}a 2>0 ok (z) = tli»rgo F®).
Exercise* 16.12 Observe that since f =0 and g = 0 if ¢ < 0, we have

400 t t
(ﬁm®=/ f@ﬂM®@=AfW@M@®=Af@MF

Under our hypotheses, we can permute the integrals. We therefore get

L£(f*g)(z /+OO [/f t—sds}e_”dt
:/0 d8|:/s f()g(t—s)e_tht].
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Letting t — s = x, we obtain

S rICE| ) [ / e ez<z+s>dx} s

“+o0 +oo
— —st —Z.',Cd
/0 f(s)e 3/0 g(x)e x

=L£(f)(2) £(9) (2) .
Exercise* 16.13 (i) We have

+oo n+1)T
L(f)(z) = /O ye *tdt = Z Ye #tdt

n=0""1T
3T

T 2T
= / ft)e *dt + f@t) e #dt + f@t)e = tdt+---
0 T 2T

Letting t = u+nT, we find (using the periodicity of f, that is f (u + nT) =

f (u))
(n+1)T T T
e~ tdt = w-tn —z(u+nT) W = —nTz —2U
/n f@ dt /0 flu+nT)e du=e /0 f(u)e *"d

T
‘We therefore obtain

iy (f) (Z) — nTz) f 7zudu
(n 0 /

Since Rez > 0, we have ‘e‘ Z! = ¢ T'Rez

to get

< 1 and we use the suggestion

1 T .
SN = 1 [ SO
“ . 0
(ii) Using the result of (i) with T' = 27, we find

1 2m _, 1 ™ . .
,S(f)(Z):m o f(t)e tdt:m/o e tsmtdt
B 1 e *(—zsint —cost)|" 1
1 —e2m 2241 o (I—e™)(224+1)"

Exercise* 16.14 Recall that f is continuous, f(0) = 0 (and f = 0 if
t <0). Let g(t) = f(t)e . For s € R, we have

+oo
5(9) (5) = 5 (s) m/ e—its gt

+<X> 1
e~ Ot gt = —— F(y +is).
\/ 2T / V21 (7 )
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Since all the hypotheses of Theorem 15.3 of the inversion formula for Fourier
transform are satisfied, we get, for every ¢t € R,

“+o0
\/%T / 3 (s) eds = g (1)

which leads to
\/1 /+OO = F(y+is)e’™d ()
—_— —_— 18)e'*ds = e .
21 J o V2T 7
We therefore obtain
+o0o

o) F(y+is)e0 9t ds = f(t).



Chapter 17

Applications to ordinary differential
equations

Exercise 17.1 We proceed formally (to make the following calculations
rigorous, we need to make appropriate assumptions on the coefficients and
on f). We let

F(z)=£(f)(2) and Y (z)=£(y)(2)

be the Laplace transforms of f and y respectively. We then use the prop-
erties to get

Ly () = L) ()= FyI(0)
= V(- F i
k=0

and similarly for the other derivatives. For example, for the first derivative
we have

L(y") (2) = 2£(y) (2) =y (0) = 2Y (2) — %o

We, moreover, find

Iy (Z alym) @)=Y ae(y?) ) =) () =F ),
=0 =0

317
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that is
n -1
Zal Y (2) —sz Yi—k—1| + aoY (2)
=1 k=0
n n -1
= Zalzl Y (2) - Z Z w1 =F (2).
1=0 =1 k=0

‘We therefore obtain

Y (z) = F(z)+30, Zi{;lo iz Y1
Zln:o alzl '

We get the solution to the system using the inverse of the Laplace transform,
i.e.

y(t) = <HY) (1)
Exercise 17.2 First method. We use Laplace transform to solve
Y (1) + Ay (1) = 0
y(0)=yo and ¢ (0)=y1.
Let Y (z) = £(y) (#) . We know that
L(y") (2) = 22Y (2) — 290 — 1 -
We therefore have

z2Y0 + Y1

2
Y—zyo—y1 +AY =0 = Y = .
22Y —zyo — 1 + g

We study separately the cases A = 0, A < 0 and A > 0. We use here the
result established in Example 17.2.

Case 1: A = 0. The solution is trivially given by

y (t) = yo + it

Since we also want y (0) = y(27) and ¢y’ (0) = ¢’ (27), we find y; = 0.
Therefore, if A = 0, we have the following non-trivial solution

y(t) =ao.
Case 2: X <0, that is A = —u?. We have seen, in Example 17.2, that

y (t) = yo cosh (ut) + %Sinh (ut).
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We, moreover, want y (0) = y (27) and 3/ (0) = ¢’ (27), that is
yo cosh (2mp) + % Ginh (2mp) = yo
u
yopsinh (2w p) + y1 cosh (2wp) = 41

which is impossible unless yo = y1 = 0 (that is, y is the trivial solution).
In conclusion, if A < 0, there is no non-trivial solution to the problem.

Case 3: X\ > 0, that is, A = 2. As in Example 17.2, we find that
y (t) = yocos (ut) + % sin (jit)
On the other hand, we want

y(0)=y@2r)=yo and 3 (0)=y (2n) =y

which leads to the system

Yo cos (2mp) + i%Sin (2mp) = yo
—yopsin (2mp) + y1 cos (2mp) =y .

The system has a non-trivial solution only if 4 = n € N and thus A = n2.
Therefore, if \ = n? (n = 1,2,3,---), the problem has the following solution

y (t) = ay, cos (nt) + B, sin (nt) .

Second method. We proceed with formal computations. We are looking
for solutions of the form

70 Z ap, €08 () + by, sin ()

ay > 0. Differentiating the function y, we obtain

y" (x) + Ay (z _>\7+Z ) (an cos (anz) + by sin (anz)) = 0.
n=1
We then consider three cases.

Case 1: X = 0. We deduce that a, = b, = 0, Vn > 1 and thus
y (z) = ag/2. Since
y(0) =y (2m),

there exists a non-trivial solution which is given by

y (x) = a = constant.
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Case 2: A\ # 0 and X\ # o2, Vn € N. We here have a,, = b, = 0. There

is therefore no non-trivial solution, i.e.

y(z) =0.

Case 3: X # 0 and 3m : A = o2 . We then have a,, = b, =0, Vn # 7,
while for n = 7, we have

y (x) = amcos (amx) + by sin (amz) .
If we further want
y(0)=y(2r) and ¥ (0)=1v (27),

we find
am = am cos(am2m) + by sin(am2m)

bram = —amag sin(am27) + brag cos(am2m).

This is possible only if oz = n € N and thus A = n?. The given problem
therefore has a solution of the form

y () = ay, cos (nx) + by, sin (nx) .
Exercise 17.3 We first solve the problem

v () + 20" () + 1+ p)v(z)=0
{ v(0)=0 and o' (0)=a. (17.1)

As in Example 17.1, we find that, if V' denotes the Laplace transform of v,
then
V(2) = o a vard

S B2l ulE+)
We, hence, obtain that the solutions to (17.1) are given by

ate? ifpu=0

a_ -t :
v(t) = \/me sm(t |m) if u>0

e sinh (t \ul) if 11 < 0.

To solve our problem, we must have v (w) = 0. We thus infer that u > 0

and we get
sin (7r\/|u\) =0 & pu=n

The non-trivial solutions to our problem are finally given by p = n? and
(v, are constants)

t

vp (t) = a, €7 sin (nt) .



321

Exercise 17.4 It is sufficient to check that the given functions satisfy the
equation. For the sake of completeness we explain a heuristic method for
finding this solution. We first consider the case n > 1. We look for solutions

of the form -
folr)= Z aprt.

k=—o00
Differentiating twice the function f, and substituting it into the equation
(r2f" (r) +rf' (r) —n2f (r) = 0) leads to

oo

Z ar(k* —n?)r* = 0.

k=—o0

Since the equation is satisfied for every r > 0, we deduce that if n # |k],
then ax = 0. If n = k, then a non-trivial solution to the equation is given
by

anr" +a_,r "

When n = 0, the above method gives only the solution ag . However, inte-
grating the equation rf” + f/ = 0 gives

ao + bo log r.
To summarize, we have

£ () = ™ +a_pr™" ifn=1,2,3---
" N ag + b logr if n=0.

Exercise 17.5 (i) Since f is even and 2w —periodic, we find b, = 0 and

1 2 1 g 2 ™
ap = — (x) cos (nz) de = — / || cos (nx) de = 7/ x cos (nz) dx.
™ 0

m™Jo m

—Tr

We therefore have ag = 7 and, for n > 1, we get

2 [msm(m)]’fz/oﬂsm(mdz 2 {cos(m)}:

Ay = — = —
T n 0 T n ™ n?
:%[(—1)"—1]: —3 if n is odd
n 0 if n is even.

We thus obtain

T 4 =, cos ((2k + 1) z)
Fr@=5 w,; @2k+1)2
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(ii) We are looking for solutions of the form

y(z) = % + Z(an cos (nx) + by, sin (nx)).

n=1

‘We know that

y@( Z n*(an cos (nx) + by, sin (nx)).

n=1

Returning to the equation, we find

4 T a e
dii ) ay(@) = —a + Y (n* — a)(an cos (n) + by sin (nz))

n=1
T éi cos ((2k + 1) x)
2 T (2k+1)7°

We identify the coefficients (which is possible only if @ # 0 and o #
(2k +1)*, k € N) and we get
™
G =——, G2 =0, bop=bo41 =0
4 1
T (2K + 1) ((2k +1)t - a)

A2k+1 = —

The corresponding solution is given by

y(2)=—5

4 cos ((2k + 1) x) .
kZOQk+ ((2k:+1)4—a)

Exercise 17.6 We are looking for a solution of the form

a(t) = % + 3 (an cos (nt) + b, sin (nt)).

n=1

Differentiating the function x leads to

#(1=5) = 32 [romasin (o (1= 3)) -+ bncos (o (1))

Since
)

).

) — cos (nt) sin (n

) + sin (nt) sin (n

sin (n (t - g)) = sin (nt) cos (n
cos (n (t - 5)) = cos (nt) cos (n

NIERMIE
ISIER IR
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we have to consider four cases: n = 4k, n = 4k — 1, n = 4k — 2 and
n = 4k — 3. We have respectively

sin (n (t — %)) = sin (4kt) cos (n (t — %)) = cos (4kt)
sin(n(t—7%)) =cos((4k—1)t)  cos(n(t—%)) =—sin((4k—1)t)
sin(n (t—2)) = —sin((4k —2)t) cos(n(t—Z)) =—cos((4k —2)t)
sin(n(t— %)) =—cos((4k —3)t) cos(n(t— %)) =sin((4k —3)1)

We, hence, get

a oo
z(t) = 50 + Z {Asp—3+ Aspe—o + Agpe—1 + Aar}
k=1

where
Ayj_3 = Qg)—3 COS ((4/€ - 3) t) + byp_3sin (4k — 3) t)

(
Agl—o = Qgp—_o COS ((4]€ - 2) t) + by o sin ((4k —
Ayr—1 = agp—1cos ((4k — 1)) + byg—1 sin ((4k — 1) t)
Ay = aay, cos (4k‘t) + by, sin (4kt) .

We, moreover, find
T oo
' (t - 5) = ; {Bix—3 + Bap—2 + Bar—1 + Bar}

where

B4k_3 = (4]€ — 3) a4k —3 COS ((4/€ — 3) t) + (4]{1 — 3) b4k_3 sin ((4/€ — 3) t)

B4k,2 = (4]{,‘ — 2) A4k—2 sin ((4k 2) t) (4]€ — 2) b4k,2 COS ((4/€ — 2) t)

Byp—1 = —(4k — 1) ag—1 cos ((4k — 1) t) — (4k — 1) byg—1 sin ((4dk — 1))
By, = —4k aqy sin (4kt) + 4k byy, cos (4kt) .

The given equation becomes

(t—§)+w(t)

ag =
— ? + ; {04],”.,3 + C4k-72 + C4k71 + C4k}
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where
Cyp_3 = (4]€ — 2) A4k —3 COS ((4]{1 — 3) t) + (4](3 — 2) bajp—3sin ((4/€ - 3) t)

(aak—2 — (4k — 2) bag—2) cos ((4k — 2) 1)
+(bag—2 + (4k — 2) a4k,2) sin ((4k — 2) )

Cip—2 =
C4k,1 = (2 — 4k) A4k —1 COS ((4/€ - 1) t) + (2 - 4k‘) b4}c,1 sin ((4k‘ — 1) t)
Cyr = (a4k + 4k b4k) Ccos (4kt) + (b4k — 4k a4k) sin (4kt) .

Identifying the coefficients in the equation

x (t—g) +x(t) =1+ 2cost +sin (2t),

we infer that ag = 2 and

Ak — 2 k= b —0VE> 1
( )a4k73— 0 ifk>2 ( )4k73— =

A4f_9 — (4k — 2) bip—_o = 0 Vk>1

bap_o + (4k — 2) _ L itk=l
4k—2 A4kp—2 = 0 ifk>2

(2 - 4l<;)a4k_1 = (2 - 4k)b4k_1 =0 Vk Z 1

Qgp, + 4k by = by —4dkagy, =0 Vk > 1.

We deduce
a1 =1, ag_3=0Vk>2, by_3=0VEk>1
2 1
as = —, b2:77 a4k_2:b4k_2:OVk22
5 5
Qgp—1 = bag—1 =0VE>1, ag =by, =0Vk2>1
and finally

2 1
x(t) =14 cost+ 7 cos (2t) + gsin(%).



Exercise 17.7 We are looking for a solution of the form

z(t) = % + ,;(an cos (nt) + by, sin (nt)).
Differentiating the function x leads to

o0

2 (t) = Z(—nan sin (nt) + nby, cos (nt))

n=1

T
2

I
M8

(—nay, sin(nt — nw) 4+ nb, cos(nt — nw))
1

3
I

(—na, (—1)" sin (nt) + nb, (—1)" cos (nt))

M

1

3
I

n(—=1)" (b, cos (nt) — ay, sin (nt))

M

3

3
Il
_

Z —n?a,, cos (nt) — n?b, sin (nt)).
Returning to the equation, we obtain
" (t)+ 52 (t — ) — x (t)
ap = n 2
—5+ Z {[=an +5n(-1)" b, — n®a,] cos (nt)
+ [~b, — 51 (—1)" an, — n’b,] sin (nt)} .

Since
2" (t) + 5z’ (t — ) —x (t) = 2 + cost — 3sin (2t),

we find that ag = —4 and

ap=0b,=0 Vn>3

70,175[)17(11:1 d —a2+10b2—4a2:0
an
—by +5a;1 —b1 =0 —by — 10ay — 4by = —

We, hence, have

2 5 6

apg=—-4, a1 =—7, bhh=—7-, a=-—-, by=—

29’
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2 5 6 3
xz(t)=-2— Ecost @smt—i— %COS(%) + 2—5sm(2t)

Exercise 17.8 (i) We saw in Exercise 14.9 that (f is continuous)

F=Ff)= 2+ 23 O]
k=1

(ii) We are looking for a solution of the form
z(t) = % + nzl (au, cos (nt) + B, sin (nt))
(since we want = to be even, we must have 3, = 0) and thus

z(t — ) Z " o, cos (nt)] .

n=1

We therefore get

x(t) —2x(t—m) = —|—Z an(1—2(=1)")cos (nt)]

2 n 12 cos (nt)
3m w4~ 9-—n?’

We then deduce that «,, = 0 if n is odd. On the other hand, if n is even,
we have

d 12
= —— 1 n— """~ 5% -
o 3 ° “ (9 — n?)
The solution is therefore given by

12 = cos (2kt)

k=1

Exercise 17.9 (i) We are again looking for solutions of the form

o0
Z ayp, cos (nt) + by, sin (nt)) .

n=1
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We therefore deduce

z(t—m) =

oo
50 z:: a, (—1)" cos (nt) + b, (—1)" sin (nt))
Z —ay, sin (nt) 4 by, cos (nt)) .

Writing the Fourier series of f, we find

o0
e .
f@)= ?O + Z (au, cos (nt) 4+ B, sin (nt)) .
n=1
Returning to the given equation, we obtain

' (t) + 2z(t — )

=ag+ Y [(nby +2(—1)" ay) cos (nt) + (—nan + 2(—1)" b,) sin (nt)]

n=1

= % + Z (aup, cos (nt) + B, sin (nt)) = f (¢) .

Identifying the coefficients leads to ag = /2,
a, =nb, +2(-1)"a, and B, =-na,+2(-1)"b,.
We therefore have ap = ag/2,

2(-1)" o, —nf,
44 n?

(i) If f(t) =14 4sin(6t), we find

na, +2(-1)" 4,
44 n?

an = and b, =
o; =0Vi#0, a=2, p;,=0Vi#6 and [z=4
The solution is then
1 3 1
x(t) = 5~ o8 (6t) + £ sin (6t) .

Exercise 17.10 We write the Fourier series of f (since f is one of the data,
we have that the coefficients a,, and b, of f are known)

f@= % + Z [an cos (2;7%) + b, sin (2;”1&)} )

n=1



328 Applications to ordinary differential equations

We then look for a solution of the form (the coefficients A, and B, are

unknown)
_ A > o 2mn

Returning to the equation, we have

@ (1) + az (t) O‘AO +i [(2m B, + a4, )cos (2:7;”:5)

+ (oan — %Tn An> sin <2;nt)] .

Identifying the coefficients leads to Ag = ag/a and

2 2
an:%nB + aAd, and bn:aan%nAn

and thus Ag = ag/« while

2 2
aan—ﬂbn Lnan—i—abn

We next apply the above result to the case where T'= 27, a = 1 and f is
the given function. The Fourier coefficients of f are therefore given by

_1/”( W>2d+1/2” 3 2+7r2
w=T ), ) T L YT 2

and forn > 1

2

s
do = =
T

1/ 9 1 27 3 2 2
Gp = ;/0 (x—g) cos(m")dac—F;/Tr [— <$—27T> +% cos (nz) dx
namely
1- T 2
a, = M/ (x—z) cos (nx) dz
s 0 2

1 —cos(nm) (14 cos(nm))m 0
o T n? o
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In a similar way, we have

b, = i/oﬂ(x;rfsin(nx)d:n

+1/2” A
T Jr 2 2
and thus

1 (~1)" [~ 2 o
b, = ()/0 (;E_g) Sin(n;c)dac—f—g/T sin(nx)dw

T
- (-1
™3 ’
‘We therefore obtain
2 8
Ag=—, Ay =0, A =
T T T 2k D2 (2 + )2+ 1)

-8
T2k +1)°%(2k+1)° +1)

Exercise 17.11 Using the table of Fourier transforms, we find

~ 2 1 —i 2
Y Sl d G(a)= ——=e > /4,
Flo) =2 g and (o) = 2
If we denote the Fourier transform of the unknown function y by 7 («), we
get

ng =0 and ng+1 =

3" (@) = =G (a)
and thus

+oo
3 ( [ o -vmise- T)dr> (@) = 5" —9) * ) ()

=V2rF((y" — ) (@) F(f) (@)
=21 (~a? ~1)§ () f (a)

= -2y (a).
Applying Fourier transform to both sides of the equation leads to
—iQ 2
37() —27(a) =G () =g (a) = —=e /4
Y(a) =2y (a) =y(a) =g () Wi

Using again the table of Fourier transforms, we obtain

y(t)=g(t) =t
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Chapter 18

Applications to partial differential
equations

Exercise 18.1 Step 1 (Separation of variables). This exercise corresponds
to Example 18.1, with L =7, a = 1 and f (x) = cosz — cos (3z) . We saw
that the general solution to this equation is

u(z,t) = Z ap, sin (nx) et
n=1
Step 2 (Initial condition). We next have to choose the o, in order that
u(x,0) = f(x) = cosx — cos (3z) = Z Quy sin (nx) .
n=1

‘We therefore obtain

= iAW [cos z sin (nx) — cos (3z) sin (nx)] dx
1 /" . .

= ;/0 [sin((n+1)x) +sin((n — 1) z)] dz

- %/0 [sin ((n + 3) ) + sin ((n — 3) )] dz.

If n# 1 and n # 3, then
1 [cos((n—l—l)x) cos ((n — 1)3:)]7T

=0 n+1 n—1 o
1 {cos((n+3)x) n cos((n3)m)]7T
T n+3 n—3 0
1 [1+(—1)” L+ (=D)" 1+(=D" 1+(—1)"}
T n+1 n—1 n+3 n—3 |’

331
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We therefore obtain that a,, = 0 if n is odd (n # 1 and n # 3). If n is even,

we find
_2f1 1 1
an_w n+1l n—-1 n+3 n-3
Cdn ] 1 1] —32n
Cor | n2—1 n2-9] am2-1)(n2-9)°

We furthermore have

oy = % /O7r [sin (2x) — sin (4z) + sin (22)] dx = 0

ag = % /07r [sin (4z) + sin (2z) — sin (6z)] dz = 0.

The solution is therefore given by

—32 n 2
t) = : —-n t.
u (z,t) = egven D)2 = 9) sin (nx) e

Exercise 18.2 Step 1 (Separation of variables). We are looking for solu-
tions to

Up = Ugy ifxe(0,7), t>0
{ Uy (0,t) = uy (m,t) =0 ift>0 (18.1)
of the form wu (z,t) = v (z) w (t) . We therefore have
/ =" (2)w U//(x) _ :w,(t)
D@ () =" @ () & S =2 =T
Uy (0,8) = v (0) w (t) = uy (m,t) =" (m)w (¢) =0
this means that we have to solve
" (z) + v (x) =
(rame
and
w' () + Aw (t) = 0. (18.3)

The non-trivial solutions to (18.2) are given (cf. Example 17.4) by A = n?
withn =0,1,2,--- and

(@) apcos(nx) ifn=12---
v, () =
ap/2 if n=0.
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The corresponding w (i.e. the solutions to (18.3)) are given by w, (t) =
et Combining these two results, we find that the general solution to
(18.1) is given by

0 _
= 7 g ap, cos (nx)e " ’t,

Step 2 (Initial condition). We also want
u(z,0) = cos (22) = — + Z an, cos (nx)

This implies that a,, = 0 Vn # 2 and ay = 1. The solution is thus given by
u(x,t) = cos (2z) e .
Exercise 18.3 Step I (Separation of variables). We are looking for solu-
tions of the form
u(z,t) =v(z)w(t)
which satisfy

(241) up = Uyy ifxe (0,m), t>0
w(0,t) =u(m,t)=0 ift>0.

We therefore get

w' (1) _ v (x)
(2+t)w(t A= o (@)
v(0) =v(m)=0.

We, hence, need to solve the two systems

v () + v (x) =0 and w’ (¢) _ A
v(0)=v(m)=0 w (¢) (241¢)

The first system has non-trivial solutions only if A = n? and which are then
given by
v (x) = ay, sin (nx) .

A solution to the second equation is, when A = n?2,

2

w(t) = (248"
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The general solution is thus

u(z,t) = Z ap sin (nx) (2 + t)_”2 .

n=1

Step 2 (Initial condition). We also want that

u(z,0) = Z an2"" sin (nx) = sinz + 4sin (2x) .

n=1
This implies that a; = 2, as = 2% and a,, = 0 if n # 1,2. The solution to
our problem is therefore given by
2sinx  28sin (27)

2+t 2+41t)!

u(xz,t) =

Exercise 18.4 Step 1 (Separation of variables). We are looking for solu-
tions to

Ut = Ugy 1fx€(0,1),t>0
Uy (0,8) =u, (1,¢) =0 ift >0
of the form wu (z,t) = v (z) w (). We find
w// (t) _ _)\ _ 1]I/ ({IJ)

The two systems that we have to solve, are thus

" () + v (x) =0
{ V' (0) = o' (1) = 0 (184)
and
w” (t) + Mw (t) = 0. (18.5)
The non-trivial solutions (cf. Example 17.4) to (18.4) are given by A =
(nm)? where n = 0,1,2,--- and v, = cos (n7z). The solutions to (18.5),

2. are given by

when A = (nm)
ap | bo .
Y fn—
wn (1) = 5 + 2t ifn=20
ap, cos (nt) + by sin (nwt)  if n > 1.

The general solution therefore is

u(z,t) = a?() + %Ot + Z [an, cos (nt) + by, sin (n7t)] cos (nmz) .

n=1
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Step 2 (Initial conditions). Since u(z,0) = 0, we find that a, = 0
Vn > 0. Since

50 Z —nmay, sin (nt) + nwb, cos (nwt)] cos (nmwx)

we get

b (o)
ug (z,0) = 50 + Z nah, cos (nrx) = 1 + cos? (1x)

n=1
1 1 3 1
=14 (2 + 2008(27T;E)> =3 + 5 cos (27x) .

This implies
1
b0:3, b1:0, 27Tb2:§ and bn:OVnZZS
The solution to the problem is finally given by

3 1
u(z,t) = 515 + = sin (27t) cos (27x) .

Exercise 18.5 Step 1 (Separation of variables). We are looking for solu-
tions to the system

uf+utrm7":0 if$€(0,7r),t>0
u(0,t) =u(m,t)=0 ift>0
Ugz (0,8) = Ugy (m,t) =0 ift >0

which are of the form

u(z,t) =v(z)w(t).

Since
w(0,t) = u (7, t) = tupy (0,1) = ugy (7,t) =0,
we obtain
v(0) =v(m) =2"(0) =v" (x) = 0.
Since

Ut 4 Uppre =0 = v (z)w (t) +w (t) o™ (x) =0,

we deduce that
v w’ (¢)
2 N = )
v w (t)
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We therefore have to solve

{ @ (z) — v (z) =0
v (0) v’

=v(m) = ’Uo)zv”(n)zo and ' (1) +Aw (1) = 0.

We easily see that the first problem has a non-trivial solution only if A = n?.
This solution is then given by v (z) = a, sin (nz) . The second equation has

thus w (£) = e~""* as a solution. The general solution therefore is
i 4
u(z,t) = Z ap sin (nz)e ™ L.
n=1

Step 2 (Initial condition). The general solution should also verify
u(x,0) = 2sinz + sin (3z) = Z ay, sin (nx)
n=1

which implies oy = 2, @3 = 1 and «,, = 0 otherwise. The required solution

therefore is

u(x,t) = 2sinze™" 4 sin (3z) e 3.

Exercise 18.6 Step 1 (Separation of variables). We first solve the system

Up = Ugy + 2uz +2u ifz e (0,7), t>0
uw(0,t) =u(m,t)=0 ift>0.

We are looking for a solution of the form w (z,t) = v (z) w (¢) . We, hence,
have

w(0,t) =v(0)w () =u(mt)=v(m)w(t)=0 Vi
We thus deduce that v (0) = v (7) = 0. The equation then becomes

v(z)w (t) = (" (z) + 20" (x) + 2v (z)) w (t).
Separating the variables, we obtain

v+ 20" 4+ 20 )\*w/
v o T w

and thus

{ o () + 20 () + (2+ )‘())U () =0 and  w' (t) + Aw (t) = 0.

v(0)=v(m) =
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In Exercise 17.3 (with 4 = 1+ ) we found that the first problem has a
non-trivial solution only if A = n? — 1, which is then given by
vp, () = ape” T sin (nx) .

Returning to the second equation, we find w, (t) = e~ (=Dt The general
solution then is

oo
— . — 27
=e 7 E o sin (nz) e (DY
n=1

Step 2 (Initial condition). We have to choose the a, in order that

u (z,0) = e~ 7 sin (2z) Zane sin (nx) .

We immediately see that as = 1 and «,, = 0 Vn # 2. The solution therefore
is
u(z,t) = e 3 Tsin (22).

Exercise 18.7 Step 1 (Separation of variables). We first look for solutions
to

Au=0 if ,y € (0,7)
uy (2,0) = uy(z,7) =0 if z € (0,7)

which are of the form u (x,y) = v (z) w (y) . We have

" i V) v ()
v (@) w(y) +v(@)w’ (y) =0 < @ - T e
uy (2,0) = v (z)w (0) = uy(z,m) =v(z)w (1) =0
that is
w” (y) + Aw (y) =
{ w' (0) =w' (7)) =0 (18.6)
and
V" (z) — M (x) = 0. (18.7)

The non-trivial solutions to (18.6) are given by (cf. Example 17.4) A = n?

with n =0,1,2,--- and

W) apcos(ny) ifn=1,2---
wy (y) =
Y a2 ifn=0.
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The equation (18.7) becomes

bix + by ifn=0
nx) + ¢ sinh (nz) if n # 0.

V! (2)—nv, () =0 = v, (z) = { b, cosh (

Therefore, the required solution to the given equation is
u(z,y) = %(blx +bo) + Z ap, (b, cosh (nx) + ¢, sinh (nx)) cos (ny) .
n=1
Writing

ao ao
7()1 = Q,

3 ?bo ==, apb,=A, and a,c, =B,

p
2
we get

u(z,y) = ax + g + Z(A" cosh (nx) + B, sinh (nx)) cos (ny) .
n=1

Step 2 (Boundary conditions). We should also have

u(0,y) =cos(2y) and wu(m,y) =0

that is
/8 o0
5 + ; Ay, cos (ny) = cos (2y) .
am + g + Z(A” cosh (nm) + By, sinh (n7)) cos (ny) = 0.
n=1

The first equation gives immediately § = 0 and A,, = 0ifn # 2 and A; = 1.
Substituting these coefficients into the second equation, we find @ = 0 and

A,, cosh (nm) + By, sinh (n7) = 0.

We therefore deduce that if n # 2, then A,, = B,, = 0. On the other hand,
if n = 2, we have
cosh (27)

~ sinh (2m)

The solution to the problem is therefore given by

By =

cosh (27)

S (27) sinh (22)| cos (2y) .

u(x,y) = |cosh (2z) —
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Exercise 18.8 Step 1 (Separation of variables). The present exercise cor-
responds to Example 18.5 with

Q={(z,y) eR?: 2” +y* < 4}

and ¢ (z,y) = 1+ 22 + y3. We saw (cf. Example 18.5) that the general
solution, in polar coordinates, is

= 50 Z: ay, cos (nf) + by, sin (nd))r™

Step 2 (Boundary conditions). Since 2 cos® 6 = 1 + cos (26) and

4sin® @ = 4sinO(1 — cos® #) = 4sinf — 4sin cos? 0
=4sinf — 2sin 6 (cos (20) + 1) = 2sinf — (—sin b + sin (36))
= 3sin 6 — sin (36),

we find

v(2,0) =¥ (0) =1+ 4cos® 0 + 8sin® 0
=3+ 2cos(26) + 6sinf — 2sin (30).

The coefficients are then given by

1

%—3, az—i, a, =0 ifn+#£0,2
1 .

b1:3, b3:_17 bn:O lf’I’L;fél,g.

We can therefore write the solution in polar coordinates, namely
r2 -3
v(r,0) =3+ 3rsinf + 5 cos (20) — Zsin (30) .
Since sin (30) = 3sin§ — 4sin® 0, we find
r? 3 . :

v(r,0) =3+ 3rsinf + ?(cos2 6 — sin? @) — ZT3 sin @ + 73 sin® 0.

The solution to the problem is finally given by
2 _ .2

_ 3
L2y + ) + 0

X
u(z,y) =3+ 3y + 5 :
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Exercise 18.9 Step 1 (Polar coordinates). We recall that

. x Y
vp = cosQuy +sinfuy = —ug + = uy .
r r

Observe that, if 22 4+ y? = 1, we have

1 20
zu, + yu, = v, (1,0) = cos® 0 — 5= COSQ( ) .

The problem then becomes

1 1
Urr+;vr+ﬁv90:0 lfre(()?]‘)’ 96(0727T)
UT(LQ):% if 0 € (0,27).

Step 2 (Separation of variables). We proceed as in Example 18.5 and
we find that the general solution is given by

0 o0
5 Z ap, cos (nf) + by, sin (nh))r"

Step 3 (Boundary conditions). Recall that the boundary condition is

cos (26)
—

Differentiating the general solution v with respect to r leads to

v (1,0) =

v (r,0) = Z n(a, cos (n@) + b, sin (nd))r"
n=1
cos (20) &

vy (1,0) = Z n(ay cos (nh) + b, sin (nd)).

2

We thus infer that ag can be arbitrary and
bp,=0Vn, a,=0Vn+#2 and ay=-

which implies that
2 20520 — 12sin2 0
U(T,@):%+%COS(29):@ oo 4T —

The required solution, finally, is

ao T
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Exercise 18.10 Step 1 (Polar coordinates). We let © = rcos, y = rsinf
and v (r,0) = u (rcosd,rsin@) . The problem then becomes
1 1
Upr + v + 300 = 0 ifre(1,2), 0€(0,2m)
v (1,0) = cos 6 if 6 € (0,2m)
v(2,0) =2cosf —2sinf if 6 € (0,2m).

Step 2 (Separation of variables). As in Example 18.5 we find that the
general solution is

v(r,0) = % + b logr + Z (an cos (n0) + by, sin (nd)) r"

n=1

+ Z (a—yn cos (nf) + b_,, sin (nh)) r—"
n=1

Step 8 (Boundary conditions). We want the above solution to satisfy
v(l,0) = cosf

= % +bglog 1+ Z [(an + a_,)cos (nf) + (b, + b_,)sin (nd)]

n=1
and
v(2,0) = 2cosf—2sinf = % + b log 2
+Z (Q"an + 7) cos (nf) + n b-n sin (nf)] .
2n
We deduce
% +bylog2 =0
a
CLO:O 20,1—’—71 =2
a1 +a_1=1 and 2nan+aQ;nn=0Vn22
an+a7n:0Vn22 b
—1
byL—Fb_,L:OVnzl 2b1+7:—2
b_,
27b,, + 27; 0Vn>2
and thus

ag=by =0
ap=1landa_1 =0
b1 =-by=4/3
ap=0a_,=b,=b_,=0Vn>2.
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The solution, written in polar coordinates, therefore is

4 4 .
v (r,0) =rcosf + (—37‘—1— 37") sin 6.

The solution is, hence, in Cartesian coordinates, given by

4 4y

U(x,y)=x—§y+w-

Exercise 18.11 Step 1 (Polar coordinates). Since

. z Y
v =cosbuy +sinfuy, = —uz + = uy,
1 , -

we find that the given problem becomes

1 1
UW+;W+72W,:0 ifre(1,2), 6 € (0,2m)
v(1,0) = if § € (0,2m)
v (2,0) +v(2,0) = 2+log2+20089—s1n9 if 6 € (0,27).

Step 2 (Separation of variables). Proceeding as in Example 18.5, we
find that the general solution is

v(r,0) = % + bglogr + Z (an, cos (n) + by, sin (nd)) r"

n=1

e}
Z a_p,cos (nf) + b_, sin (nf)) r=".
Step 3 (Boundary conditions). We then find the coefficients so that
v(l,0)=0= (%O + Z [(an + a_p) cos (nf) + (b, + b_p,) sin (nh)]
n=1

which leads to
ap=0, a,=-a_, and b, =-b_,

Returning to v, we have

v(r,8) =bglogr + Z[(an cos (nf) + by, sin (nd)) (r" —r~")].

n=1
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and

o0

Z n(an cos (nd) + b, sin (nd)) (r"~' +r"71)].

We, hence, obtain

vr(2,0) +v(2,0)

1 1
= (2 —|—1og2> +2cosf —sinf = by (2 +log2)

+ Z (n2" ' +n2 " 42" — 277 (a,, cos (nf) + by, sin (nd)) .

We thus find
4
b():]., alié blifﬁ, an:bn:OVn7é0,1

and the solution in polar coordinates is

3 4 8 cosf 4 sinf
v(r,ﬂ)flogr—l-ﬁrcosﬂ llrsm0 o +ﬁ —

We finally find that the solution, in Cartesian coordinates, has the following
form

w(@y) —log VPt P4 sy B 4y
Y) =108 VAT TV TN g TR

Exercise 18.12 Step 1 (Polar coordinates). We let © = rcos, y = rsinf
and v (r,6) = u (rcosf,rsinf), so that the problem becomes

1 1
vw—i—;vr—i—T—Qvgg:O ifre(0,1), 6 €(0,7)
v(r,0) =v(r,m) =0 if € (0,1)
v(l,(‘)):sin29=%—%cos(29) if 0 € (0,m).

Step 2 (Separation of variables). We first consider the system

1 1
Vpp + ~or + 3V00 = 0 ifre(0,1), 6 €(0,m)
v(r,0) =v(r,m) =0 ifre(0,1).

We are looking for a solution of the form v (r,0) = f () g (6) . The equation
then becomes

7,2f// + Tf/ B g//

1 1
g+ =fg+=5fd" =0 = = :
T r f g
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We, hence, get

9" (0) +Ag () =0
=y

g(0)=g(m)=0 and r2f" (r)+rf (r) = Af(r) = 0.

The non-trivial solutions to the first system are given by A = n? and
gn (0) = ay sin (nh) .
The solutions to the second equations are, for n > 0,

fu (1) = Bor™.

(Note that there also exist solutions of the form r~" but, as (0,0) € Q,
these solutions are singular and we therefore ignore them.) The general
solution is (writing a,, = a,/3,,)

v(r,0) = Z apr" sin (nh) .
n=1

Step 3 (Boundary conditions). We still have to determine the Fourier
coefficients of the function sin®f. When n = 2 we find

as = g/ sin? 0 sin (260) df = 0.
0

™

If n # 2, we find

ap = 2 / sin? @ sin (n6) d
™ Jo
2 [ cos(nf) cos((n+2)0) cos((n—2)0)]"
b 2n 4(n+2) 4(n—=2) |,
and thus
0 = 1 21 — cos (n) 4 cos (nw)—1 4 cos (nw)—1
2m n n—2 n+ 2

4 cos (nm) — 1
7 n(n2—4) °

Therefore, if n is even, we have a,, = 0, while if n is odd, we get

8

fin :77771(712—4).
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We can finally write the solution in polar coordinates, namely

8 = r"sin(nb)
U(T79)__7T; noZ—1)
n odd

Exercise 18.13 Step 1 (Fourier transform). We denote by v (a,y) the
Fourier transform (in z) of u (x,y), i.e

+oo
v(on) =3 (0n) = <= [ ulepe e

(By abuse of notations, we denote this transformation in = by F(u).) We
find (cf. Table of Fourier transforms), for f (z) = e,

~ 1 o

o(0,0) = § () () = f() = e %
Observe that
(ae) (o, y) = (i0)*F(u) (o, y) = —a’v (a,y)
B (uyy) (o, y) = vyy (0, 7).

Returning to the problem and applying Fourier transform (in z) to both
sides of the equations, we get

Vyy (,y) —@®v (a,y) =0 fa€R, y>0
v(a, 0) = f (a) ifa e R
v(a,y) — 0 ifaeR, y— +oo.
Considering « as a parameter and using the suggestion, we obtain
v(ay) = fa)e oW

and thus
(o, y) 1 e—%Q—\aly
v(a,y) = — .
YT
Step 2 (Final solution). We find the solution applying the inverse

Fourier transform, i.e.

x
u(@y) \/27r/
+o0 w
= ﬁ/—oc e~ 1ol co (azx) da
1 [ .2
+iﬁ /_Oo e~ T 71 sin (az) da.

+o0 1
e———\a|y L(,uda
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2
. o _ . .
Since o — e~ T ~ll¥ gin (ax) is odd and

a? _

a — e~ Tl cos (ax)
is even, we deduce that

o2

1 [t
u(z,y) = ﬁ/o e~ T Ycos (ax) da.

Exercise 18.14 Step 1 (Conformal mapping). We are looking for a con-
formal mapping

f:{z€C:Rez>0} = {CeC:|(]<1}.

We easily find that such a mapping and its inverse are given by

z— ¢+1

= d -1 = .

)= and O =

If z=2 + iy and ( = o+ i3, we, hence, have
. r+iiy—1 22 4+y? -1 . 2y
f(:c—Hy): = 3 g 3
etltiy  (p+1)"+y*  (z+1)" +y?

1+ 1—a?-p° 2
fﬁl(a+i,8):a+ +i8 o —f . o)

— = +1 .
l—a—if  (a-1)°+p" (a-1)°"+p
The boundary condition becomes (recall that o2 + 52 = 1)

1—a?— g2 23 )

(@—1)°+5 (a—1)+p

-2

B (1—a) _ (1—a)*
(1—a)2+8%)" (1+a2+8%—22)

We therefore have to find a solution to
Av=0 ifa2+p3%<1

1}(oz,ﬂ):i(l—oz)2 if a2 4+ 3% = 1.
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Step 2 (Polar coordinates). We let & = rcosf, 8 = rsinf and w (r,0) =
v (rcosf,rsinf). The boundary condition becomes

1 1 1 1
w(1,0) = Z(l —cosf)? = 1 + ZCOSQG— icosﬁ

3 1 1
=24z 20) — = cos
8—l—8cos( 0) 200&0

and the problem we have to solve is

1 1
Wy + ~wW, + —wee =0 ifre(0,1), 0 € (0,2m)
r r
3 1 1
w(1,0) = s icosﬁ—i-gcos(%) if 0 € (0,27).

We next find (cf. Example 18.5) that the general solution is
= ?0 Z ay, cos (nf) + by, sin (nh)) r"

The boundary condition
3 1 1
w(1,0) = 3 §c059+ §C08(29)
allows us to determine the coefficients
ap 3 1 1
2 - ] ) ap = 2 ) az = ] )

The solution in polar coordinates is therefore given by

ap=0V¥n>3 and b,=0Vn.

2 260 2 29_ 9 - 29
w(r,e):%_20059_’_%5():%_%%894_r cos . r? sin ’
while in Cartesian coordinates we have
3 a1, 9
U(aaﬁ)_g 2"'8(0[ ﬁ)

Step 3 (Final solution). Returning to the given problem, we find that
its solution is given by u = v o f, that is

x2+y2—1 2y
u(m,y):v ) 5 3 5
(z+1)"+y* (z+1)" +y

3 22 4+y? -1 (ﬂc2+y2—1)2—4y2

1 1
8 2(x+1)%+y> 8 ((x+1)2+y2>2
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Exercise 18.15 Step 1 (Conformal mapping). Let f be such that it maps
2 onto the unit disk D. Since the boundary of Q is a straight line and the
boundary of D is a circle, we can take f as a Mobius transformation. It is
therefore sufficient to choose three points on 92 and their images on 0D to
characterize such a transformation (up to inversion). For example, we can
take

FO) =1, f()=—i and f(-1)=4.
In this case we find that the map is given by

. zZ—1
flo)=C=atif= "
and )
fﬁl(C):z:z—l—iy:iljg.
This leads to
_ 22 +y% -1 5= —2x
a2 (y+1)2 224 (y+1)2
-2 1—a?—p?

@-17+5 T a-17+ 5

The boundary condition then becomes (recall that on the boundary of D
we have o + % = 1)

—28 1—a2—ﬂ2>

%b(aaﬁ):@(f_ (a7ﬁ)):¢<(a—1)2+527(a—1)2+52

and thus )
867 (a — 1)

[0 17457

w(aalg): :262

We, hence, have to solve

Av=0 ifa2+8%<1
v, B) =28% ifa?+p*=1.
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Step 2 (Polar coordinates). We let & = rcosf, 8 = rsinf and w (r,0) =
v(rcos,rsinf). We then get

1 1
Wrr + —Wr + 5w = 0 if r€(0,1), 6 € (0,2m)
w(1,0) = 2sin” 0 =1 —cos (20) if 6 € (0,27).

Separating variables we find (cf. Example 18.5) that the general solution is

ag
_? Z ay, cos (nf) + by, sin (nd)) r"

Since w (1,0) = 1 — cos (20), we deduce that all the coefficients are zero
except ag = 2 and as = —1. The solution in polar coordinates is therefore
given by

w(r,0) =1 —1%cos (20) = 1 — r% cos® f 4 72 sin? §
while the one in Cartesian coordinates is
v(a,B) =1—a?+ 2
Step 3 (Final solution). Since the solution of our problem is given by

u(z,y) =v(f(z,y),

2?2 +y? -1 ? —2z 2
=-1-( - - -
vy <w2+(y+1)2> +(962+(y+1)2)

y(1+y)?*+2°2+y)
(14 y)? + 22)?

we deduce

Exercise 18.16 Step 1 (Conformal mapping). We easily find that the map

2

R

is such that
f:Q—=D={CeC:|{|<1}.
Indeed, since @ = {z € C: |z — (2 + 2¢)| > 2}, we immediately have that

2

|C|:|f(z)|:m<1-
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We, hence, obtain
— = 'ﬂ— 2 = 2
flzy)=C=a+i T rtiy—2-2 (x—2)+i(y—2)
- 2z — 2) . —2Ay—2)
w22t (y-2? @-2P+(y-27?

and
fﬁl(avﬁ):Z:x+iy:2+2i+%
2a+(a2 +2/32) +2i(a2+52)2_5.
a2+ a2+

Since a2 + % =1 on 8D, the boundary condition can be written as

V(e B) = (fH(a,B)=¢ (20423[%2 +2,2- a22fﬁ2>
= (20 +2,2 - 28) = (2+2a)* +2(2 — 2p)?
=4[1+2a+a®+2-48+28°] =4[4+2a - 48+ 3?].
We therefore have to solve
Av =0 if o> + 6% <1
{v( B)=4[d+2a—48+ 5] ifa?+p°=1.

Step 2 (Polar coordinates). We let o = 7 cosf, 8 = rsinf and w (r,0) =
v (rcosf,rsinf). The boundary condition can be written

w(1,0) =4 (4+2cosd — 4sinf + sin® 0)
1 1
=4 (4+200s6’4sin9+ 5~ 2003(29))
= 18+ 8cosf — 2 cos (20) — 16sin 0

and the system becomes

1 1
wrr+;w7~+r—2w99=0 1fr€(0,1), 96(07271')
w(1,0) =18+ 8cos® — 2cos (20) — 16sinf if § € (0,27).
Separating the variables we find (cf. Example 18.5) that the general solution
is given by

ao
=3 z:: ay, cos (nf) + by, sin (nh)) r"
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Using the boundary condition w (1,6) we deduce that all coefficients are
zero except

ago

9 = 18, a; = 8, a9 = —2 and b1 = —16.

The solution in polar coordinates is therefore given by

w (r,0) = 18 4 8r cos § — 167 sin § — 2r? cos (26)
= 18 + 8rcosf — 167rsin 6 — 272 cos? 0 + 2r? sin?

and the one in Cartesian coordinates is
v(a,B) =18 + 8a — 166 + 23% — 2a°.
Step 8 (Final solution). Since the solution is given by
u(z,y) =v(f (2,9)),

we have
B 16(z — 2) 32(y — 2)
vy = ey et w2 4 (g~ 2
8(y —2)? 3 8(z —2)?

(z =22+ (@y-22" (@-22+@y-2?)°"

Exercise 18.17 Differentiating twice with respect to ¢ gives

we= I (@t et) — f (z —ct)] + glg o+ ct) + gz —ct)]
wi = S @+ ct) + £ (z = )] + 5l (x+ct) =g (@ = ct)].

A similar calculation leads to

e = 31" (04 )+ [ (2~ ct)] + 519’ (2 +t) — o (&~ ct)]

ie.
_ 2
Ut = C Ugy -

We, moreover, have
w(e,0) = 517 (@) + £ ()] =/ (@)

ue (2,0) = 5o (2) + 9.2)] = g (2).
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) 3(f) (@) = f(a)
1 i |yl < |b] 2 sin (]b] @)
! )= { 0 otherwise p "
1 ifb<y<ec eiab _ g—iac
? I = { 0 otherwise oo
_foewv ify>0 . 1
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e
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] (w #0) \/; _—
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V2 |w]
9 _wzyz 0 —ix 74“722
ye (w#0) s
i 1 —|wal
10 (w#0) VIR (L - lal)e
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Table of Laplace Transform
[ () L(f)(z) = F(2)
1/a ift€0,a] oz
= ’ l1-e
1 fa () { 0  otherwise — 1 Vz
az a—0
(Dirac mass)
1 ift>0 1
2 e(t):{o <0 2 Rez >0
o 1
3 e Rez > —a
zZ+
tn 1
5 te ot ! Rez > —a
(z+ a)?
. w
6 sin(wt) o Rez >0
‘ z
7 cos(wt) " Rez >0
8 e sin(wt) = ;;2 oy Rez >«
9 et cos(wt) B _20520; e Rez > «
. w
10 sinh(wt) JE R Rez > |w|
) z
11 cosh(wt) poR— Rez > |w|
12 et sinh(wt) = ;;2 — Rez > a+ |w|
13 et cosh(wt) B _ZOSQOC_ 3 Rez > a+ |w|
2 _ .2
14 t cos(wt) EETEE Rez >0
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definition, 127

Argument of a complex number
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Bessel inequality, 119
Boundary of a piecewise regular sur-
face

definition, 53

Boundary of a regular surface
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Boundary of a set
definition, 46

Cauchy integral formula, 78, 79, 90
Cauchy theorem, 77-79, 82, 92
Cauchy—Riemann equations, 70, 71,
75, 82
Change of variables formula, 64
Closed curve
definition, 50
Closed set
definition, 46
Closure of a set
definition, 46
Complement of a set
definition, 46
Complex conjugate
definition, 69
Complex Fourier series
definition, 111
Complex logarithm
definition, 72
Cone, 60

Conformal mapping, 102, 105, 106,
159, 165
definition, 101
Connected set, 14, 48
definition, 47
Conservative field
definition, 13
Convex set, 14, 48
definition, 47
Convolution product, 129, 142
definition, 122
Cosine Fourier series
definition, 112
Cosine Fourier transform, 125
definition, 123
Cube, 62
Curl
definition, 4
Cylinder, 28, 40, 58
Cylindrical coordinates
definition, 65

D’Alembert method, 166
Dirac mass, 132
Dirichlet theorem, 110, 116
Divergence
definition, 3
Divergence theorem, 33-36, 38
Divergence theorem in the plane, 22,
25, 26
Domain, 14
definition, 47

Essential singularity, 87
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definition, 84
Euclidean norm

definition, 45
Exterior product

definition, 45

Flux, 29-31
Fourier series, 111-118, 140, 141, 143,
144
definition, 110
Fourier transform, 123-125, 142, 148,
149, 161, 165
definition, 121

Geometric series, 86, 87

Gradient
definition, 3

Gradient vector field, 14-16, 18, 20
definition, 13

Green identity, 37

Green identity in the plane, 25, 26

Green theorem, 21-26, 82

Harmonic function, 74, 75, 106
Heat equation, 145, 152, 155
Hemisphere, 40, 57
Holomorphic function, 70, 71, 73-75,
77, 81, 83, 85, 89-92, 101,
102, 106, 127
definition, 70

Integrating factor, 19
Interior of a set
definition, 46
Inversion formula for Fourier trans-
form, 123, 134

Jacobian
definition, 64
Jordan theorem, 51
Joukowski transformation, 105

Laplace equation, 152, 155, 159

INDEX

Laplace transform, 127, 129, 130, 132,

133, 135, 136
definition, 127
Laplacian

definition, 3

Laurent series, 85, 86, 88, 89
definition, 84

L’Hoépital rule, 90

Liouville theorem, 90, 106

Mobius band, 63

Mbobius transformation, 102, 103, 105
definition, 101

Modulus of a complex number
definition, 69

Non-isolated singularity, 88

Open set
definition, 46

Orientable surface, 27, 39, 55
definition, 53

Parseval identity, 112, 114, 117

Partial Fourier series
definition, 110

Piecewise regular curve
definition, 50

Piecewise regular function
definition, 109

Piecewise regular surface, 27, 28, 33,

39, 56-58, 60-63

definition, 53

Plancherel identity, 122

Pointwise convergence
definition, 49

Polar coordinates
definition, 64

Pole of order m, 85-87, 94, 96, 131
definition, 84

Positively oriented curve
definition, 51

Potential, 14, 16, 18, 20



INDEX

definition, 13 Sturm—Liouville problem, 137
Principal value of the argument
definition, 69 Taylor series, 85, 86, 89
Torus, 31, 59

Radius of convergence, 86, 88, 89 .
definition, 84 Uniform convergence

Regular curve definition, 49

definition, 50

Regular domain, 37
definition, 33

Regular domain of the plane
definition, 21

Regular part of Laurent series, 86
definition, 84

Regular point, 85, 86
definition, 84

Regular surface, 27, 28, 55
definition, 52

Removable singularity, 87

Residue, 86, 88, 89, 91, 96, 131
definition, 84

Residue theorem, 91, 93, 9598, 130,

131, 133
Riemann theorem, 102, 159

Wave equation, 150, 166

Scalar product
definition, 45

Simple curve
definition, 50

Simply connected set, 14, 16, 48, 77,

81, 83, 91, 102, 159

definition, 47

Sine Fourier series
definition, 112

Sine Fourier transform, 125
definition, 123

Singular part of Laurent series, 86
definition, 84

Sphere, 28, 39, 56

Spherical coordinates
definition, 66

Stokes theorem, 39, 41-43
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